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3 UHOLPLQDU\ DQG ,QFRPSOHWH
'R QRW TX RWH ZLWKRX W SHUPLV V LRQ

& RPPHQWV ZHOFRPH

�� ,QW U RGXF W LRQ

7KH 1REHO 3UL]H IRU HFRQRPLFV ZDV VKDUHG WKLV \HDU E\ 5REHUW 0HUWRQ DQG 0\URQ
6FKROHV IRU WKHLU FRQWULEXWLRQV WR RSWLRQ SULFLQJ WKHRU\�� +DG )LVFKHU %ODFN OLYHG�
KH WRR ZRXOG KDYH VKDUHG WKH SUL]H IRU WKH ZRUN FLWHG E\ WKH SUL]H FRPPLWWHH�
6LQFH WKH HDUO\ ����V ZKHQ %ODFN DQG 6FKROHV SXEOLVKHG WKHLU QRZ IDPRXV RSWLRQ
SULFLQJ PRGHO� DQG 0HUWRQ SXEOLVKHG KLV H[WHQVLRQV RI WKHLU PRGHO�� WKHUH KDV EHHQ
D UHPDUNDEOH XQLpFDWLRQ RI D YDULHW\ RI VWUDQGV RI DVVHW�SULFLQJ WKHRU\� 7KLV QRWH
WULHV WR SURYLGH VRPH LQVLJKW LQWR WKH WKHRU\ RI DVVHW�SULFLQJ WKDW WKHLU VHPLQDO ZRUN
LQVSLUHG DQG WKH XQLpHG WKHRU\ WKDW KDV HYROYHG�
%ODFN DQG 6FKROHV DSSOLHG WKH QRWLRQ WKDW ?\RX FDQ
W JHW VRPHWKLQJ IRU QRWKLQJ�

�ZKLFK LV NQRZQ PRUH IRUPDOO\ DV ?WKH DEVHQFH RI DUELWUDJH RSSRUWXQLWLHV�� WR VROYH
WKH SUREOHP RI pQGLQJ WKH UDWLRQDO RSWLRQ SULFH� (DUOLHU� )UDQFR 0RGLJOLDQL DQG
0HUWRQ 0LOOHU �HDFK RI ZKRP KDV ZRQ WKH 1REHO SUL]H RQ GLoHUHQW RFFDVLRQV� KDG
XVHG DUJXPHQWV EDVHG RQ WKH DEVHQFH RI DUELWUDJH RSSRUWXQLWLHV WR VKRZ WKDW� DEVHQW
WD[HV DQG WUDQVDFWLRQ FRVWV� WKH YDOXH RI D pUP LV LQGHSHQGHQW RI LWV FDSLWDO VWUXFWXUH
�L�H�� ZKHWKHU WKH pUPV pQDQFHV LWV RSHUDWLRQV ZLWK GHEW RU HTXLW\ LV LUUHOHYDQW�� 2I
FRXUVH WKHUH DUH WD[HV DQG WUDQVDFWLRQ FRVWV� EXW WKH 0RGLJOLDQL^0LOOHU SURSRVLWLRQV
KHOS XV WR IRFXV RQ ZKDW
V JRLQJ RQ E\ FOHDUO\ VKRZLQJ XV ZKDW
V QRW JRLQJ RQ�
(DUO\ DWWHPSWV WR GHULYH D FRPSUHKHQVLYH WKHRU\ RI DVVHW SULFLQJ W\SLFDOO\ LQ�

YROYHG PRGHOLQJ LQYHVWRUV
 DWWLWXGHV WRZDUG ULVN DQG UHWXUQ� %ODFN DQG 6FKROHV
LQLWLDWHG WKH LQYHVWLJDWLRQ RI WKH FRQVHTXHQFHV RI FRQGLWLRQV WKDW HQVXUH WKHUH DUH
QR DUELWUDJH RSSRUWXQLWLHV� $OWKRXJK WKLV DSSURDFK VHHPV TXLWH VXSHUpFLDO E\ FRP�
SDULVRQ� DQ LQWLPDWH UHODWLRQVKLS EHWZHHQ WKH WZR DSSURDFKHV ZDV ODWHU GLVFRYHUHG�

'DWH� -D QXD U\ � � � � � � �
-( / & ODV V LpFDWLRQ� *� � �
7 KH Y LH Z V H [ SUH VVH G KH UH LQ D UH WKH D XWKR U
V D QG GR QR W QH F H VVD ULO\ UH qH F W WKR VH R I WKH %R D UG R I
*R Y H UQR UV R I WKH ) H GH UD O 5H VH UY H 6\ VWH P�
� 7 KLV VH QWH QF H LV D ELW R XW R I GD WH �
�%OD F N D QG 6F KR OH V �� � � � ��
�0 H UWR Q �� � � � ��

�
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,Q IDFW PXFK FDQ EH OHDUQHG DERXW SUHIHUHQFH�EDVHG PRGHOV IURP SUHIHUHQFH�IUHH
DEVHQFH�RI�DUELWUDJH FRQGLWLRQV��

, ZLOO GHVFULEH DVVHW SULFLQJ LQ D VLPSOH VHWWLQJ� 7KHUH DUH RQO\ WZR SRLQWV LQ
WLPH WR FRQVLGHU� ULJKW QRZ DQG RQH \HDU IURP QRZ �WKH IXWXUH�� ,Q WKH IXWXUH WKHUH
DUH RQO\ WZR SRVVLEOH VWDWHV RI WKH ZRUOG� 7KH VLPSOH ELQRPLDO VWUXFWXUH RI WKH
PRGHO ZDV pUVW LQWURGXFHG E\ :LOOLDP 6KDUSH �DOVR D 1REHO SUL]H ZLQQHU� LQ WKH
pUVW HGLWLRQ RI KLV XQGHUJUDGXDWH�OHYHO WH[WERRN ,QYHVWPHQWV�
,Q WKLV VLPSOH VHWWLQJ� ZH DVVXPH WKDW WKHUH DUH QR WD[HV RU WUDQVDFWLRQV FRVWV�

7KHVH DVVXPSWLRQV DUH LQ VRPH VHQVH XQUHDOLVWLF RI FRXUVH� EXW LI ZH FDQQRW XQGHU�
VWDQG KRZ WKH ZRUOG ZRUNV ZLWKRXW IULFWLRQV LW LV GRXEWIXO WKDW ZH FDQ XQGHUVWDQG
KRZ LW ZRUNV ZKHQ WKH\ DUH SUHVHQW�

�� $ VW RF N � D ERQG� DQG QR DU ELW U DJH

$ VWRFN DQG D ERQG� :H VWDUW ZLWK WZR pQDQFLDO DVVHWV� D ULVN\ VWRFN DQG D
ULVN�IUHH ERQG� 7KH YDOXH RI D ULVN�IUHH ERQG ULJKW QRZ LV %Q RZ � DQG LQ RQH \HDU WKH
YDOXH ZLOO VXUHO\ EH �� � U�%Q RZ � ZKHUH U LV WKH ULVN�IUHH LQWHUHVW UDWH� 7KH YDOXH
RI WKH VWRFN ULJKW QRZ LV 6 Q RZ � ,Q RQH \HDU� WKHUH ZLOO EH WZR SRVVLEOH VWDWHV RI WKH
ZRUOG � WKH YDOXH RI WKH VWRFN ZLOO HLWKHU EH 6X S RU 6 G RZ Q � ZKHUH

� � 6G RZ Q � 6 Q RZ � 6 X S � ��

/HW WKH SUREDELOLWLHV WKDW WKH VWRFN SULFH JRHV XS RU GRZQ EH JLYHQ E\ SX S ! � DQG
S G RZ Q ! �� ZKHUH SX S � SG RZ Q  �� )RU QRZ� ZH ZLOO QRW EH DQ\ PRUH VSHFLpF DERXW
WKH YDOXHV RI WKH SUREDELOLWLHV�

3RUWIROLRV� &RQVLGHU EX\LQJ WKH VWRFN RQ PDUJLQ� L�H�� ERUURZLQJ PRQH\ WR EX\
VWRFN� ,Q RXU VHWWLQJ� ERUURZLQJ PRQH\ PHDQV VHOOLQJ ERQGV� :H IRUP D SRUWIROLR
E\ EX\LQJ �ULJKW QRZ� [ VKDUHV RI WKH VWRFN VLPXOWDQHRXVO\ VHOOLQJ \ ERQGV� 7KH
FRVW RI RXU SRUWIROLR LV WKH QHW RXWOD\ ULJKW QRZ� WKH FRVW RI WKH VKDUHV RI VWRFN OHVV
WKH WRWDO DPRXQW ERUURZHG�

gQ RZ  [6 Q RZ b \ %Q RZ �

+RZ PXFK ZLOO RXU SRUWIROLR EH ZRUWK LQ RQH \HDU" :H ZLOO VHOO WKH VWRFN DQG
UHFHLYH HLWKHU [6G RZ Q RU [6X S � EXW ZH ZLOO KDYH WR UHSD\ RXU ORDQ ZLWK LQWHUHVW�
\ ���U�%Q RZ � 7KXV� GHSHQGLQJ RQ ZKHWKHU WKH VWRFN JRHV GRZQ RU XS� RXU SRUWIROLR
ZLOO EH ZRUWK HLWKHU

gG RZ Q  [6 G RZ Q b \ �� � U�%Q RZ

RU

gX S  [6 X S b \ �� � U�%Q RZ �

�,Q D OD WH U Y H UVLR Q� , Z LOO H [ SD QG R Q H D UO\ Z R UN GR QH E\ 6D PXH OVR Q �L�H�� EH IR UH %OD F N � 6F KR OH V� D QG
0 H UWR Q� D QG J H QH UD O H T XLOLEULXP D VVH W SULF LQJ E\ /XF D V �ER WK 1 R EH O SUL] H Z LQQH UV��
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$UELWUDJH RSSRUWXQLWLHV ZLWK WKH VWRFN DQG WKH ERQG� $Q DUELWUDJH LV D
WUDGLQJ VWUDWHJ\ WKDW SURGXFHV VRPHWKLQJ IRU QRWKLQJ� ,Q RXU VLPSOH VHWWLQJ� D
WUDGLQJ VWUDWHJ\ LV QRWKLQJ PRUH WKDQ D SRUWIROLR RI WKH VWRFN DQG WKH ERQG ZKHUH
ZH FKRRVH WKH SRUWIROLR ZHLJKWV RQFH DQG IRU DOO� EXW LQ D PRUH UHDOLVWLF VHWWLQJ LW
FRXOG LQYROYH FKDQJLQJ WKH SRUWIROLR ZHLJKWV RYHU WLPH LQ UHVSRQVH WR PRYHPHQWV LQ
WKH VWRFN SULFH� 6XSSRVH IRU H[DPSOH ZH FRXOG IRUP D SRUWIROLR WKDW FRVW QRWKLQJ
WRGD\ DQG JXDUDQWHHG D SRVLWLYH SD\Ro LQ DOO IXWXUH VWDWHV RI WKH ZRUOG� 7KDW ZRXOG
EH DQ DUELWUDJH� �,Q IDFW� HYHQ LI LW RQO\ KDG SRVLWLYH SD\RoV LQ VRPH VWDWHV LW
ZRXOG VWLOO EH DQ DUELWUDJH_DV ORQJ DV LW GLGQ
W KDYH DQ\ QHJDWLYH SD\RXWV� 7KLV
ZRXOG EH OLNH IUHH LQVXUDQFH DJDLQVW WKH RFFXUUHQFH RI WKRVH VWDWHV RI WKH ZRUOG�� $Q
DOWHUQDWLYH DUELWUDJH ZRXOG EH D WUDGLQJ VWUDWHJ\ WKDW JHQHUDWHG VRPHWKLQJ ULJKW
QRZ EXW UHTXLUHG QR SD\RXWV XQGHU DQ\ FLUFXPVWDQFHV QH[W \HDU�
&RQVLGHU WKH pUVW VRUW RI WUDGLQJ VWUDWHJ\ LQ PRUH GHWDLO� %X\ RQH VKDUH RI VWRFN

DQG ERUURZ PRQH\ WR pQDQFH WKH HQWLUH FRVW� SXWWLQJ QR PRQH\ GRZQ� ,Q WKLV FDVH�
[  � DQG \  6Q RZ  %Q RZ � ZKLFK PDNHV WKH RXWOD\ WRGD\ ]HUR�

gQ RZ  [6Q RZ b \ %Q RZ  6 Q RZ b
v
6Q RZ

%Q RZ

w
%Q RZ  ��

1RZ FRQVLGHU WKH SD\RoV� *LYHQ RXU SRUWIROLR ZHLJKWV� WKH WUDGLQJ VWUDWHJ\ ZLOO
SD\Ro HLWKHU

gG RZ Q  6G RZ Q b �� � U�6Q RZ ����D�

RU

gX S  6 X S b �� � U�6Q RZ � ����E�

,I ERWK SD\RoV DUH SRVLWLYH �RU LI gX S ! � DQG gG RZ Q y ��� WKHQ ZH KDYH DQ
DUELWUDJH_VRPHWKLQJ SRVLWLYH ODWHU �D SRVLWLYH SD\Ro LQ DW OHDVW RQH VWDWH RI WKH
ZRUOG QH[W \HDU ZLWK QR QHJDWLYH SD\RoV� IRU QRWKLQJ WRGD\� 2Q WKH RWKHU KDQG�
LI ERWK SD\RoV DUH QHJDWLYH �RU LI gX S x � DQG gG RZ Q � ��� WKHQ WKHUH LV D GLI�
IHUHQW DUELWUDJH_VLPSO\ FKDQJH WKH VLJQ RI RXU SRUWIROLR ZHLJKWV� [  b� DQG
\  b6Q RZ  %Q RZ � �7KHVH SRUWIROLR ZHLJKWV FRUUHVSRQG WR VHOOLQJ WKH VWRFN VKRUW
DQG OHQGLQJ WKH SURFHHGV��
7KHUHIRUH� LQ RUGHU WR HQVXUH WKH DEVHQFH RI DUELWUDJH RSSRUWXQLWLHV LQYROYLQJ WKH

VWRFN DQG WKH ERQG� ZH UHTXLUH WKDW gG RZ Q � � DQG gX S ! �� VR WKDW RQH ZRXOG
IDFH WKH SRVVLELOLW\ RI ORVLQJ PRQH\ QR PDWWHU ZKLFK WUDGLQJ VWUDWHJ\ RQH DGRSWHG�
*LYHQ ������ ZH FDQ ZULWH WKHVH FRQGLWLRQV DV

6 G RZ Q � �� � U�6Q RZ � 6X S � �����

,Q RWKHU ZRUGV� WKH FHUWDLQ UDWH RI UHWXUQ RQ WKH ERQG OLHV EHWZHHQ WKH ORZ DQG WKH
KLJK UDWHV RI UHWXUQ IRU WKH VWRFN�

6G RZ Q

6Q RZ
b � � U �

6X S

6Q RZ
b ��

7KHVH FRQGLWLRQV JXDUDQWHH WKDW QHLWKHU WKH VWRFN QRU WKH ERQG GRPLQDWHV WKH RWKHU
VHFXULW\ �LQ WKH VHQVH WKDW WKH UHWXUQ RQ RQH VHFXULW\ LV JUHDWHU WKDQ WKH RWKHU LQ
DOO VWDWHV��
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�� 3XW V� F DO O V� DQG I RU Z DU GV

,Q WKLV VHFWLRQ ZH ZLOO H[DPLQH FDOO RSWLRQV� SXW RSWLRQV� IRUZDUG FRQWUDFWV� DQG
SXW^FDOO SDULW\��

&DOO RSWLRQ� 7KH SD\RoV IRU_DQG WKHUHIRUH WKH YDOXH RI_D GHULYDWLYH VHFXULW\ DUH
GHWHUPLQHG E\ �L�H�� GHULYHG IURP� WKH YDOXH RI VRPHWKLQJ HOVH� FDOOHG WKH XQGHUOLHU�
7KH FODVVLF H[DPSOH RI D GHULYDWLYH VHFXULW\ LV D FDOO RSWLRQ� $ FDOO RSWLRQ LV D
FRQWUDFW EHWZHHQ WKH RSWLRQ KROGHU DQG WKH RSWLRQ ZULWHU WKDW JLYHV WKH KROGHU
WKH ULJKW WR SXUFKDVH D SUH�VSHFLpHG QXPEHU RI VKDUHV RI WKH XQGHUOLHU IRU D SUH�
VSHFLpHG DPRXQW �WKH VWULNH SULFH� RQ D SUH�VSHFLpHG GDWH �WKH H[SLUDWLRQ GDWH� IURP
WKH RSWLRQ ZULWHU� ,Q RWKHU ZRUGV� WKH KROGHU KDV WKH ULJKW WR FDOO WKH XQGHUOLHU IURP
WKH ZULWHU� �:KDW , KDYH GHVFULEHG LV D (XURSHDQ FDOO RSWLRQ� $Q $PHULFDQ FDOO
RSWLRQ JLYHV WKH KROGHU WKH ULJKW RI HDUO\ H[HUFLVH� WKH ULJKW WR H[HUFLVH DQ\WLPH EHIRUH
WKH H[SLUDWLRQ GDWH DV ZHOO�� ,I WKH YDOXH RI WKH XQGHUOLHU LV OHVV WKDQ WKH VWULNH SULFH
RQ WKH H[SLUDWLRQ GDWH� ZH VD\ WKDW WKH RSWLRQ pQLVKHG RXW RI WKH PRQH\� %HFDXVH
WKH RSWLRQ KROGHU LV QRW UHTXLUHG WR H[HUFLVH WKH RSWLRQ� WKH KROGHU ZLOO DOORZ WKH
RSWLRQ WR H[SLUH XQH[HUFLVHG LQ WKLV FDVH DQG WKH SD\Ro ZLOO EH ]HUR� 2Q WKH RWKHU
KDQG� LI WKH RSWLRQ pQLVKHV LQ WKH PRQH\� WKH KROGHU ZLOO H[HUFLVH LW� SD\ WKH VWULNH
SULFH� DQG UHFHLYH WKH XQGHUOLHU ZKLFK LV ZRUWK PRUH� 6LQFH WKH KROGHU FDQ QRZ VHOO
WKH XQGHUOLHU IRU LWV PDUNHW YDOXH� WKH RSWLRQ
V SD\Ro LQ WKLV FDVH LV WKH GLoHUHQFH
EHWZHHQ WKH YDOXH RI WKH XQGHUOLHU DQG WKH VWULNH SULFH�
:H ZLOO DVVXPH WKDW D FDOO RSWLRQ LV ZULWWHQ RQ RQH VKDUH RI VWRFN� ,I WKH VWULNH

SULFH IRU WKH RSWLRQ LV .& � WKHQ WKH SD\RoV IRU WKH FDOO RSWLRQ LQ JHQHUDO DUH GHWHU�
PLQHG E\

PD[�6H[ S LU DWLRQ b.& � ���

ZKHUH WKH IXQFWLRQ PD[�[� \� UHWXUQV WKH PD[LPXP RI [ DQG \��

:H ZLOO H[DPLQH WKH YDOXH RI D FDOO RSWLRQ RQ WKH VWRFN LQ RXU VLPSOH VHWWLQJ� :H
ZDQW WR pQG WKH SULFH RI WKH FDOO RSWLRQ ULJKW QRZ� &Q RZ � )LUVW ZH QHHG WR GHWHUPLQH
WKH SD\RoV IRU WKH FDOO�

&G RZ Q  PD[�6G RZ Q b.& � ��

&X S  PD[�6X S b.& � ���

,I .& y 6 X S � WKHQ &X S  &G RZ Q  �� ZKLFK LV QRW YHU\ LQWHUHVWLQJ� 7R NHHS WKLQJV
LQWHUHVWLQJ OHW

6 G RZ Q � .& � 6X S � �����

)RU H[DPSOH� ZH FRXOG KDYH DQ DW�WKH�PRQH\ FDOO ZKHUH .&  6Q RZ � 7KH SD\RoV
IRU WKH RSWLRQ LQ RQH \HDU DUH HDV\ WR FRPSXWH JLYHQ WKH VWRFN SULFH RQH \HDU IURP
QRZ� ,I WKH VWRFN SULFH JRHV GRZQ WKH RSWLRQ LV ZRUWK QRWKLQJ� EXW LI WKH VWRFN SULFH

� $ OVR WD ON D ER XW Y D OXLQJ F R USR UD WH GH EW E\ WUH D WLQJ H T XLW\ D V D F D OO R SWLR Q� ) ' ,& LQVXUD QF H E\
WUH D WLQJ WKH ED QN D V KD Y LQJ D SXW R SWLR Q� D QG SR UWIR OLR LQVXUD QF H �
� 7 KH IXQF WLR Q PD [ �[� � � LV R IWH Q Z ULWWH Q D V �[���
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JRHV XS WKH RSWLRQ LV ZRUWK 6X S b.& �

&G RZ Q  PD[�6G RZ Q b.& � ��  �

&X S  PD[�6X S b.& � ��  6X S b.& ! ��

'HOWD KHGJLQJ� 7KH GHOWD RI DQ RSWLRQ PHDVXUHV KRZ PXFK WKH YDOXH RI WKH RSWLRQ
FKDQJHV SHU XQLW RI FKDQJH LQ WKH VWRFN SULFH� ,Q RXU VHWWLQJ� WKLV DPRXQWV WR

c&  
&X S b &G RZ Q

6X S b 6G RZ Q
 

6X S b.&

6 X S b 6G RZ Q
�

'HOWD KHGJLQJ WHOOV XV KRZ WR IRUP D SRUWIROLR RI WKH VWRFN DQG WKH FDOO RSWLRQ WR
HOLPLQDWH WKH ULVN RI WKH SRUWIROLR� ,I ZH EX\ c& VKDUHV RI WKH VWRFN DQG VHOO RQH
FDOO� WKH FRPELQHG SD\RoV ZLOO EH WKH VDPH LQ HDFK VWDWH�

6 X S c& b&X S  6G RZ Q c&

6 G RZ Q c& b &G RZ Q  6G RZ Q c& �

7KXV ZH KDYH IRUPHG D ULVN�IUHH SRUWIROLR� ZKLFK FRVW 6 Q RZ c& b&Q RZ � 7KH DEVHQFH
RI DUELWUDJH UHTXLUHV WKDW WKLV SRUWIROLR HDUQ WKH ULVN�IUHH UDWH� ,Q RWKHU ZRUGV ZH
PXVW KDYH

�� � U� �6Q RZ c& b &Q RZ �  6 G RZ Q c& �

:H VROYH WKLV HTXDWLRQ IRU WKH DUELWUDJH�IUHH SULFH RI WKH RSWLRQ�

&Q RZ  

b
�� � U�6Q RZ b 6G RZ Q

c
c&

� � U

 

b
�� � U�6Q RZ b 6G RZ Q

c
�6X S b.&�

�6X S b 6G RZ Q � �� � U�
�

1RWH WKDW VLQFH ZH GRQ
W NQRZ ZKDW WKH SUREDELOLWLHV RI WKH XS DQG GRZQ VWDWHV DUH�
ZH GRQ
W NQRZ ZKDW WKH H[SHFWHG UHWXUQ RQ WKH VWRFN LV� (YHQ VR� ZH KDYH EHHQ
DEOH WR pJXUH RXW WKH SULFH RI WKH FDOO�

3XW RSWLRQ� $ SXW RSWLRQ LV VLPLODU WR D FDOO RSWLRQ H[FHSW WKDW LV FRQIHUV WR WKH
KROGHU WKH ULJKW WR VHOO WKH XQGHUOLHU WR WKH ZULWHU DW WKH VWULNH SULFH �WR SXW LW WR
KLP�� /HW WKH VWULNH SULFH IRU WKH SXW RSWLRQ� .3 DOVR EH EHWZHHQ 6G RZ Q DQG 6X S �
)RU WKH SXW� WKH SD\RoV DUH JLYHQ E\

3G RZ Q  PD[�.3 b 6G RZ Q � ��  .3 b 6G RZ Q ! �

3 X S  PD[�.3 b 6X S � ��  ��

:H FDQ XVH GHOWD KHGJLQJ WR VROYH IRU WKH SXW SULFH ULJKW QRZ� 3 Q RZ � ,Q WKLV FDVH

c3  
3 X S b 3 G RZ Q

6 X S b 6G RZ Q
 

b�.3 b 6G RZ Q �

6X S b 6G RZ Q
�

1RWLFH WKDW WKH GHOWD IRU WKH SXW LV QHJDWLYH� ,I ZH EX\ RQH SXW DQG VHOO c3 VKDUHV
RI WKH VWRFN �VLQFH c3 LV QHJDWLYH� WKLV PHDQV EX\LQJ VKDUHV RI WKH VWRFN�� WKH
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FRPELQHG SD\RoV ZLOO EH WKH VDPH LQ HDFK VWDWH�

3X S b 6X S c3  b6X S c3

3 G RZ Q b 6G RZ Q c3  b6X S c3 �

$JDLQ� WKH DEVHQFH RI DUELWUDJH UHTXLUHV WKDW ULVN�IUHH SRUWIROLRV HDUQ WKH ULVN�IUHH
LQWHUHVW UDWH�

�� � U� �3Q RZ b 6Q RZ c3 �  b6X S c3 �

ZKLFK GHOLYHUV WKH YDOXH RI WKH SXW ULJKW QRZ�

3Q RZ  
�6X S b �� � U�6Q RZ � �.3 b 6G RZ Q �

�6X S b 6G RZ Q � �� � U�
�

)RUZDUG FRQWUDFW� $ IRUZDUG FRQWUDFW LV DQ DJUHHPHQW WKURXJK ZKLFK WKH VKRUW
DJUHHV WR GHOLYHU WKH XQGHUOLHU WR WKH ORQJ LQ H[FKDQJH IRU WKH IRUZDUG SULFH �.) � RQ
WKH GHOLYHU\ GDWH� 2Q WKH GHOLYHU\ GDWH� WKH ORQJ SD\V .) DQG UHFHLYHV WKH XQGHUOLHU�
ZKLFK LV ZRUWK HLWKHU 6X S RU 6G RZ Q � 7KXV� WKH SD\RoV IRU WKH ORQJ DUH

)G RZ Q  6 G RZ Q b.) � �

)X S  6 X S b.) ! ��

6LQFH QR PRQH\ FKDQJHV KDQGV DW WKH LQFHSWLRQ RI D IRUZDUG FRQWUDFW� LWV YDOXH
DW LQFHSWLRQ PXVW EH ]HUR� ,Q IDFW� WKH IRUZDUG SULFH LV VHW WR PDNH WKH YDOXH RI D
IRUZDUG FRQWUDFW ]HUR� &OHDUO\� D IRUZDUG FRQWUDFW LV QRW DQ RSWLRQ� VLQFH VRPH RI LWV
SD\RoV DUH QHJDWLYH� 1HYHUWKHOHVV� ZH ZLOO VHH KRZ WR FRQVWUXFW D IRUZDUG FRQWUDFW
RXW RI RSWLRQV� 7KH GHOWD IRU WKH IRUZDUG FRQWUDFW LV

c)  
�6 X S b.) �b �6G RZ Q b.) �

6X S b 6G RZ Q
 ��

,I ZH EX\ RQH VKDUH RI VWRFN DQG VHOO RQH IRUZDUG FRQWUDFW� WKHQ WKH SD\RoV IRU WKH
SRUWIROLR DUH

6X S b )X S  .)

6G RZ Q b )G RZ Q  .) �

DQG WKHUHIRUH WKH UHWXUQ RQ WKH SRUWIROLR PXVW HTXDO WKH ULVN�IUHH UDWH�

�� � U� �6 Q RZ b )Q RZ �  .) �

1RZ KHUH
V WKH WZLVW� ,QVWHDG RI WDNLQJ WKH IRUZDUG SULFH �.) � DV JLYHQ DQG VROYLQJ
IRU )Q RZ � ZH VHW )Q RZ  � DQG VROYH IRU .) �

.)  �� � U�6 Q RZ � �����

(TXDWLRQ ����� JLYHV WKH IRUZDUG SULFH� 5HFDOOLQJ WKH DEVHQFH RI DUELWUDJH FRQGLWLRQ
IRU WKH VWRFN DQG WKH ERQG ������ ZH VHH WKDW WKLV FRQGLWLRQ DPRXQWV WR UHTXLULQJ
WKDW WKH IRUZDUG SULFH IRU WKH VWRFN OLH EHWZHHQ 6G RZ Q DQG 6X S �L�H�� ZLWKLQ LWV
VXSSRUW��
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3XW^FDOO SDULW\ DQG V\QWKHWLF IRUZDUGV� 7KHUH DUH GHpQLWH UHODWLRQVKLSV DPRQJ
WKHVH WKUHH GHULYDWLYH VHFXULWLHV� :H FDQ V\QWKHVL]H D IRUZDUG FRQWUDFW E\ �L� EX\LQJ
D FDOO RSWLRQ ZLWK VWULNH SULFH .&  .� �LL� VHOOLQJ D SXW RSWLRQ ZLWK WKH VDPH
VWULNH SULFH .3  .� DQG �LLL� ERUURZLQJ WKH PRQH\ WR SD\ WKH QHW FRVW ULJKW QRZ
&Q RZ b3 Q RZ � 7KH SD\RoV WR WKLV SRUWIROLR ORRN OLNH WKH SD\RoV WR D IRUZDUG FRQWUDFW�

gG RZ Q  &G RZ Q b 3G RZ Q b
j
�� � U� �&Q RZ b 3Q RZ �

k
 6G RZ Q b.)

DQG

gX S  &X S b 3 X S b
j
�� � U� �&Q RZ b 3Q RZ �

k
 6 X S b.) �

ZKHUH WKH V\QWKHWLF IRUZDUG SULFH .) HTXDOV WKH FRPPRQ VWULNH SULFH RQ WKH RSWLRQV
SOXV WKH ORDQ UHSD\PHQW�

.)  . � �� � U� �&Q RZ b 3 Q RZ �� �����

1RZ UHFDOO IURP ����� WKDW .)  ��� U�6Q RZ � :H FDQ VXEVWLWXWH WKLV H[SUHVVLRQ
LQWR ����� DQG VROYH IRU WKH FDOO SULFH�

&Q RZ  3 Q RZ � 6Q RZ b .

� � U
� �����

(TXDWLRQ ����� LV NQRZQ DV SXW^FDOO SDULW\�

�� 'HU LYDW LYH VHF XU LW LHV DQG QR DU ELW U DJH

1RZ FRQVLGHU DQ\ VHFXULW\ ZKRVH SD\RoV RQH \HDU IURP QRZ GHSHQG RQO\ RQ
ZKHWKHU WKH VWRFN SULFH ZHQW XS RU GRZQ� :H FDOO VXFK D VHFXULW\ D GHULYDWLYH
EHFDXVH LWV YDOXH LV GHULYHG IURP WKH YDOXH RI WKH XQGHUOLHU �WKH VWRFN� LQ WKLV FDVH��
6XSSRVH WKH SD\RoV RI WKH GHULYDWLYH LQ RQH \HDU DUH 'G RZ Q LI WKH VWRFN SULFH JRHV
GRZQ DQG 'X S LV WKH VWRFN SULFH JRHV XS� )RU QRZ ZH ZLOO FRQVLGHU D JHQHUDO
GHULYDWLYH VHFXULW\ ZKRVH SD\RoV DUH QRW H[SOLFLWO\ OLQNHG WR WKH XQGHUO\LQJ VWRFN��

7KH FHQWUDO SRLQW RI SULFLQJ GHULYDWLYHV LV WKLV� ,I ZH FDQ UHSOLFDWH WKH SD\RoV RI
WKH GHULYDWLYH XVLQJ D SRUWIROLR RI WKH VWRFN DQG WKH ERQG VR WKDW 'X S  gX S DQG
'G RZ Q  gG RZ Q � WKHQ WKH SULFH RI WKH GHULYDWLYH ULJKW QRZ PXVW HTXDO WKH SULFH RI
WKH UHSOLFDWLQJ SRUWIROLR ULJKW QRZ�

'Q RZ  gQ RZ  [6 Q RZ b \ %Q RZ � �����

2WKHUZLVH WKHUH ZRXOG EH DUELWUDJH RSSRUWXQLWLHV LQYROYLQJ WKH VWRFN� WKH ERQG� DQG
WKH GHULYDWLYH VHFXULW\� )RU H[DPSOH� LI 'Q RZ � gQ RZ \RX FRXOG EX\ WKH GHULYDWLYH�
?VHOO� WKH UHSOLFDWLQJ SRUWIROLR� DQG SRFNHW WKH GLoHUHQFH� %HFDXVH WKH SRUWIROLR
UHSOLFDWHV WKH SD\RoV RI WKH GHULYDWLYH� \RX NQRZ IRU VXUH WKDW \RX ZLOO QRW KDYH
DQ\ QHW FDVK qRZV QH[W \HDU� 7KHUHIRUH \RX JRW VRPHWKLQJ WRGD\ IRU QRWKLQJ ODWHU�
1RZ OHW
V VHH KRZ WR UHSOLFDWH WKH GHULYDWLYH
V SD\RoV� :H PXVW FKRRVH [ DQG

\ LQ RUGHU WR JXDUDQWHH WKDW WKH SRUWIROLR LGHQWLFDOO\ UHSOLFDWHV WKH SD\RoV RI WKH
GHULYDWLYH VHFXULW\ LQ RQH \HDU� �2I FRXUVH� WKH YDOXHV RI [ DQG \ ZLOO EH GLoHUHQW

�:H D UH SXUVXLQJ QR Q�0 D UN R Y LD Q UH SUH VH QWD WLR QV KH UH �
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IRU GLoHUHQW GHULYDWLYH VHFXULWLHV�� ,Q RUGHU WR UHSOLFDWH WKH SD\RoV RI WKH GHULYDWLYH�
WKH SRUWIROLR ZHLJKWV� [ DQG \� PXVW VDWLVI\

'G RZ Q  [6 G RZ Q b \ �� � U�%Q RZ ����D�

DQG

'X S  [6X S b \ �� � U�%Q RZ � ����E�

(TXDWLRQV ����� FRPSULVH WZR HTXDWLRQV LQ WKH WZR XQNQRZQ SRUWIROLR ZHLJKWV� [
DQG \� 7KH VROXWLRQ WR ����� LV

[  
'X S b'G RZ Q

6X S b 6G RZ Q

\  
'X S 6G RZ Q b'G RZ Q 6X S

�6X S b 6G RZ Q � �� � U�%Q RZ
�

�����

:LWK WKHVH YDOXHV IRU [ DQG \� WKH YDOXH RI WKH GHULYDWLYH VHFXULW\ ULJKW QRZ PXVW
EH WKH YDOXH RI WKH SRUWIROLR ULJKW QRZ� ,Q RWKHU ZRUGV� LQVHUW WKH YDOXHV IRU [ DQG
\ LQ ����� LQWR WKH H[SUHVVLRQ IRU 'Q RZ LQ ������

'Q RZ  [6Q RZ b \ %Q RZ

 

v
'X S b'G RZ Q

6 X S b 6G RZ Q

w
6Q RZ b

v
'X S 6 G RZ Q b'G RZ Q 6 X S

�6X S b 6G RZ Q � �� � U�%Q RZ

w
%Q RZ

 
ASX S 'X S � ASG RZ Q 'G RZ Q

� � U
�

����D�

ZKHUH

ASX S  
�� � U�6Q RZ b 6G RZ Q

6X S b 6G RZ Q

ASG RZ Q  �b ASX S
����E�

%HIRUH ZH WU\ WR LQWHUSUHW WKH VROXWLRQ ����� LQ GHWDLO� pUVW FRQVLGHU WKH YDOXH RI
D YHU\ VLPSOH VHFXULW\ WKDW LV FORVHO\ UHODWHG WR WKH ERQG ZH KDYH DOUHDG\ PRGHOHG�
&RQVLGHU D ]HUR�FRXSRQ ERQG� $ ]HUR�FRXSRQ ERQG SD\V RQH XQLW ZLWK FHUWDLQW\
ZKHQ LW PDWXUHV� ZKLFK LQ RXU H[DPSOH LV RQH \HDU IURP QRZ� 6LQFH IRU D ]HUR�
FRXSRQ ERQG 'X S  'G RZ Q  �� RXU IRUPXOD WHOOV XV WKDW 'Q RZ  � �� � U�� 7KLV
LV NQRZQ DV WKH SUHVHQW YDOXH RI RQH GROODU WR EH SDLG RQH \HDU IURP QRZ ZLWK
FHUWDLQW\�
1RZ OHW
V WXUQ WR LQWHUSUHWLQJ WKH VROXWLRQ JLYHQ LQ ������ 1RZ QRWLFH WKDW FRQGL�

WLRQ ����� JXDUDQWHHV WKDW ASX S ! � DQG ASG RZ Q ! �� $OVR QRWLFH WKDW ASX S � ASG RZ Q  ��
7KHVH SURSHUWLHV DOORZ XV WR WUHDW ASX S DQG ASG RZ Q DV LI WKH\ ZHUH SUREDELOLWLHV� *LYHQ
WKLV WUHDWPHQW� ZH FDQ LQWHUSUHW WKH YDOXH RI WKH GHULYDWLYH ULJKW QRZ� 'Q RZ � DV
WKH SUHVHQW YDOXH RI LWV DYHUDJH SD\Ro� ZKHUH ZH DUH XVLQJ ASX S DQG ASG RZ Q DV WKH
SUREDELOLWLHV LQ WKH DYHUDJH� %XW QRWH WKDW WKHVH SUREDELOLWLHV DUH QRW WKH DFWXDO
SUREDELOLWLHV WKDW WKH VWRFN JRHV XS RU GRZQ LQ YDOXH LQ WKH UHDO ZRUOG� 7KHVH DUH
SVHXGR SUREDELOLWLHV WKDW KDYH EHHQ FRQVWUXFWHG SXUHO\ IURP WKH G\QDPLFV RI DVVHW
SULFHV� �:H ZLOO H[DPLQH WKH UHODWLRQVKLS EHWZHHQ WKHVH SVHXGR SUREDELOLWLHV DQG
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WKH UHDO�ZRUOG SUREDELOLWLHV EHORZ�� 1RZ ZH FDQ ZULWH WKH VROXWLRQ DV

'Q RZ  
A'DY J

� � U
� ����D�

ZKHUH

A'DY J  ASX S 'X S � ASG RZ Q 'G RZ Q � ����E�

:H ZLOO FDOO HTXDWLRQ ����� WKH SULFLQJ IRUPXOD�
7KH SULFLQJ IRUPXOD DSSOLHV WR DOO DVVHWV� LQFOXGLQJ WKH VWRFN LWVHOI� ,Q WKLV FDVH�

RI FRXUVH� 'X S  6 X S DQG 'G RZ Q  6G RZ Q � $QG� RI FRXUVH� WKH SULFLQJ IRUPXOD
GHOLYHUV WKH FRUUHFW DQVZHU� 'Q RZ  6 Q RZ �
/HW
V UHDUUDQJH WKH SULFLQJ IRUPXOD DV IROORZV�

A'DY J b'Q RZ  U'Q RZ � �����

(TXDWLRQ ����� VD\V WKDW WKH H[SHFWHG FKDQJH LQ WKH YDOXH RI WKH DVVHW_FDOFXODWHG
XVLQJ WKH SVHXGR SUREDELOLWLHV_HTXDOV WKH FXUUHQW YDOXH RI WKH DVVHW WLPHV WKH ULVN�
IUHH LQWHUHVW UDWH� ,I 'Q RZ LV SRVLWLYH �LW QHHG QRW EH� WKHQ ZH FDQ ZULWH

A'DY J

'Q RZ
b �  U� �����

(TXDWLRQ ����� VKRZV WKDW WKH DYHUDJH UHWXUQ IRU DQ\ VHFXULW\ ZLWK D SRVLWLYH YDOXH
ULJKW QRZ_FDOFXODWHG XVLQJ WKH SVHXGR SUREDELOLWLHV_LV WKH ULVN�IUHH LQWHUHVW UDWH�
UHJDUGOHVV RI WKH SHUFHLYHG ULVN RI WKH VHFXULW\� +HQFH WKHVH SVHXGR SUREDELOLWLHV
DUH RIWHQ FDOOHG ULVN�QHXWUDO SUREDELOLWLHV� DQG HTXDWLRQ ����� LV RIWHQ UHIHUUHG WR DV
ULVN�QHXWUDO SULFLQJ�
7KHUH LV DQRWKHU ZD\ ZH FDQ WKLQN DERXW RXU SULFLQJ IRUPXOD� 'LYLGH WKH SULFH

RI WKH GHULYDWLYH VHFXULW\ ULJKW QRZ E\ WKH SULFH RI WKH ERQG ULJKW QRZ DQG GLYLGH
WKH SD\RoV RI WKH GHULYDWLYH VHFXULW\ QH[W \HDU E\ WKH SD\Ro RI WKH ERQG QH[W \HDU�
/HW

=Q RZ  
'Q RZ

%Q RZ
� =X S  

'X S

�� � U�%Q RZ
� DQG =G RZ Q  

'G RZ Q

�� � U�%Q RZ
�

:H UHIHU WR WKHVH = YDOXHV DV WKH GHqDWHG YDOXHV RI WKH GHULYDWLYH VHFXULW\� 8VLQJ
WKHVH GHqDWHG YDOXHV� ZH FDQ UHZULWH RXU SULFLQJ IRUPXOD LQ WKH IROORZLQJ H[WUHPHO\
FRPSDFW ZD\�

=Q RZ  A=DY J� �����

3ULFLQJ IRUPXOD ����� VD\V WKDW WKH YDOXH RI GHqDWHG VHFXULW\ ULJKW QRZ HTXDOV WKH
DYHUDJH YDOXH RI GHqDWHG VHFXULW\ QH[W \HDU� $Q\WKLQJ ZLWK WKH SURSHUW\ WKDW LWV
IXWXUH DYHUDJH YDOXH HTXDOV LWV FXUUHQW YDOXH LV FDOOHG D PDUWLQJDOH� DQG VR IRUPXOD
����� LV NQRZQ DV WKH PDUWLQJDOH SULFLQJ IRUPXOD� 2I FRXUVH� IRUPXODV ������ ������
DQG ����� DUH DOO HTXLYDOHQW� 7KH\ VLPSO\ VD\ WKH VDPH WKLQJ LQ GLoHUHQW ZD\V��

�,W WXUQV R XW WKD W WKH VR OXWLR Q WR PD Q\ SUR EOH PV LQ SK\ VLF V F D Q EH H [ SUH VVH G H [ D F WO\ D V IR UPXOD
�� �� �� $ OVR ) H \ QPD Q^ . D F LQ D 0 D UN R Y LD Q VH WWLQJ �
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$UURZ^'HEUHX VHFXULWLHV DQG VWDWH SULFHV� 1RZ FRQVLGHU WZR IXQGDPHQWDO VH�
FXULWLHV IURP ZKLFK DOO RWKHU VHFXULWLHV FDQ EH HDVLO\ FRQVWUXFWHG� 7KHVH DUH NQRZQ
DV $UURZ^'HEUHX VHFXULWLHV� .HQQHWK $UURZ DQG *HUDUG 'HEUHX HDFK LQGHSHQGHQWO\
WKRXJKW XS WKHVH VHFXULWLHV� �$QG HDFK ZRQ WKH 1REHO SUL]H LQ (FRQRPLFV LQGHSHQ�
GHQWO\�� 7KH pUVW VHFXULW\ SD\V RQH XQLW LI WKH VWRFN JRHV XS DQG QRWKLQJ LI WKH
VWRFN JRHV GRZQ� 'X S  � DQG 'G RZ Q  �� ZKLOH WKH VHFRQG RQH SD\V QRWKLQJ LI WKH
VWRFN JRHV XS DQG RQH XQLW LI WKH VWRFN GRZQ� 'X S  � DQG 'G RZ Q  �� 7KH SULFHV RI
WKHVH VHFXULWLHV DUH FDOOHG VWDWH SULFHV VLQFH WKH\ PHDVXUH WKH SULFH RI D XQLW SD\Ro
LQ HDFK VWDWH� )URP ����� ZH FDQ VHH WKDW WKH WZR VWDWH SULFHV DUH

ASX S
� � U

DQG
ASG RZ Q

� � U
� �����

$V PHQWLRQHG DERYH� WKH $UURZ^'HEUHX VHFXULWLHV DUH WKH EXLOGLQJ EORFNV RXW
RI ZKLFK DOO VHFXULWLHV FDQ EH FRQVWUXFWHG� 6LQFH WKH VWRFN
V SD\RoV DUH 6X S DQG
6 G RZ Q � WKH YDOXH RI WKH VWRFN ULJKW QRZ PXVW EH 6X S WLPHV WKH XS�VWDWH SULFH SOXV
6 G RZ Q WLPHV WKH GRZQ�VWDWH SULFH� 1RWH WKDW LI DOO VWDWH SULFHV DUH SRVLWLYH� RQH FDQ
QHYHU JHW VRPHWKLQJ IRU QRWKLQJ� ,Q IDFW� RXU DEVHQFH�RI�DUELWUDJH FRQGLWLRQ �����
LV QRWKLQJ PRUH WKDQ WKH FRQGLWLRQ UHTXLUHG WR JXDUDQWHH DOO WKH VWDWH SULFHV DUH
SRVLWLYH�

&RPSOHWH PDUNHWV� :H KDYH EHHQ ZRUNLQJ LQ DQ HFRQRP\ ZLWK D FRPSOHWH PDUNHW�
:KDW WKLV PHDQV LV WKDW ZH KDYH HQRXJK VHFXULWLHV �ZLWK LQGHSHQGHQW UHWXUQV� WR
IRUP SRUWIROLRV WKDW FDQ SLQSRLQW HYHU\ $UURZ^'HEUHX VHFXULW\� ,I LQVWHDG� ZH KDG
RQO\ WKH VWRFN DQG QR ERQG� WKHQ ZH ZRXOG KDYH DQ LQFRPSOHWH PDUNHW� DQG ZH
ZRXOG EH XQDEOH WR XQFRYHU WKH VWDWH SULFHV XVLQJ WKH VHFXULWLHV DYDLODEOH� 3XUH
DEVHQFH�RI�DUELWUDJH FRXOG QRW WHOO XV KRZ WR SULFH DOO FODLPV WKDW PLJKW RFFXU�
1HYHUWKHOHVV� ZH FDQ VWLOO DSSO\ JHQHUDO HTXLOLEULXP DVVHW SULFLQJ� ZKLFK ZH GLVFXVV
LQ GHWDLO EHORZ�

([WUDFWLQJ WKH SVHXGR SUREDELOLWLHV ZLWK RSWLRQ SULFHV� :H FDQ XVH SXW
SULFHV WR H[WUDFW WKH SVHXGR SUREDELOLWLHV� &RQVLGHU WZR SXW RSWLRQV ZLWK GLoHUHQW
VWULNH SULFHV� .�

3 DQG .�
3 � ZKHUH ERWK VWULNH SULFHV DUH EHWZHHQ WKH WZR SRVVLEOH

VWRFN SULFHV� 6 G RZ Q � .L
3 � 6 X S � 7KH SULFH RI WKHVH SXWV LV JLYHQ E\

3 L
Q RZ  

ASG RZ Q �.
L
3 b 6G RZ Q �

� � U
�

:H FDQ XVH WKHVH WZR SXW SULFHV WR H[WUDFW WKH SUREDELOLW\�

�� � U�

v
3 �
Q RZ b 3 �

Q RZ

.�
3 b.�

3

w
 ASG RZ Q �

,I ZH DSSO\ WKLV IRUPXOD ZKHUH .L
3 � 6G RZ Q ZH JHW �� DQG LI ZH DSSO\ LW ZKHUH

.L
3 ! 6G RZ Q ZH JHW �� 7KH UHDGHU ZLWK D EDFNJURXQG LQ SUREDELOLW\ ZLOO UHFRJQL]H

WKDW ZH FDQ WUDFH RXW WKH FXPXODWLYH GLVWULEXWLRQ IXQFWLRQ �&')� IRU WKH SVHXGR
SUREDELOLWLHV WKLV ZD\� 0RUHRYHU� LI ZH KDG D FRQWLQXRXV VWDWH VSDFH ZLWK D GLoHU�
HQWLDEOH &')� WKHQ ZH FRXOG UHFRYHU WKH SVHXGR SUREDELOLW\ GHQVLW\ IXQFWLRQ ZLWK
#� 3 # .� �RU b#�& # .��� 7KHUH LV D VPDOO LQGXVWU\ WRGD\ DFWLYHO\ LQYROYHG LQ
GRLQJ MXVW WKDW�
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5LVN� UHWXUQ� DQG WKH SULFH RI ULVN� :H KDYH EHHQ DEOH WR VROYH IRU DVVHW SULFHV
ZLWKRXW UHIHUULQJ H[SOLFLWO\ WR ULVN RU UHWXUQ� <HW LQ DQ LPSRUWDQW VHQVH WKH UHODWLRQ
EHWZHHQ ULVN DQG UHWXUQ LV FHQWUDO DVVHW SULFLQJ� ,Q WKLV VHFWLRQ ZH ZLOO PDNH H[SOLFLW
WKH LPSOLFLW UHODWLRQ HPEHGGHG LQ WKH FRQGLWLRQV IRU QR DUELWUDJH�
)LUVW� ZH PXVW GHpQH ZKDW ZH PHDQ E\ ULVN DQG UHWXUQ� 8VLQJ WKH WUXH SURED�

ELOLWLHV� ZKLFK ZH QRZ DVVXPH DUH ��� �
�
��� WKH DYHUDJH YDOXH RI D DVVHW
V SD\RoV QH[W

\HDU LV

'DY J  SX S 'X S � SG RZ Q 'G RZ Q  
'X S �'G RZ Q

�
�

2QH PHDVXUH RI WKH ULVN RI WKH DVVHW LV WKH YRODWLOLW\ RI LWV SD\RoV�

'Y RO  �'X S b'G RZ Q �
S
SX S SG RZ Q  

'X S b'G RZ Q

�
�

7KH YDULDQFH RI WKH UHWXUQ LQ LWV SD\RoV LV JLYHQ E\

'Y DU  SX S �'X S b'DY J�
� � SG RZ Q �'G RZ Q b'DY J�

�

 
�'X S b'DY J�

� � �'G RZ Q b'DY J�
�

�
�

7KH VWDQGDUG GHYLDWLRQ RI LWV SD\RoV LV JLYHQ E\

'G HY  
S

'Y DU  M'Y ROM�

ZKHUH M[M GHQRWHV WKH DEVROXWH YDOXH RI [� )RU WKRVH DVVHWV ZKRVH YDOXH LV SRVLWLYH�
'Q RZ ! �� ZH FDQ ZULWH ������ LQ WHUPV RI UHWXUQV� 'HpQH WKH UHWXUQV RQ WKH DVVHW
DV IROORZV�

GX S  
'X S

'Q RZ
b � DQG GG RZ Q  

'G RZ Q

'Q RZ
b ��

7KHQ LW LV HDV\ WR VKRZ WKDW

GDY J  
'DY J

'Q RZ
DQG GY RO  

'Y RO

'Q RZ
�

,I ZH KDYH WZR SRVLWLYH VHFXULWLHV� ' DQG 0 � ZH FDQ pQG WKH FRYDULDQFH EHWZHHQ
WKHLU UHWXUQV� 7KH FRYDULDQFH EHWZHHQ WKH WZR UHWXUQV LV JLYHQ E\

&RYP�G  
�

�
�PX S bPDY J��VX S b VDY J� �

�

�
�PG RZ Q bPDY J��VG RZ Q b VDY J�

 PY RO GY RO�

:H ZDQW WR ZULWH WKH H[SHFWHG FKDQJH �L�H�� DYHUDJH FKDQJH� LQ WKH DVVHW
V YDOXH�
'DY Jb'Q RZ � LQ WHUPV RI LWV ULVN� 'Y RO� :KDW ZH NQRZ VR IDU LV JLYHQ E\ ������ :KDW

ZH QHHG WR NQRZ QRZ LV WKH UHODWLRQVKLS EHWZHHQ 'DY J DQG A'DY J� 7KH GLoHUHQFH
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EHWZHHQ WKH WZR WXUQV RXW WR EH WKH ULVN SUHPLXP� :H FDQ VHH DV IROORZV�

'DY J b A'DY J  

v
�

�
b ASX S

w
'X S �

v
�

�
b ASG RZ Q

w
'G RZ Q

 

v
�

�
b ASX S

w
'X S �

v
ASX S b �

�

w
'G RZ Q

 

v
�

�
b ASX S

w
�'X S b'G RZ Q �

 ��b � ASX S �
v
'X S b'G RZ Q

�

w
 y'Y RO�

�����D�

ZKHUH

y  �b � ASX S �����E�

LV WKH SULFH RI ULVN� �:H ZLOO JLYH VRPH PHDQLQJ WR WKLV SKUDVH EHORZ�� 1RWLFH WKDW
y GRHV QRW GHSHQG RQ 'Q RZ � 'X S � RU 'G RZ Q LQ WKH IROORZLQJ VHQVH� ,Q D FRPSOHWH
PDUNHW ZLWK QR DUELWUDJH RSSRUWXQLWLHV� ZH ZLOO JHW WKH VDPH YDOXH IRU y QR PDWWHU
ZKLFK GHULYDWLYH VHFXULW\ ZH FKRRVH�
&RPELQLQJ ����� DQG ������ SURGXFHV WKH UHVXOW ZH DUH ORRNLQJ IRU�

'DY J b'Q RZ  U'Q RZ � y'Y RO� ������

(TXDWLRQ ������ VD\V WKDW WKH DYHUDJH FKDQJH LQ WKH YDOXH RI DQ DVVHW_DQ\ DVVHW
LQFOXGLQJ WKH VWRFN DQG WKH ERQG_HTXDOV WKH VXP RI WZR SDUWV� 2QH SDUW LV D UHZDUG
IRU ZDLWLQJ� U'Q RZ � DQG WKH RWKHU SDUW LV D UHZDUG IRU EHDULQJ ULVN� y'Y RO� )RU DQ
DVVHW ZLWK ]HUR YDOXH ULJKW QRZ �IRU H[DPSOH� WKH YDOXH RI D IRUZDUG FRQWUDFW� ZKLFK
DV ZH VDZ DERYH� LV ]HUR DW LWV LQFHSWLRQ�� WKH H[SHFWHG FKDQJH LQ WKH DVVHW
V YDOXH
HTXDOV LWV ULVN SUHPLXP� )RU DVVHWV ZLWK D SRVLWLYH YDOXH WRGD\� ZH FDQ ZULWH ������
DV

GDY J  U � yG Y RO� ������

6ROYLQJ ������ IRU y� ZH VHH WKDW WKH SULFH RI ULVN LV WKH ULVN SUHPLXP SHU XQLW RI
ULVN �

y  
GDY J b U

G Y RO
�

7KH 5DGRQ^1LNRG\P GHULYDWLYH� :KDW
V WKH UHODWLRQVKLS EHWZHHQ WKH UHDO SUREDELO�
LWLHV DQG WKH SVHXGR SUREDELOLWLHV� ASX S DQG ASG RZ Q " 6LQFH ASG RZ Q  � b ASX S � ZH IRFXV
RQ ASX S � :H FDQ VROYH �����E� IRU ASX S �

ASX S  
�

�
b y

�
� ������

6LQFH ZH PXVW KDYH � � ASX S � �� WKLV PHDQV WKDW ZH PXVW KDYH b� � y � �� �,Q D
PRUH JHQHUDO VHWWLQJ� y ZRXOG QRW EH UHVWULFWHG WR WKLV UDQJH�� :H VHH WKDW LI y  ��
WKHQ ASX S  

�
� � WKH UHDO ZRUOG SUREDELOLW\� 7KH UDWLR RI SVHXGR SUREDELOLWLHV WR UHDO
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SUREDELOLWLHV LV NQRZQ DV WKH 5DGRQ^1LNRG\P GHULYDWLYH� 8VLQJ WKH H[SUHVVLRQ IRU
y� ZH FDQ ZULWH WKHVH UDWLRV DVv

G4
G3

w
X S

 
ASX S
SX S

 
ASX S
� �

 �b y

v
G4
G3

w
G RZ Q

 
ASG RZ Q

SG RZ Q
 
�b ASX S
� �

 � � y�

:H VHH WKDW v
G4
G3

w
DY J

 � DQG

v
G4
G3

w
Y RO

 by�

1RWH WKDW VLQFH WKH SUREDELOLW\ WKDW ZH DUH ZKHUH ZH DUH ULJKW QRZ LV RQH UHJDUG�
OHVV RI KRZ ZH FKRRVH WR PHDVXUH WKH SUREDELOLWLHV RI IXWXUH RXWFRPHV� ZH KDYHb
G4
G3

c
Q RZ

 �� 6R ZH VHH WKDW
b
G4
G3

c
LV D PDUWLQJDOH ZLWK �UHODWLYH� YRODWLOLW\ HTXDO WR

WKH QHJDWLYH RI WKH SULFH RI ULVN�v
G4
G3

w
DY J

b
v
G4
G3

w
Q RZ

 � DQG

b
G4
G3

c
Y ROb

G4
G3

c
Q RZ

 by�

6WDWH^SULFH EHWD PRGHOV DQG WKH GHqDWRU DVVHW� :H ZLOO FRQVLGHU D VSHFLDO DVVHW�
WKDW KDV D SRVLWLYH YDOXH ULJKW QRZ� 0Q RZ ! �� :H FDQ FRQVLGHU LWV UHWXUQV� PX S

DQG PG RZ Q � 1RZ VXSSRVH WKDW WKH YRODWLOLW\ RI LWV UHWXUQ HTXDOV WKH SULFH RI ULVN�
PY RO  y� (TXDWLRQ ������ VD\V WKDW IRU WKLV DVVHW PDY J  U � y�� ZKHUH y� LV WKH
YDULDQFH RI WKLV UHWXUQ IRU WKLV DVVHW� :H FDQ VROYH WKHVH WZR HTXDWLRQV IRU PX S DQG
PG RZ Q �

PX S  U � y� � y DQG PG RZ Q  U � y� b y�

:H FDOO WKLV VSHFLDO DVVHW WKH GHqDWRU DVVHW�
8VLQJ PDY J  U � y�� ZH FDQ ZULWH

yG Y RO  yG Y RO

v
PDY J b U

y�

w

 

v
yG Y RO
y�

w
�PDY J b U�

 pG �PDY J b U� �

������

ZKHUH

pG  
yG Y RO
y�

�

&RPELQLQJ ������ DQG ������ SURGXFHV

GDY J b U  pG �PDY J b U� � ������

1RWH WKDW yG Y RO LV WKH FRYDULDQFH EHWZHHQ WKH DVVHW
V UHWXUQV DQG WKH GHqDWRU DVVHW
V
UHWXUQV� :KDW DOO RI WKLV VD\V LV WKDW WKH DEVHQFH RI DUELWUDJH LPSOLHV WKDW WKH H[FHVV
H[SHFWHG UHWXUQ IRU DQ DVVHW �L�H�� LWV ULVN SUHPLXP�� GDY J b U� LV ?GHWHUPLQHG� E\
WKH FRYDULDQFH RI WKH DVVHW
V UHWXUQV ZLWK WKLV VSHFLDO DVVHW �VFDOHG E\ WKH YDULDQFH
RI WKH VSHFLDO DVVHW��
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2QH RI WKH GUDZEDFNV RI RXU VLPSOH VHWXS LV WKDW ZH FDQQRW PDNH WKH FRYDULDQFH
EHWZHHQ WKH UHWXUQV RQ WZR DVVHWV ]HUR ZLWKRXW PDNLQJ RQH RU ERWK RI WKH VWDQGDUG
GHYLDWLRQV ]HUR� ,Q D ULFKHU VHWWLQJ ZKHUH ZH FDQ GR WKDW� LW LV SRVVLEOH WR KDYH
DVVHWV WKDW DUH TXLWH ULVN\ LQ WKH VHQVH WKDW WKHLU VWDQGDUG GHYLDWLRQV DUH ODUJH� EXW
KDYH QR ULVN SUHPLXP EHFDXVH WKHLU UHWXUQV DUH XQFRUUHODWHG ZLWK WKH GHqDWRU DVVHW�
*ROG PLQLQJ VWRFNV DUH D FODVVLF H[DPSOH RI VXFK DQ DVVHW� ODUJH VWDQGDUG GHYLDWLRQ
RI UHWXUQV� VPDOO ULVN SUHPLXP��

8QGHU VRPH FRQGLWLRQV WKH VSHFLDO DVVHW ZLOO WXUQ RXW WR EH WKH PDUNHW SRUWIROLR�
ZKLFK KDV RIWHQ EHHQ LQWHUSUHWHG WR PHDQ VRPHWKLQJ OLNH WKH 1<6( LQGH[� ,Q WKLV
FDVH ������ LV WKH IDPRXV &DSLWDO $VVHW 3ULFLQJ 0RGHO �&$30�� IRU ZKLFK 6KDUSH
DQG /LQWQHU ZRQ WKH 1REHO SULFH�

GDY J b U  pG �PDY J b U� � ������

1XPHUDLUH LQYDULDQFH� WUDGLQJ JDLQV� DQG WKH VWDWH^SULFH GHqDWRU� ,Q WKLV
VHFWLRQ ZH FRQVLGHU FKDQJLQJ WKH XQLWV LQ ZKLFK SULFHV DQG SD\RoV DUH PHDVXUHG�
$ QXPHUDLUH LV D XQLW RI PHDVXUHPHQW� )RU H[DPSOH� ZH FRXOG PHDVXUH SULFHV

DQG SD\RoV LQ WHUPV RI 8�6� GROODUV RU LQ WHUPV RI )UHQFK IUDQFV RU LQ WHUPV RI
EXVKHOV RI ZKHDW� 7KH RQO\ WKLQJ ZH UHTXLUH LV WKDW WKH YDOXH RI WKH QXPHUDLUH
DOZD\V VWD\ SRVLWLYH� 7KH QXPHUDLUH LQYDULDQFH WKHRUHP VD\V D WUDGLQJ VWUDWHJ\ LV
DQ DUELWUDJH LQ WHUPV RI RQH QXPHUDLUH �RQH ZD\ RI PHDVXULQJ WKLQJV� LI DQG RQO\ LI
LW LV DQ DUELWUDJH LQ WHUPV RI DQ\ RWKHU QXPHUDLUH� 7KLV PHDQV WKDW LI WKHUH DUH QR
DUELWUDJH RSSRUWXQLWLHV LQ RQH QXPHUDLUH� WKHQ WKHUH DUH QR DUELWUDJH RSSRUWXQLWLHV
LQ DQ\ QXPHUDLUH� :H ZLOO ORRN IRU D QXPHUDLUH WKDW PDNHV LW HDV\ WR YHULI\ WKDW
WKHUH DUH QR DUELWUDJH RSSRUWXQLWLHV�
,Q RUGHU WR FKDQJH WKH QXPHUDLUH� ZH XVH WKH H[FKDQJH UDWH EHWZHHQ WKH ROG DQG

QHZ QXPHUDLUHV� �7HFKQLFDOO\� WKLV LV FDOOHG D GHqDWRU�� )RU H[DPSOH� LI ZH ZLVKHG
WR FKDQJH IURP GROODUV WR IUDQFV� ZH ZRXOG XVH WKH GROODU^IUDQF H[FKDQJH UDWH WR
FRQYHUW� 2U LI ZH ZLVKHG WR FKDQJH IURP GROODUV WR EXVKHOV RI ZKHDW� ZH ZRXOG XVH
WKH QXPEHU RI EXVKHOV RI ZKHDW SHU GROODU� /HW XV XVH DQ H[FKDQJH UDWH WR FKDQJH
IURP RQH �DUELWUDU\� QXPHUDLUH WR DQRWKHU �DUELWUDU\� QXPHUDLUH� /HW WKH YDOXH RI
WKLV H[FKDQJH UDWH QRZ DQG QH[W \HDU EH JLYHQ E\ < Q RZ ! �� <X S ! �� DQG <G RZ Q ! ��
,Q WHUPV RI WKH QHZ XQLWV� WKH YDOXH RI WKH DVVHW DQG LWV SD\RoV DUH JLYHQ E\

'<
Q RZ  < Q RZ 'Q RZ � '<

X S  < X S 'X S � DQG '<
G RZ Q  <G RZ Q 'G RZ Q �

/HW
V FKHFN WR VHH WKDW XVLQJ D GHqDWRU WR FKDQJH WKH QXPHUDLUH GRHVQ
W DoHFW
ZKHWKHU D WUDGLQJ VWUDWHJ\ LV DQ DUELWUDJH RU QRW� 6XSSRVH ZH KDG D WUDGLQJ VWUDWHJ\
WKDW FRVW QRWKLQJ ULJKW QRZ� VR WKDW 'Q RZ  �� DIWHU GHqDWLRQ '<

Q RZ  � WRR� ,I DOO
WKH SD\RoV DUH SRVLWLYH �RU QHJDWLYH� EHIRUH GHqDWLRQ� WKHQ WKH\ DUH DOO SRVLWLYH �RU
QHJDWLYH� DIWHU GHqDWLRQ� 7KH SRLQW LV WKDW FKDQJLQJ WKH XQLWV LQ ZKLFK DVVHW SULFHV
DQG WKHLU SD\RoV DUH PHDVXUHG GRHVQ
W FKDQJH WKH VLJQ RI DQ\WKLQJ� $QG VLQFH
DUELWUDJHV DUH HVVHQWLDOO\ DERXW VLJQV� FKDQJLQJ WKH XQLWV GRHVQ
W PDNH DUELWUDJH
RSSRUWXQLWLHV HLWKHU DSSHDU RU GLVDSSHDU�

� $ Q D SSH QGL[ Z LWK WKUH H VWD WH V� WZ R ULVN \ D VVH WV� D QG D ER QG"
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:H FDQ VWDWH WKH FRQGLWLRQV IRU WKH DEVHQFH RI DUELWUDJH RSSRUWXQLWLHV LQ WHUPV
RI DYHUDJH GHqDWHG WUDGLQJ JDLQV� ZKLFK DUH GHpQHG DV IROORZV�

'<
DY J b'<

Q RZ �

ZKHUH '<
DY J  �'

<
X S �'<

G RZ Q � � �XVLQJ WKH WUXH SUREDELOLWLHV�� ,I WKHUH LV D QXPHUDLUH
WKDW PDNHV WKH DYHUDJH GHqDWHG WUDGLQJ JDLQV HTXDO ]HUR �GHQRWH LW < e��

'< e
DY J b'< e

Q RZ  �� ������

IRU DOO DVVHWV� WKHQ WKHUH DUH QR DUELWUDJH RSSRUWXQLWLHV� 7KH H[FKDQJH UDWH WKDW
GRHV WKH WULFN� < e� LV FDOOHG WKH VWDWH^SULFH GHqDWRU� 7KLV ZD\ RI VWDWLQJ WKH DEVHQFH�
RI�DUELWUDJH FRQGLWLRQ IRFXVHV GLUHFWO\ RQ WKH GHpQLWLRQ RI DQ DUELWUDJH� ,W VD\V WKDW
LI \RX SD\ QRWKLQJ WRGD\ �VR WKDW '< e

Q RZ  �� WKHQ RQ DYHUDJH \RX JHW QRWKLQJ EDFN�
ZKLFK PHDQV WKDW LI \RX JHW SRVLWLYH SD\RoV LQ VRPH VWDWHV RI WKH ZRUOG� \RX PXVW
EH JHWWLQJ VRPH QHJDWLYH SD\RoV WRR_KHQFH QR DUELWUDJH� ,W DOVR VD\V WKDW LI \RX
IRUP D SRUWIROLR WKDW SURGXFHV D SRVLWLYH DPRXQW WRGD\ �ZKLFK PHDQV WKDW WKH SULFH
RI WKH SRUWIROLR LV QHJDWLYH�� WKHQ RQ DYHUDJH \RX ZLOO KDYH WR PDNH SD\PHQWV QH[W
\HDU_KHQFH QR DUELWUDJH�
:H PD\ ZRQGHU MXVW ZKDW XQLWV DUH WKHVH WKDW PDNH WUDGLQJ JDLQV PDUWLQJDOHV

DQG HQVXUH WKH DEVHQFH RI DUELWUDJH RSSRUWXQLWLHV� $V , ZLOO GLVFXVV EHORZ LQ WKH
VHFWLRQ RQ HTXLOLEULXP SULFLQJ� ZH FDQ DOZD\V LQWHUSUHW WKHVH DV XQLWV RI ?DGGLWLRQDO
KDSSLQHVV��
/HW
V H[DPLQH WKLV YHUVLRQ RI WKH DEVHQFH�RI�DUELWUDJH FRQGLWLRQ� HTXDWLRQ �������

< e
Q RZ 'Q RZ  SX S �<

e
X S 'X S � � SG RZ Q �<

e
G RZ Q 'G RZ Q ��

ZKLFK ZH FDQ VROYH IRU 'Q RZ �

'Q RZ  

~
�

�

v
< e
X S

< e
Q RZ

w�
'X S �

~
�

�

v
< e
G RZ Q

< e
Q RZ

w�
'G RZ Q � ������

&RPSDULQJ WKLV H[SUHVVLRQ ZLWK ������ ZH VHH WKDW

< e
X S

< e
Q RZ

 
�

� � U

v
ASX S
� �

w
DQG

< e
G RZ Q

< e
Q RZ

 
�

� � U

v
�b ASX S
� �

w
�

/HW
V H[DPLQH WKH DYHUDJH ?UHWXUQ�� \eDY J� DQG YRODWLOLW\ RI WKH ?UHWXUQ�� \eY RO� IRU WKH
VWDWH^SULFH GHqDWRU�

\eDY J  bU

v
�

� � U

w
DQG \eY RO  by

v
�

� � U

w
� ������

,Q D FRQWLQXRXV�WLPH VHWWLQJ� WKHVH H[SUHVVLRQV VLPSOLI\ WR bU DQG by UHVSHFWLYHO\�
,Q DGGLWLRQ� LQ FRQWLQXRXV WLPH� WKH GHqDWRU DVVHW HTXDOV WKH LQYHUVH RI WKH VWDWH^
SULFH GHqDWRU� 0  � < e� ,QVWHDG� LQ RXU VLPSOH VHWXS WKH H[SHFWHG UHWXUQ DQG
YRODWLOLW\ RI WKH LQYHUVH RI WKH VWDWH^SULFH GHqDWRU DUH� UHVSHFWLYHO\�

U � y�

�b y�
DQG

y �� � U�

�b y�
�

:H VHH LQ ������ WKDW WKH G\QDPLFV RI WKH VWDWH^SULFH GHqDWRU GHSHQG RQO\ RQ WKH
VKRUW UDWH� U� DQG WKH SULFH RI ULVN� y� 7KLV LV TXLWH JHQHUDO� 0RUHRYHU� WKLV VXJJHVWV
D SRZHUIXO DQG qH[LEOH PRGHOLQJ VWUDWHJ\� $VVXPH WKH H[LVWHQFH RI WKH VWDWH^SULFH
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GHqDWRU DQG PRGHO WKH G\QDPLFV RI WKH VKRUW UDWH DQG WKH SULFH RI ULVN� 2QH LV IUHH
WR PRGHO WKHP DQ\ ZD\ RQH FKRRVHV� VXEMHFW RQO\ WR WKH H[LVWHQFH RI WKH VROXWLRQ
WR WKH VWRFKDVWLF �LQ FRQWLQXRXV WLPH� GLoHUHQWLDO� HTXDWLRQ�
>%H PRUH VSHFLpF DERXW ������� 5HODWH WKLV WR WKH VWRFKDVWLF SURFHVV DSSHQGL[�

3RLQW WKH IROORZLQJ RXW� 7KLV LV WKH PRVW SRZHUIXO UHSUHVHQWDWLRQ WR DULVH LQ DVVHW
SULFLQJ� 7KLV LV WKH HVVHQFH RI DVVHW SULFLQJ�@

0DUNRYLDQ VHWWLQJ� 1RZ OHW
V PRGHO WKH H[SOLFLW GHSHQGHQFH RI DQ DVVHW
V SD\RoV
RQ WKH YDOXH RI WKH VWDWH YDULDEOHV� ,Q RWKHU ZRUGV� ZH ZLOO WKLQN RI 'Q RZ DV DQ
XQNQRZQ IXQFWLRQ RI VWDWH YDULDEOHV� 7KH DEVHQFH�RI�DUELWUDJH FRQGLWLRQ EHFRPHV D
3'(� 7KHUH DUH UXOHV WKDW WHOO XV KRZ 'DY J DQG 'G HY GHSHQG RQ 6 DQ LWV G\QDPLFV�

�� (TXLO LEU LXP DVVHW SU LF LQJ

)LQDQFH VWDUWV ZLWK DVVHW SULFHV DQG IRFXVHV RQ WKH FRQGLWLRQV IRU WKH DEVHQFH
RI DUELWUDJH RSSRUWXQLWLHV� %\ FRQWUDVW� HFRQRPLFV VWDUWV ZLWK LQGLYLGXDOV ZKR DUH
ERWK LQYHVWRUV DQG FRQVXPHUV DQG IRFXVHV RQ WKHLU RSWLPL]LQJ EHKDYLRU DV FKDUDF�
WHUL]HG E\ ?PDUJLQDO FRVW HTXDOV PDUJLQDO EHQHpW�� ,W WXUQV RXW WKDW WKHVH WZR
DSSURDFKHV KDYH PXFK LQ FRPPRQ� ,Q SDUWLFXODU� WKH VWDWH^SULFH GHqDWRU WKDW ZH
GLVFXVVHG DERYH �L�H�� WKH GHqDWRU WKDW JXDUDQWHHV WKH DEVHQFH RI DUELWUDJH� FDQ EH
LQWHUSUHWHG DV WKH PDUJLQDO XWLOLW\ RI D UHSUHVHQWDWLYH LQYHVWRU�FRQVXPHU�
$Q LQYHVWRU�FRQVXPHU PXVW GHFLGH KRZ PXFK WR FRQVXPH� KRZ PXFK WR VDYH� DQG

KRZ WR LQYHVW WKH VDYLQJV� 7KRVH GHFLVLRQV ZLOO GHSHQG RQ WKH LQYHVWRU�FRQVXPHUV

SUHIHUHQFHV� WKHLU SDWLHQFH DQG WKHLU DWWLWXGHV WRZDUG ULVN DQG UHWXUQ� 7KRVH DWWL�
WXGHV DUH FKDUDFWHUL]HG E\ ZKDW HFRQRPLVWV FDOO D XWLOLW\ IXQFWLRQ� 7KHUH DUH WKUHH
LPSRUWDQW IHDWXUHV RI D UHSUHVHQWDWLYH LQYHVWRU�FRQVXPHU
V SUHIHUHQFHV�

�� 7KH LQYHVWRU�FRQVXPHU SODFHV D KLJKHU YDOXH RQ FRQVXPSWLRQ ULJKW QRZ WKDQ DQ
HTXDO DPRXQW RI ULVN�IUHH FRQVXPSWLRQ QH[W \HDU �L�H�� WKH LQYHVWRU�FRQVXPHU
GLVFRXQWV WKH IXWXUH��

�� 7KH LQYHVWRU�FRQVXPHU REH\V WKH ODZ RI GHPDQG ZLWK UHVSHFW WR FRQVXPSWLRQ
WRGD\ YHUVXV FRQVXPSWLRQ LQ WKH IXWXUH LQ WKDW KH ZRXOG LQFUHDVH VDYLQJV LQ
UHVSRQVH WR DQ LQFUHDVH LQ WKH �UHDO� LQWHUHVW UDWH DQG YLFH�YHUVD �L�H�� WKH
LQYHVWRU�FRQVXPHU KDV D SRVLWLYH HODVWLFLW\ RI LQWHUWHPSRUDO VXEVWLWXWLRQ��

�� 7KH LQYHVWRU�FRQVXPHU SUHIHUV WR UHFHLYH WKH DYHUDJH SD\Ro ZLWK FHUWDLQW\
UDWKHU WKDQ JDPEOH RQ ULVN\ RXWFRPHV �L�H�� WKH LQYHVWRU�FRQVXPHU LV ULVN
DYHUVH��

8WLOLW\ LV GHULYHG IURP FRQVXPSWLRQ_ERWK FXUUHQW FRQVXPSWLRQ DQG H[SHFWHG IX�
WXUH FRQVXPSWLRQ� 7KXV� PD[LPL]LQJ FRQVXPSWLRQ WRGD\ ZLOO QRW PD[LPL]H XWLOLW\
WRGD\� )XWXUH SURVSHFWV DoHFW KDSSLQHVV WRGD\� $Q LQYHVWRU�FRQVXPHU LV FRQVWDQWO\
FKRRVLQJ KRZ PXFK WR FRQVXPH WRGD\ DQG KRZ PXFK WR VDYH LQ RUGHU WR SURGXFH WKH
SDWWHUQ RI FRQVXPSWLRQ WKURXJK WLPH WKDW PD[LPL]HV XWLOLW\� $VVHW SULFHV DUH GHWHU�
PLQHG E\ WKHVH GHFLVLRQV� 7R VHH KRZ WKLV KDSSHQV� VXSSRVH DQ LQYHVWRU�FRQVXPHU
EX\V DQ DVVHW ULJKW QRZ DQG SODQV WR VHOO LW QH[W \HDU� ,I KH GLG QRW EX\ WKH DVVHW�
KH FRXOG FRQVXPH PRUH ULJKW QRZ� FRQWULEXWLQJ WR KLV XWLOLW\ WRGD\� :KHQ KH EX\V
DQ DVVHW� KH ORVHV WKLV XWLOLW\� 2Q WKH RWKHU KDQG� LI KH EX\V WKH DVVHW� KH FDQ VHOO
LW QH[W \HDU DQG� GHSHQGLQJ RQ ZKDW WKH DVVHW LV ZRUWK QH[W \HDU� KH FDQ LQFUHDVH
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KLV FRQVXPSWLRQ E\ WKDW DPRXQW� 7KLV SURVSHFWLYH LQFUHDVH LQ IXWXUH FRQVXPSWLRQ
ZLOO FRQWULEXWH WR KLV VHQVH RI ZHOO�EHLQJ WRGD\� ,W ZLOO LQFUHDVH KLV XWLOLW\ E\ VRPH
DPRXQW ULJKW QRZ� ,Q RUGHU WR PD[LPL]H KLV RYHUDOO XWLOLW\ IURP WKH SHUVSHFWLYH
RI ULJKW QRZ� DQ LQYHVWRU�FRQVXPHU PXVW EDODQFH WKHVH WZR VRXUFHV RI DGGLWLRQDO
XWLOLW\�
/HW08 Q RZ UHSUHVHQW WKH DGGLWLRQDO XWLOLW\ DQ LQYHVWRU�FRQVXPHU ZRXOG JHW ULJKW

QRZ IURP D OLWWOH PRUH FRQVXPSWLRQ ULJKW QRZ� /HW 08 X S DQG 08 G RZ Q UHSUHVHQW
WKH DGGLWLRQDO XWLOLW\ KH ZRXOG JHW ULJKW QRZ IURP WKH SURVSHFW RI D OLWWOH PRUH FRQ�
VXPSWLRQ QH[W \HDU LQ HDFK RI WKH WZR SRVVLEOH VWDWHV RI WKH ZRUOG� �7KH ?XS� DQG
?GRZQ� VXEVFULSWV VLPSO\ GLVWLQJXLVK WKH WZR VWDWHV� WKH\ GR QRW UHIHU WR KRZ WKH
LQYHVWRU�FRQVXPHU IHHOV DERXW FRQVXPSWLRQ LQ WKRVH VWDWHV� :H GLVFXVV JRRG DQG
EDG VWDWHV RI WKH ZRUOG EHORZ�� 7KH DGGLWLRQDO XWLOLW\ ULJKW QRZ IURP DGGLWLRQDO
FRQVXPSWLRQ QH[W \HDU FDQ EH GHFRPSRVHG LQWR WKH SURGXFW RI WKUHH IDFWRUV� 2QH
IDFWRU PHDVXUHV WKH DGGLWLRQDO XWLOLW\ LQ D JLYHQ VWDWH QH[W \HDU IURP DGGLWLRQDO
FRQVXPSWLRQ_FRQGLWLRQDO RQ EHLQJ LQ WKDW VWDWH QH[W \HDU� %XW EHFDXVH FRQVXPS�
WLRQ LQ WKH IXWXUH LV QRW DV JRRG DV FRQVXPSWLRQ WRGD\ �VHH IDFWRU �� DERYH�� DQRWKHU
IDFWRU PHDVXUHV WKH SHUFHQWDJH UHGXFWLRQ LQ WKDW DGGLWLRQDO XWLOLW\ WR GLVFRXQW LW
EDFN WR ULJKW QRZ� 7KH WKLUG IDFWRU LV WKH SUREDELOLW\ WKDW WKH VWDWH DFWXDOO\ RFFXUV�
&RQVLGHU DQ DVVHW ZLWK SULFH 'Q RZ DQG SD\RoV 'X S DQG 'G RZ Q � 7KH XWLOLW\ FRVW

ULJKW QRZ RI EX\LQJ WKH DVVHW ULJKW QRZ LV

08 Q RZ 'Q RZ � �����

7KH XWLOLW\ JDLQ ULJKW QRZ LQ DQWLFLSDWLRQ RI VHOOLQJ WKH DVVHW QH[W \HDU LV

08 X S 'X S �08 G RZ Q 'G RZ Q �����

,Q HTXLOLEULXP WKHVH WR VRXUFHV RI DGGLWLRQDO XWLOLW\ IURP ����� DQG ����� PXVW EH
HTXDO� RWKHUZLVH WKH LQYHVWRU�FRQVXPHU FRXOG PDNH KLPVHOI EHWWHU Ro E\ FKDQJLQJ
KLV SODQ� (TXDWLQJ ����� DQG ����� DQG VROYLQJ IRU 'Q RZ SURGXFHV

'Q RZ  

v 08 X S

08 Q RZ

w
'X S �

v08 G RZ Q

08 Q RZ

w
'G RZ Q

 SX S

v08 X S  SX S
08 Q RZ

w
'X S � SG RZ Q

v08 G RZ Q  SG RZ Q

08 Q RZ

w
'G RZ Q �

�����

(TXDWLRQ ����� LV D JHQHUDO HTXLOLEULXP DVVHW SULFLQJ IRUPXOD�
$Q ZH QRWHG DERYH� ZH FDQ GHFRPSRVH 08 X S DQG 08 G RZ Q LQWR WKUHH FRPSR�

QHQWV� �L� WKH DGGLWLRQDO XWLOLW\ IURP FRQVXPSWLRQ LQ WKDW VWDWH RI WKH ZRUOG ZKHQ
WKDW VWDWH RFFXUV� �LL� WKH SUREDELOLW\ WKDW VWDWH RFFXUV� DQG �LLL� WKH GLVFRXQW IDFWRU�
�2I FRXUVH� 08 Q RZ LV FRPSRVHG HQWLUHO\ RI FRPSRQHQW�L���
/HW XV IRFXV RQ FRPSRQHQW �L�� 7KH YDOXH RI DQ DGGLWLRQDO XQLW RI FRQVXPSWLRQ

LQ D JLYHQ VWDWH RI WKH ZRUOG GHSHQGV RQ KRZ PXFK FRQVXPSWLRQ ZLOO EH DYDLODEOH LQ
WKDW VWDWH� ,Q EDG VWDWHV RI WKH ZRUOG� FRQVXPSWLRQ RSSRUWXQLWLHV DUH ORZ DQG WKH
YDOXH RI DGGLWLRQDO FRQVXPSWLRQ LV KLJK� &RQYHUVHO\� FRQVXPSWLRQ LV KLJK LQ JRRG
WLPHV DQG WKH YDOXH RI DGGLWLRQDO FRQVXPSWLRQ LV ORZ� 7KHUHIRUH D VHFXULW\ WKDW
SD\V Ro LQ JRRG VWDWHV RI WKH ZRUOG LV QRW SDUWLFXODUO\ XVHIXO� ,W FRQWULEXWHV WR WKH
ULVN DFURVV WKH GLoHUHQW VWDWHV� DQG LQYHVWRUV UHTXLUH D ULVN SUHPLXP WR KROG LW� %\
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FRQWUDVW� D VHFXULW\ WKDW SD\V Ro LQ EDG VWDWHV RI WKH ZRUOG LV YHU\ DWWUDFWLYH_LW LV
OLNH LQVXUDQFH� ,W UHGXFHV ULVN DFURVV VWDWHV RI WKH ZRUOG� DQG LQYHVWRUV ZLOO SD\ D
SUHPLXP WR KROG LW�
,I FRQVXPSWLRQ JURZV UDSLGO\ EHWZHHQ QRZ DQG QH[W \HDU� ZH ZLOO HQG XS LQ D

JRRG VWDWH ZKHUH DGGLWLRQDO FRQVXPSWLRQ LV QRW YDOXHG KLJKO\� %\ FRQWUDVW� LI FRQ�
VXPSWLRQ JURZV VORZO\ �RU HYHQ QHJDWLYHO\� EHWZHHQ QRZ DQG WKHQ� ZH ZLOO HQG XS
LQ D EDG VWDWH ZKHUH DGGLWLRQDO FRQVXPSWLRQ LV YDOXHG TXLWH KLJKO\� 7KXV ZH FDQ
VHH WKDW VHFXULWLHV ZKRVH UHWXUQV DUH KLJKO\ FRUUHODWHG ZLWK WKH JURZWK UDWH RI FRQ�
VXPSWLRQ DUH YLHZHG DV ULVN\� )RU D JLYHQ FRYDULDQFH EHWZHHQ WKH VHFXULW\
V UHWXUQV
DQG WKH JURZWK UDWH RI FRQVXPSWLRQ� WKH PRUH ULVN DYHUVH LQYHVWRU�FRQVXPHUV DUH�
WKH ODUJHU WKH ULVN SUHPLXP UHTXLUHG WR KROG WKH VHFXULW\� %\ FRQWUDVW� VHFXULWLHV
ZKRVH UHWXUQV DUH QHJDWLYHO\ FRUUHODWHG ZLWK WKH JURZWK UDWH RI FRQVXPSWLRQ DUH QRW
DW DOO ULVN\� �2I FRXUVH WKH DYHUDJH VHFXULW\ ZLOO KDYH WR EH SRVLWLYHO\ FRUUHODWHG��
7KLV LV NQRZQ DV WKH &RQVXPSWLRQ�EDVHG &DSLWDO $VVHW 3ULFLQJ 0RGHO �&^&$30��
:H QRZ H[DPLQH PRUH FORVHO\ WKH UHODWLRQVKLS EHWZHHQ JHQHUDO HTXLOLEULXP DVVHW

SULFLQJ DQG DUELWUDJH�IUHH DVVHW SULFLQJ� &RQVLGHU DSSO\LQJ ����� WR WKH ULVN�IUHH
ERQG WKDW ZH LQWURGXFHG DW LQ WKH pUVW VHFWLRQ� ,Q WKLV FDVH ZH KDYH

'Q RZ  %Q RZ � 'X S  �� � U�%Q RZ � DQG 'G RZ Q  �� � U�%Q RZ �

,QVHUWLQJ WKHVH H[SUHVVLRQV LQWR ������ GLYLGLQJ WKURXJK E\ %Q RZ � DQG UHDUUDQJLQJ
SURGXFHV

�

� � U
 

v 08 X S

08 Q RZ

w
�

v08 G RZ Q

08 Q RZ

w
�

:H VHH WKDW WKH VXP RI WKH $UURZ^'HEUHX SULFHV LV � �� � U�� ,I ZH GHpQH

ASX S  

v 08 X S

08 Q RZ

w
�� � U�

ASG RZ Q  

v08 G RZ Q

08 Q RZ

w
�� � U��

WKHQ ����� EHFRPHV

'Q RZ  
A'DY J

� � U
�

ZKLFK LV H[DFWO\ ZKDW ZH KDG DERYH IRU DUELWUDJH�IUHH DVVHW SULFLQJ�

$Q H[SOLFLW H[DPSOH RI D XWLOLW\ IXQFWLRQ� ,Q WKLV VHFWLRQ� ZH SUHVHQW D XWLOLW\
IXQFWLRQ WKDW ZLOO LOOXVWUDWH WKH SRLQWV PDGH DERYH� :H ZLOO EXLOG XS WKH FRPSOHWH
XWLOLW\ IXQFWLRQ LQ VWDJHV�
)RU WKH pUVW VWDJH� ZH FRQVLGHU WKH XWLOLW\ RI FRQVXPSWLRQ LQ D JLYHQ VWDWH� HLWKHU

ULJKW QRZ RU LQ WKH IXWXUH� LQ LVRODWLRQ� :H ZLOO ZULWH WKH FRQVXPHU
V XWLOLW\ DV X�&��
ZKLFK PHDQV WKDW WKH XWLOLW\ GHSHQGV RQ WKH DPRXQW RI FRQVXPSWLRQ� ,Q D PRUH
JHQHUDO VHWWLQJ� ZH ZRXOG H[SHFW WKDW XWLOLW\ ZRXOG GHSHQG RQ WKH PL[ RI WKLQJV
WKDW JR LQWR WKH WRWDO FRQVXPSWLRQ� 6XUHO\ D YDULHG GLHW LV PRUH SOHDVDQW WKDQ D
PRQRWRQRXV RQH� +RZHYHU ZH ZLOO LJQRUH WKDW DVSHFW IRU VLPSOLFLW\
V VDNH� :H ZLOO
DOVR LJQRUH WKH IDFW WKDW WKH RQH
V KDSSLQHVV PD\ GHSHQG RQ KRZ PXFK RU KRZ OLWWOH
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RQH PXVW ZRUN� 6LQFH ZH DUH QRW LQWHUHVWHG LQ H[SODLQLQJ YDULDWLRQV LQ WKH ZRUN
ZHHN RYHU WLPH� ZH ZLOO LJQRUH WKLV DVSHFW DV ZHOO�
7KH pUVW IHDWXUH ZH ZDQW WR EXLOG LQWR RXU XWLOLW\ IXQFWLRQ LV WKLV� 0RUH LV SUH�

IHUUHG WR OHVV� 7KXV ZH UHTXLUH WKDW DV & LQFUHDVHV� VR GRHV X�&�� 7KLV PHDQV WKDW
X LV LQFUHDVLQJ LQ &� /HW &� � &�� 7KHQ� LI PRUH LV SUHIHUUHG WR OHVV� X�&�� ! X�&���
/HW
V ORRN DW WKH LQFUHDVH LQ XWLOLW\ E\ SHU XQLW RI LQFUHDVH LQ FRQVXPSWLRQ�

X�&��b X�&��

&� b &�
! �� �����

7KH UDWLR LQ ����� LV NQRZQ DV PDUJLQDO XWLOLW\� $V ORQJ DV PRUH LV SUHIHUUHG WR OHVV�
PDUJLQDO XWLOLW\ LV SRVLWLYH� 7KH VHFRQG IHDWXUH LV NQRZQ DV GLPLQLVKLQJ PDUJLQDO
XWLOLW\� ,W PHDQV WKDW ZKHQ \RX GRQ
W KDYH PXFK FRQVXPSWLRQ� D OLWWOH ELW PRUH
FRQVXPSWLRQ FDQ LQFUHDVH \RXU KDSSLQHVV TXLWH D ELW� EXW ZKHQ \RX DOUHDG\ KDYH D
ORW RI FRQVXPSWLRQ� D OLWWOH ELW PRUH FRQVXPSWLRQ ZLOO QRW LQFUHDVH \RXU KDSSLQHVV
DV PXFK� /HW &� � &� � &�� 'LPLQLVKLQJ PDUJLQDO XWLOLW\ PHDQV

X�&��b X�&��

&� b &�
�

X�&��b X�&��

&� b&�
� �����

�,Q WHUPV RI FDOFXOXV� WKH WZR IHDWXUHV DUH WKDW WKH pUVW GHULYDWLYH LV HYHU\ZKHUH
SRVLWLYH DQG WKH VHFRQG GHULYDWLYH LV HYHU\ZKHUH QHJDWLYH� X��&� ! � DQG X���&� �
��� 7KHVH WZR IHDWXUHV� ZKLFK GHWHUPLQH WKH VKDSH RI WKH XWLOLW\ IXQFWLRQ� DUH DOO
WKDW LV LPSRUWDQW� 7KH DEVROXWH OHYHO RI XWLOLW\ LV RI QR FRQVHTXHQFH� ,W
V pQH IRU
WKH OHYHO RI XWLOLW\ WR EH ]HUR RU QHJDWLYH� DV ORQJ DV LW LQFUHDVHV ZLWK FRQVXPSWLRQ
DW D GHFOLQLQJ UDWH� )RU H[DPSOH� OHW Y�&�  D� X�&�� ZKHUH D LV D FRQVWDQW� 7KH
EHKDYLRUDO LPSOLFDWLRQV RI Y�&� DUH LGHQWLFDO WR WKRVH RI X�&�� ,Q RWKHU ZRUGV� LI
WKHUH ZHUH WZR LQYHVWRU�FRQVXPHUV� RQH ZLWK XWLOLW\ IXQFWLRQ X�&� DQG WKH RWKHU
ZLWK XWLOLW\ IXQFWLRQ Y�&�� WKH\ ZRXOG DOZD\V PDNH WKH VDPH FKRLFHV�
1RZ ZH FRQVLGHU KRZ DQ LQGLYLGXDO IHHOV DERXW ULVN\ FRQVXPSWLRQ� :RXOG D

FRQVXPHU SUHIHU D JDPEOH WKDW SDLG RQ DYHUDJH WKH VDPH DV D VXUH WKLQJ" 7KH
VXUH WKLQJ SD\V & XQLWV� ZKLOH WKH JDPEOH SD\V HLWKHU & � r RU & b r ZLWK HTXDO
SUREDELOLWLHV� 7KH DYHUDJH SD\Ro RI WKH JDPEOH LV &� 7KH XWLOLW\ RI WKH VXUH WKLQJ
LV X�&�� :H WDNH WKH XWLOLW\ RI WKH JDPEOH WR EH WKH DYHUDJH XWLOLW\ �QRW WKH XWLOLW\
RI WKH DYHUDJH��

X�& � r� � X�& b r�

�
�

7KH ORVV LQ XWLOLW\ RI JRLQJ IURP WKH VXUH WKLQJ WKH JDPEOH WR LVv
X�& � r� � X�& b r�

�

w
b X�&�  

r

�

~v
X�& � r�b X�&�

r

w
b
v
X�&�b X�& b r�

r

w�
� �� �����

ZKHUH ZH NQRZ WKH VLJQ RI ����� IURP ������ ZLWK &�  &br� &�  &� DQG &�  &�r�
7R PHDVXUH ULVN DYHUVLRQ� ZH FDQ pQG RXW KRZ IDVW WKH XWLOLW\ ORVV LQFUHDVHV DV r
LQFUHDVHV �QRUPDOL]HG E\ WKH PDUJLQDO XWLOLW\ QHDU &�� �,Q WHUPV RI FDOFXOXV� WKH
PHDVXUH RI ULVN DYHUVLRQ LV bX���&� X��&���
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1RZ OHW
V FRQVLGHU VLPXOWDQHRXVO\ FRQVXPSWLRQ ULJKW QRZ DQG XQFHUWDLQ FRQ�
VXPSWLRQ QH[W \HDU� 7KLV XWLOLW\ IXQFWLRQ HPERGLHV DOO RI WKH IHDWXUHV ZH GLVFXVVHG
DERYH� /HW

8  X�&Q RZ � �

�
�
� X�&X S � �

�
� X�&G RZ Q �

� � ~

�
� �����

ZKHUH X� c � PHDVXUHV WKH XWLOLW\ RI FRQVXPSWLRQ LQ D JLYHQ VWDWH RI WKH ZRUOG DQG 8
PHDVXUHV WKH XWLOLW\ RI WKH WRWDO FRQVXPSWLRQ SODQ� ~ ! � PHDVXUHV WKH VXEMHFWLYH
GLVFRXQW UDWH WKDW UHVXOWV LQ YDOXLQJ IXWXUH FHUWDLQ FRQVXPSWLRQ OHVV WKDQ FXUUHQW
FRQVXPSWLRQ� 7R VHH WKLV� VXSSRVH &Q RZ  &X S  &G RZ Q  &� 1RZ FRQVLGHU WKH
XWLOLW\ YDOXH WKLV FRQVXPSWLRQ ULJKW QRZ YHUVXV QH[W \HDU�

X�&� !
X�&�

� � ~
�

1H[W FRQVLGHU D VSHFLpF IXQFWLRQDO IRUP IRU X�

X�&�  

��
�

&�bq b �
�b q

q � �
ORJ�&� q  ��

�����

ZKHUH q y �� )RU WKLV XWLOLW\ IXQFWLRQ� PDUJLQDO XWLOLW\ �IRU VPDOO LQFUHDVHV LQ
FRQVXPSWLRQ� LV JLYHQ E\ &bq� DQG WKH FRHrFLHQW RI UHODWLYH ULVN DYHUVLRQ LV q�
�7KH PHDVXUH RI ULVN DYHUVLRQ LV bX���&� X��&�  q &� +HQFH q PHDVXUHV ULVN
DYHUVLRQ UHODWLYH WR WKH OHYHO RI FRQVXPSWLRQ��
+RZ PXFK DGGLWLRQDO XWLOLW\ ZLOO D ELW PRUH FRQVXPSWLRQ GHOLYHU IRU RXU LQYHVWRU��

FRQVXPHU"

08 Q RZ  �&Q RZ �
bq� 08 X S  

�
� �&X S �

bq

� � ~
� DQG 08 G RZ Q  

�
� �&G RZ Q �

bq

� � ~
�

�����

:H VHH LQ ����� WKDW ZH KDYH LQGHHG GHFRPSRVHG08 X S DQG08 G RZ Q LQWR WKH WKUHH
FRPSRQHQWV GLVFXVVHG DERYH� /HW WKH JURZWK UDWHV RI FRQVXPSWLRQ EH JLYHQ E\

FX S  
&X S

&Q RZ
b � DQG FG RZ Q  

&G RZ Q

&Q RZ
b ��

7KH LQWHUWHPSRUDO PDUJLQDO UDWHV RI VXEVWLWXWLRQ DUH JLYHQ E\

08 X S

08 Q RZ
 

�
� �� � FX S �

bq

� � ~
DQG

08 G RZ Q

08 Q RZ
 

�
� �� � FG RZ Q �

bq

� � ~
� ������

5HFDOOLQJ WKDW WKH VXP RI WKH VWDWH SULFHV LV � �� � U�� ZH FDQ ZULWH

�

� � U
 

�
� �� � FX S �

bq � �
� �� � FG RZ Q �

bq

� � ~
� ������

,I WKH JURZWK UDWH RI FRQVXPSWLRQ ZHUH VWDWH�LQGHSHQGHQW VR WKDW FX S  FG RZ Q  FDY J�
WKHQ ZH FRXOG ZULWH ������ DV

� � U  �� � ~� �� � FDY J�
q � ������
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,I FRQVXPSWLRQ IRU H[DPSOH ZHUH FRQVWDQW �FDY J  ��� WKHQ U  ~� :H FDQ WDNH ORJV
RI ������ DQG XVH WKH DSSUR[LPDWLRQ ORJ�� � [� } [ IRU VPDOO [ WR REWDLQ

U } ~� q FDY J� ������

:H FDQ VHH KRZ WKH HTXLOLEULXP LQWHUHVW UDWH GHSHQGV RQ WKH UDWH RI WLPH SUHIHUHQFH
DQG WKH H[SHFWHG JURZWK UDWH RI FRQVXPSWLRQ� :H FDQ VROYH ������ IRU FDY J�

F  
U b ~

q
�

:H VHH WKDW DQ LQFUHDVH LQ WKH LQWHUHVW UDWH ZLOO LQFUHDVH WKH JURZWK UDWH RI FRQ�
VXPSWLRQ E\ � q� WKH HODVWLFLW\ RI LQWHUWHPSRUDO VXEVWLWXWLRQ�
*LYHQ ������� ZH FDQ ZULWH WKH YDOXDWLRQ IRUPXOD DV

'Q RZ  
�

�

�
�� � FX S �

bq

� � ~

�
'X S �

�

�

v
�� � FG RZ Q �

bq

� � ~

w
'G RZ Q � ������

&RPSDULQJ ������ ZLWK ������� ZH VHH WKDW WKH VWDWH^SULFH GHqDWRU FDQ EH ZULWWHQ
LQ WHUPV RI WKH GLVFRXQWHG PDUJLQDO XWLOLW\ RI FRQVXPSWLRQ�

< e
X S

< e
Q RZ

 
�� � FX S �

bq

� � ~
DQG

< e
G RZ Q

< e
Q RZ

 
�� � FG RZ Q �

bq

� � ~
�

7KHUHIRUH ZH KDYH

\eY RO  
�� � FX S �

bq b �� � FG RZ Q �
bq

� �� � ~�
�

$ERYH� ZH IRXQG DQ H[SUHVVLRQ UHODWLQJ \eY RO DQG y� ������� ZKLFK WRJHWKHU ZLWK
������ GHOLYHUV DQ H[SUHVVLRQ IRU y�

y  b�� � U� \eY RO  
�� � FG RZ Q �

bq b �� � FX S �
bq

�� � FX S �bq � �� � FG RZ Q �bq
} q FY RO
� � FDY J

� ������

�,Q FRQWLQXRXV WLPH� ZH JHW y  q F Y RO H[DFWO\�� 7KLV UHODWLRQ FDSWXUHV WKH SUREOHP
WKLV PRGHO KDV� :H QHHG D ELJ y� EXW FY RO LV VPDOO DQG WKHUHIRUH q PXVW EH TXLWH
ELJ_WRR ELJ�

:HDOWK� :H PD\ QRZ DVN DERXW ZKDW ZH KDYH VR IDU LJQRUHG� :KDW LV WKH VRXUFH
RI WKH FRQVXPSWLRQ" +RZ LV WKH FRQVXPSWLRQ LV SURGXFHG" +RZHYHU WKDW PD\ EH�
ZH FDQ pQG WKH YDOXH RI WKH VRXUFH RI FRQVXPSWLRQ E\ WUHDWLQJ FRQVXPSWLRQ DV WKH
GLYLGHQGV �L�H�� SD\RoV� WKDW DFFUXHV WR WKDW VRXUFH�

:Q RZ  
�

�

v
�� � FX S �

bq

� � ~

w
&X S �

�

�

v
�� � FG RZ Q �

bq

� � ~

w
&G RZ Q

 

�
�
� �� � FX S �

�bq � �
� �� � FG RZ Q �

�bq

� � ~

�
&Q RZ �

7KLV LV WKH H[ GLYLGHQG YDOXH RI WKH LQYHVWRU�FRQVXPHU
V ZHDOWK� ,W GRHV QRW LQFOXGH
WKH YDOXH RI FXUUHQW FRQVXPSWLRQ� 1RWLFH WKDW ZKHQ q  �� WKH FDSLWDO^FRQVXPSWLRQ
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UDWLR GHSHQGV RQO\ RQ WKH UDWH RI WLPH SUHIHUHQFH� ~�

:Q RZ

&Q RZ
 

�

� � ~
�

�� 7 KH W HU P VW U XF W XU H RI LQW HU HVW U DW HV

,Q WKLV VHFWLRQ ZH WDNH WKH VHWXS ZH KDYH EHHQ XVLQJ DQG UHLQWHUSUHW WKH ERQG DQG
WKH VWRFN DV RQH� DQG WZR�SHULRG GHIDXOW�IUHH ]HUR�FRXSRQ ERQGV� 7KH RQH�SHULRG
ERQG SD\V Ro RQH XQLW LQ ERWK VWDWHV QH[W \HDU� *LYHQ WKH RQH�SHULRG LQWHUHVW UDWH
WRGD\� UQ RZ � WKH SULFH RI WKH RQH�SHULRG ERQG WRGD\�

%�� Q RZ  
�

� � U�� Q RZ
� �����

7KH SD\RoV IRU WKH WZR SHULRG ERQG QH[W \HDU DUH WKH ERQG
V SULFH� 1H[W \HDU� WKH
WZR�\HDU ERQG ZLOO EHFRPH D RQH�\HDU ERQG� ,W
V SULFH ZLOO GHSHQG RQ WKH RQH�\HDU
LQWHUHVW UDWH QH[W \HDU� :H QRZ KDYH D SUREOHP RI WHUPLQRORJ\ ZLWK XVLQJ ?XS� DQG
?GRZQ�� ,I WKH RQH�\HDU LQWHUHVW UDWH LV KLJK QH[W \HDU� WKH RQH�\HDU ERQG SULFH ZLOO
EH ORZ �DQG YLFH YHUVD�� :H FKRRVH WR DVVRFLDWH ?XS� DQG ?GRZQ� ZLWK WKH LQWHUHVW
UDWH� :LWK WKLV WHUPLQRORJ\ ZH KDYH

%�� X S  
�

� � U�� X S
DQG %�� G RZ Q  

�

� � U�� G RZ Q
� �����

2QH ?SUREOHP� ZLWK WKLV FKRLFH DUULVHV� 3UHYLRXVO\� WKH SULFH RI ULVN ZDV DVVRFLDWHG
ZLWK DQ DVVHW SULFH� $ SRVLWLYH SULFH RI ULVN PHDQW WKDW DQ DVVHW ZDV ULVN\ �UDWKHU
WKDQ EHLQJ LQVXUDQFH�� %XW LQ WKLV FDVH� WKH SULFH RI ULVN LV DVVRFLDWHG ZLWK PRYH�
PHQWV RI WKH LQWHUHVW UDWH� 6LQFH ERQG SULFHV �ZKLFK DUH DVVHW SULFHV� PRYH LQYHUVHO\
ZLWK LQWHUHVW UDWHV� WKH XSV DQG GRZQV RI WKH LQWHUHVW UDWH DUH DVVRFLDWHG ZLWK WKH
GRZQV DQG XSV RI ERQG SULFHV� 7KHUHIRUH� LI ERQGV DUH ULVN\ DVVHWV �UDWKHU WKDQ
EHLQJ LQVXUDQFH�� WKHQ WKH SULFH RI ULVN PXVW EH QHJDWLYH� ,Q RWKHU ZRUGV� D QHJDWLYH
SULFH RI LQWHUHVW UDWH ULVN LPSOLHV D SRVLWLYH SULFH RI ERQG SULFH ULVN�
:H FDQ JHW D ORW RI PLOHDJH RXW D YHU\ VLPSOH PRGHO RI WKH G\QDPLFV RI WKH

VKRUW�WHUP LQWHUHVW UDWH� /HW

U�� X S  U�� Q RZ � r DQG U�� G RZ Q  U�� Q RZ b r�

ZKHUH r ! �� 7KHUHIRUH ZH KDYH

U��DY J  U�� Q RZ DQG U�� Y RO  r�

,Q WKLV PRGHO� WKH VKRUW UDWH LV D PDUWLQJDOH� VLQFH U��DY J b U�� Q RZ  �� 8VLQJ ������
ZH FDQ ZULWH

%��DY J  
%�� X S �%�� G RZ Q

�
 

�
��U��XS

� �
��U��GRZ Q

�
 

� � U�� Q RZ
�� � U�� Q RZ �� b r�

DQG

%�� Y RO  
%�� X S b%�� G RZ Q

�
 

�
��U��XS

b �
��U��GRZ Q

�
 

br

�� � U�� Q RZ �� b r�
�
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/HW WKH SULFH RI WKH WZR�\HDU ERQG ULJKW QRZ EH GHQRWHG %�� Q RZ � +DYLQJ FRP�
SOHWHO\ VSHFLpHG WKH VKRUW�WHUP LQWHUHVW UDWH �QRZ DQG LQ DOO IXWXUH VWDWHV�� FDQ ZH
VD\ ZKDW WKH SULFH RI D WZR�\HDU ERQG LV ULJKW QRZ" 7KH DQVZHU LV QR� 7KH RQO\
WKLQJ ZH FDQ VD\ LV WKDW RQH ERQG GRHV QRW GRPLQDWH WKH RWKHU� )URP ����� DQG
������ ZH FDQ ZULWH WKH QR�GRPLQDQFH FRQGLWLRQ DV

%�� X S �
%�� Q RZ

%�� Q RZ
� %�� G RZ Q � �����

ZKHUH%�� Q RZ  %�� Q RZ LV WKH IRUZDUG SULFH RI WKH WZR�\HDU ERQG� :LWKLQ WKHVH ERXQGV�
ZH KDYH D GHJUHH RI IUHHGRP OHIW LQ SLQQLQJ GRZQ WKH SULFH RI WKH WZR�\HDU ERQG
WRGD\� 7KLV GHJUHH RI IUHHGRP LV FDSWXUHG E\ WKH SULFH RI ULVN� ,Q FRPELQDWLRQ ZLWK
WKH G\QDPLFV RI WKH VKRUW�WHUP LQWHUHVW UDWH� WKH SULFH RI ULVN ZLOO SLQ GRZQ WKH
SULFH RI WKH ORQJ�WHUP ERQG� :H FDQ VROYH WKH H[SUHVVLRQ IRU WKH UHODWLRQ EHWZHHQ
ULVN DQG UHWXUQ ������ IRU WKH SULFH RI WKH WZR�SHULRG ERQG

%�� Q RZ  
%��DY J b y%�� Y RO

� � U�� Q RZ
 

� � y r
��U��QRZ

�� � U�� Q RZ �� b r�
� �����

6SRW \LHOGV DQG IRUZDUG UDWHV� 7KH WZR�\HDU \LHOG �FRPSRXQGHG DQQXDOO\ LV
GHpQHG LPSOLFLWO\ LQ

%�� Q RZ  
�

�� � U�� Q RZ ��
� �����

:H FDQ VROYH ����� IRU U�� Q RZ �

U�� Q RZ  

V
�

%�� Q RZ
b �� �����

,Q RXU FDVH� WKH WZR�\HDU \LHOG LV

U�� Q RZ  

V
�� � U�� Q RZ �� b r�

� � y r
��U��QRZ

b ��

7KH IRUZDUG SULFH RI WKH WZR�\HDU ERQG LV

.)  �� � U�� Q RZ �%�� Q RZ  %��DY J b y%�� Y RO  
� � U�� Q RZ � y r

�� � U�� Q RZ �� b r�
�

7KH IRUZDUG UDWH LV GHpQHG LPSOLFLWO\ LQ WKH IROORZLQJ HTXDWLRQ�

.)  
�

� � )�� Q RZ
�

7KHUHIRUH� WKH IRUZDUG UDWH LV

)�� Q RZ  
�� � U�� Q RZ �

� b r�

� � U�� Q RZ � y r
b �� �����

:H IRFXV RQ QRZ RQ WKH UHODWLRQ EHWZHHQ WKH IRUZDUG UDWH DQG WKH H[SHFWHG IXWXUH
VKRUW UDWH� U��DY J �ZKLFK LQ WKLV H[DPSOH HTXDOV U�� Q RZ �� 7KH GLoHUHQFH EHWZHHQ WKH
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IRUZDUG UDWH DQG WKH H[SHFWHG IXWXUH VSRW UDWH LV FDOOHG WKH IRUZDUG SUHPLXP� :H
FDQ ZULWH WKH IRUZDUG SUHPLXP DV

)�� Q RZ b U��DY J  
br

b
r � y �� � U�� Q RZ �

c
� � U�� Q RZ � y r

� �����

&OHDUO\� IURP ����� ZH VHH WKDW LI r  �� )�� Q RZ  U��DY J� %XW LI r ! �� WKHQ WKHUH DUH
WZR FRPSHWLQJ IRUFHV WKDW GULYH D ZHGJH EHWZHHQ WKH IRUZDUG UDWH DQG WKH H[SHFWHG
IXWXUH VSRW UDWH� )LUVW� LI WKH SULFH RI ULVN ZHUH ]HUR� WKHQ WKH UHPDLQLQJ IRUFH LV WKH
FRQYH[LW\ HoHFW� GXH WR -HQVHQ
V LQHTXDOLW\ �

)�� Q RZ b U��DY J  
br�

� � U�� Q RZ
�

ZKHUH r� LV WKH YDULDQFH RI WKH VKRUW UDWH� 7KHUHIRUH� LI WKH SULFH RI ULVN ZHUH ]HUR�
WKH \LHOG FXUYH ZRXOG VORSH GRZQZDUG RQ DYHUDJH�
+RZHYHU� WKH \LHOG FXUYH VORSHV XSZDUG RQ DYHUDJH� 7KH RWKHU HoHFW LV GXH WR

WKH ULVN SUHPLXP� by r� 7KH VLJQ RI WKH QHW HoHFW LV JLYHQ E\ WKH VLJQ RI

r � y �� � U�� Q RZ ��

,I WKH VLJQ RI WKLV H[SUHVVLRQ LV QHJDWLYH� WKHQ )�� Q RZ bU��DY J ! �� 5RXJKO\ VSHDNLQJ�
DV ORQJ DV by ! r� WKH IRUZDUG UDWH ZLOO EH DERYH WKH H[SHFWHG IXWXUH VSRW UDWH DQG
WKH \LHOG FXUYH ZLOO VORSH XSZDUG RQ DYHUDJH�

$ WKUHH�\HDU ERQG� /HW XV H[WHQG RXU WHUP VWUXFWXUH PRGHO E\ DQRWKHU \HDU� :H
GHQRWH WKH SULFH ULJKW QRZ RI D WKUHH�\HDU� GHIDXOW�IUHH ]HUR FRXSRQ ERQG E\ %�� Q RZ �
1H[W \HDU� WKLV ERQG ZLOO EHFRPH D WZR�\HDU ERQG� 7KHUHIRUH� LI ZH H[WHQG RXU
PRGHO RI WKH G\QDPLFV RI WKH VKRUW UDWH RQH PRUH SHULRG� ZH FDQ DSSO\ RXU SULFLQJ
IRUPXOD IRU WKH WZR�\HDU ERQG WRGD\ WR WKH WKUHH�\HDU ERQG QH[W \HDU� 7KHQ ZH
FDQ WDNH WKRVH WZR YDOXHV IRU WKH WZR�\HDU ERQG DV SD\RoV QH[W \HDU WR pQG WKH
YDOXH RI WKH WKUHH�\HDU ERQG ULJKW QRZ� 7KLV UHFXUVLYH VWUXFWXUH FDQ EH H[WHQGHG
LQGHpQLWHO\�
+HUH LV KRZ ZH H[WHQG RXU PRGHO RI WKH LQWHUHVW UDWH� ,I WKH LQWHUHVW UDWH WXUQV

RXW WR EH U�� X S QH[W \HDU� WKHQ WKH LQWHUHVW UDWH WKH IROORZLQJ \HDU ZLOO EH HLWKHU

U�� X S � r  U�� Q RZ � � r RU U�� X S b r  U�� Q RZ

ZLWK HTXDO SUREDELOLWLHV� DQG LI WKH LQWHUHVW UDWH WXUQV RXW WR EH U�� G RZ Q QH[W \HDU�
WKHQ WKH LQWHUHVW UDWH WKH IROORZLQJ \HDU ZLOO EH HLWKHU

U�� G RZ Q � r  U�� Q RZ RU U�� G RZ Q b r  U�� Q RZ b � r
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ZLWK HTXDO SUREDELOLWLHV� 7KH VWUXFWXUH RI SRVVLEOH UDWHV WKURXJK WLPH ORRNV OLNH
WKLV�

U�� Q RZ

�!!!!!!!!!!�
!!!!!!!!!!�

U�� Q RZ � r

�!�
!�
U�� Q RZ � � r

U�� Q RZ

U�� Q RZ b r

�!�
!�
U�� Q RZ

U�� Q RZ b � r

�����

:LWK WKLV VHWXS� QH[W \HDU U�� X S  U�� Q RZ � r DQG U�� G RZ Q  U�� Q RZ b r SOD\ WKH
UROH WKDW U�� Q RZ SOD\V ULJKW QRZ� :H FDQ VWLFN WKHVH RQH�SHULRG LQWHUHVW UDWHV LQWR
WKH WZR�\HDU ERQG SULFLQJ IRUPXOD ����� WR pQG WKH SULFH RI D WZR�\HDU ERQG LQ HDFK
VWDWH QH[W \HDU�

%�� X S  
� � y r

��U��XS

�� � U�� X S �� b r�

%�� G RZ Q  
� � y r

��U��GRZ Q

�� � U�� G RZ Q �� b r�
�

:H FDQ pQG WKH SULFH ULJKW QRZ IRU WKH WKUHH�\HDU ERQG E\ DSSO\LQJ WKH IRUPXOD�

%�� Q RZ  
%��DY J b y%�� Y RO

� � U�� Q RZ
�

$OWKRXJK WKLV SURFHGXUH LV VWUDLJKWIRUZDUG� LW LV EHJLQQLQJ WR JHW D ELW PHVV\�
7KH IRUZDUG SULFH RI WKH WKUHH�\HDU ERQG IRU GHOLYHU\ LQ WZR \HDUV �DW ZKLFK WLPH

LW ZLOO KDYH EHFRPH D RQH�\HDU ERQG� LV

%�� Q RZ

%�� Q RZ
 

%��DY J b y%�� Y RO

%��DY J b y%�� Y RO
�

7KH IRUZDUG UDWH DVVRFLDWHG ZLWK WKLV IRUZDUG SULFH LV

)�� Q RZ  
%��DY J b y%�� Y RO

%��DY J b y%�� Y RO
b ��

DQG� VLQFH WKH DYHUDJH VKRUW�WHUP LQWHUHVW UDWH WZR \HDUV IURP QRZ� U��DY J���� HTXDOV
U�� Q RZ IURP WRGD\
V SHUVSHFWLYH� WKH IRUZDUG SUHPLXP LV

)�� Q RZ b U��DY J���  
%��DY J b y%�� Y RO

%��DY J b y%�� Y RO
b �� � U�� Q RZ �

 
b� r� �� � U�� Q RZ �

b
� � y�

cb � r y t
�� � U�� Q RZ �

� � � r�
u

t
�� � U�� Q RZ �

� b r�
u
� � r y �� � U�� Q RZ � r y�

�

������



�� 0$ 5. ),6 + ( 5

7KH WZR WHUPV LQ WKH QXPHUDWRU KDYH RSSRVLWH VLJQV �DVVXPLQJ WKH SULFH RI ULVN
LV QHJDWLYH�� 7KH pUVW WHUP LV WKH FRQYH[LW\ WHUP DQG WKH VHFRQG WHUP LV WKH ULVN
SUHPLXP� ,I WKH SULFH RI ULVN ZHUH ]HUR� ������ VLPSOLpHV WR

)�� Q RZ b U��DY J���  
b� r� �� � U�� Q RZ �

�� � U�� Q RZ �� b r�
� ��

$OVR QRWH WKDW ZKHQ y  �� WKH IRUZDUG UDWHV JHW SURJUHVVLYHO\ ORZHU�

)�� Q RZ � )�� Q RZ �

:KLFK SVHXGR SUREDELOLWLHV" ,Q WKH SUHYLRXV VHFWLRQ� ZH OHW WKH RQH�SHULRG ULVN�
IUHH LQWHUHVW UDWH FKDQJH UDQGRPO\ WKURXJK WLPH� ,Q WKLV VHFWLRQ� ZH FRQWLQXH WR
H[SORUH VRPH RI WKH HoHFWV RI UDQGRPO\ FKDQJLQJ LQWHUHVW UDWHV� :H ZLOO XVH WKH
LQIRUPDWLRQ ZH KDYH WR XQFRYHU WKH $UURZ^'HEUHX SULFHV IRU IRXU VWDWHV RI WKH
ZRUOG WZR \HDUV IURP QRZ� �7KXV IDU� ZH KDYH RQO\ SULFHG GHIDXOW�IUHH ERQGV WKDW
SD\Ro WKH VDPH DPRXQW LQ HYHU\ VWDWH�� (YHQ WKRXJK WKH VWDWH SULFHV DUH XQLTXHO\
GHWHUPLQHG� ZH ZLOO VHH WKDW WKHUH DUH WZR ZD\V WR IDFWRU WKHP SVHXGR SUREDELOLWLHV
DQG SUHVHQW YDOXHV� $OVR ZH ZLOO VHH ZKLFK RI WKRVH SVHXGR SUREDELOLW\ GLVWULEXWLRQV
FDQ EH H[WUDFWHG XVLQJ RSWLRQ SULFHV DQG ERQG SULFHV�
:H DGRSW WKH VHWXS IURP WKH SUHYLRXV VHFWLRQ� 5HIHU WR WKH WUHH�OLNH VWUXFWXUH LQ

������ 7ZR \HDUV IURP QRZ� WKHUH ZLOO EH WKUHH SRVVLEOH VWDWHV RI WKH ZRUOG�

U�� Q RZ b � r� U�� Q RZ � DQG U�� Q RZ � � r�

2Q WKH RWKHU KDQG� WKHUH DUH IRXU SRVVLEOH SDWKV RU VHTXHQFHV RI WKH VKRUW UDWH� WZR
RI ZKLFK HQG XS DW U�� Q RZ �

�L� U�� Q RZ
X Sb� U�� Q RZ � r

X Sb� U�� Q RZ � � r

�LL� U�� Q RZ
X Sb� U�� Q RZ � r

G RZ Qb� U�� Q RZ

�LLL� U�� Q RZ
G RZ Qb� U�� Q RZ b r

X Sb� U�� Q RZ

�LY� U�� Q RZ
G RZ Qb� U�� Q RZ b r

G RZ Qb� U�� Q RZ b � r�

(DFK RI WKHVH SDWKV LV HTXDOO\ OLNHO\ ZLWK SUREDELOLW\ �
� � 7KHUHIRUH� E\ DGGLQJ XS

WKH SUREDELOLWLHV RI WKH SDWKV WKDW HQG XS DW U�� Q RZ � ZH VHH WKDW WKH WKH SUREDELOLW\
WKDW WKH VKRUW UDWH ZLOO EH U�� Q RZ LQ WZR \HDUV LV

�
� � ,Q DGGLWLRQ� ZH VHH WKDW WKH

DYHUDJH YDOXH RI WKH VKRUW UDWH LQ WZR \HDUV LV U�� Q RZ � ,W WXUQV RXW� KRZHYHU� WKDW
WKH UDWHV DW \HDU WZR SOD\ QR UROH LQ WKH DQDO\VLV WKDW IROORZV� 7KH\ DUH VLPSO\
?SODFHKROGHUV� XVHG WR GLVWLQJXLVK DPRQJ VWDWHV�
$W HDFK ?QRGH� RQ WKH WUHH ZKHUH WKH LQWHUHVW UDWH EUDQFKHV LQWR WZR SRVVLELOLWLHV�

QRZ DQG QH[W \HDU� WKH SVHXGR SUREDELOLWLHV RI WKH EUDQFKHV DUH JLYHQ E\

AS X S  
�b y

�
DQG ASG RZ Q  �b ASX S  � � y

�
�
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7KHUHIRUH� WKH SVHXGR SUREDELOLW\ IRU HDFK SDWK LV JLYHQ E\

ASX S � X S  AS
�
X S  

��b y��

�
�����D�

ASX S � G RZ Q  ASX S ASG RZ Q  
��b y� �� � y�

�
�����E�

ASG RZ Q � X S  ASG RZ Q ASX S  
�� � y� ��b y�

�
�����F�

ASG RZ Q � G RZ Q  AS
�
G RZ Q  

�� � y��

�
� �����G�

7KHVH SUREDELOLWLHV DGG XS WR RQH� VLQFH WKH IRXU SDWKV DUH WKH RQO\ SRVVLEOH RQHV�
7KH SUREDELOLW\ WKDW WKH VKRUW UDWH ZLOO EH U�� Q RZ LQ WZR \HDUV LV WKH VXP RI WKH
SUREDELOLWLHV RI WKH WZR PLGGOH SDWKV >�����E� SOXV �����F�@�

� ASX S ASG RZ Q  
�� � y� ��b y�

�
� ������

&OHDUO\ ZKHQ y  � WKHVH SVHXGR SDWK SUREDELOLWLHV DUH WKH VDPH DV WKH SK\VLFDO
SDWK SUREDELOLWLHV�
$OVR DW HDFK QRGH� WKH $UURZ^'HEUHX VWDWH SULFHV IRU SD\RoV RQH VWHS DKHDG DUH

JLYHQ E\

ASX S
� � U��Q

 
�b y

� �� � U��Q�
DQG

ASG RZ Q

� � U��Q
 

� � y

� �� � U��Q�
�

ZKHUH Q LV HLWKHU ?QRZ� RU ?XS� RU ?GRZQ�� GHSHQGLQJ RQ ZKHUH ZH DUH LQ WKH WUHH�
7KH SULFH RI D XQLW SD\Ro DW WKH HQG RI HDFK RI WKH IRXU SDWKV LV JLYHQ E\ WKH SURGXFW
RI WKH SULFHV DW HDFK QRGH LQ WKH SDWK�

�L�

v
ASX S

� � U�� Q RZ

wv
ASX S

� � U�� X S

w
 

��b y��

� �� � U�� Q RZ � �� � UQ RZ � r�
�����D�

�LL�

v
ASX S

� � U�� Q RZ

wv
ASG RZ Q

� � U�� X S

w
 

��b y� �� � y�

� �� � U�� Q RZ � �� � UQ RZ � r�
�����E�

�LLL�

v
ASG RZ Q

� � U�� Q RZ

wv
ASX S

� � U�� G RZ Q

w
 

�� � y� ��b y�

� �� � U�� Q RZ � �� � UQ RZ b r�
�����F�

�LY�

v
ASG RZ Q

� � U�� Q RZ

wv
ASG RZ Q

� � U�� G RZ Q

w
 

�� � y��

� �� � U�� Q RZ � �� � UQ RZ b r�
� �����G�

7KHUHIRUH WKH SULFH RI D XQLW SD\Ro FRQGLWLRQDO RQ WKH VKRUW UDWH HTXDOLQJ U�� Q RZ LQ
WZR \HDUV LV WKH VXP RI WKH WZR PLGGOH SULFHV >�����E� SOXV �����F�@�

�� � y� ��b y�

� �� � U�� Q RZ � r� �� � U�� Q RZ b r�
� ������

:H QRZ KDYH WKH SULFH RI D XQLW SD\RXW LQ HDFK RI WKH WKUHH SRVVLEOH VWDWHV RI
WKH ZRUOG LQ WZR \HDUV� JLYHQ E\ �����D�� ������� DQG �����G�� 5HFDOO WKDW D WZR�
\HDU GHIDXOW�IUHH ]HUR�FRXSRQ ERQG LV D FODLP WR RQH XQLW LQ HDFK VWDWH LQ WZR \HDUV�
,QGHHG� ZH FDQ FRQpUP WKDW WKH VXP RI WKHVH WKUHH YDOXHV LV WKH YDOXH RI WKH WZR�\HDU
ERQG� %�� Q RZ �
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6LQFH WKH WKUHH YDOXHV DUH DOO SRVLWLYH DQG DGG XS WR %�� Q RZ � ZH FDQ GLYLGH WKHP
HDFK E\ %�� Q RZ DQG LQWHUSUHW WKHP DV SUREDELOLWLHV�

aS�� X S  

v
� � U�� Q RZ b r

� � U�� Q RZ � r y

wv
��b y��

�

w
�����D�

aS��P LG G OH  

v
� � U�� Q RZ

� � U�� Q RZ � r y

wv
�� � y� ��b y�

�

w
�����E�

aS�� G RZ Q  

v
� � U�� Q RZ � r

� � U�� Q RZ � r y

wv
�� � y��

�

w
� �����F�

0RUHRYHU� ZH FDQ HDVLO\ FRPSXWH WKH SULFH RI DQ\ DVVHW WKDW KDV SD\RoV RQO\ WZR
\HDUV IURP QRZ �L�H�� ZLWK QR SD\RoV RQH \HDU IURP QRZ��

'Q RZ  %�� Q RZ �aS�� X S '�� X S � aS��P LG G OH'��P LG G OH � aS�� G RZ Q '�� G RZ Q � � ������

ZKLFK LV WKH SUHVHQW YDOXH RI WKH DYHUDJH SD\Ro XVLQJ WKH SUREDELOLWLHV LQ �������
1RWH� KRZHYHU� WKDW WKHVH SUREDELOLWLHV DUH QRW WKH VDPH DV WKH SVHXGR SDWK SURED�
ELOLWLHV ZH FDOFXODWHG DERYH� �����D�� ������� DQG �����G�� 2QO\ LI r  � DUH WKH\ WKH
VDPH� 7KLV FRUUHVSRQGV WR WKH FDVH LQ ZKHUH WKH LQWHUHVW UDWH LV QRW VWRFKDVWLF�
7KH SUREDELOLWLHV ZLOO ZH XQFRYHU XVLQJ RSWLRQ SULFHV WXUQ RXW WR EH WKRVH LQ

������� %DVLFDOO\� XVLQJ WKH SULFHV RI RSWLRQV RQ WKH VKRUW UDWH LWVHOI� ZH FDQ LVRODWH
WKH YDOXH RI D XQLW SD\Ro LQ DQ\ VWDWH RI WKH ZRUOG DVVRFLDWHG ZLWK WKH VKRUW UDWH� VD\
%�� Q RZ aS�� G RZ Q � 7R JHW WKH RULJLQDO SVHXGR SUREDELOLWLHV IURP WKLV YDOXH� ZH ZRXOG
QHHG WR NQRZ ZKLFK SDWKV RI WKH VKRUW UDWH WR DVVRFLDWH ZLWK WKLV VWDWH� ,Q RXU
H[DPSOH WKLV LV QRW KDUG WR GR� EXW LQ D PRUH UHDOLVWLF VHWWLQJ WKLV ZRXOG QRW EH
SRVVLEOH XVLQJ RQO\ ERQG SULFHV DQG RSWLRQ SULFHV� :KDW ZH FDQ H[WUDFW ZLWK WKHVH
SULFHV �REYLRXVO\� LV

aS�� G RZ Q  
%�� Q RZ aS�� G RZ Q

%�� Q RZ
�

)RU D VSHFLpF H[DPSOH� FRQVLGHU D �(XURSHDQ� SXW RSWLRQ RQ WKH VKRUW�WHUP LQWHUHVW
UDWH WKDW H[SLUHV WZR�\HDUV IURP QRZ� ZKHUH

U�� Q RZ b � r � .3 � U�� Q RZ �

7KLV SXW HQGV LQ WKH PRQH\ RQO\ LI WKH LQWHUHVW UDWH HQGV XS DW U�� Q RZ b� r� 7KHUHIRUH�
XVLQJ �����G�� WKH YDOXH RI WKH SXW WRGD\ LV

3 Q RZ  
b
.3 b �U�� Q RZ b � r�cv �� � y��

� �� � U�� Q RZ � �� � UQ RZ b r�

w
�

8VLQJ RXU WULFN ZLWK WZR VWULNH SULFHV� ERWK EHWZHHQ U�� Q RZ b � r DQG U�� Q RZ � ZH FDQ
H[WUDFW WKH $UURZ^'HEUHX VWDWH SULFH

�� � y��

� �� � U�� Q RZ � �� � UQ RZ b r�
�

+RZHYHU� ZLWKRXW NQRZLQJ DOO RI WKH SDWKV RI WKH PRQH\�PDUNHW DFFRXQW WKDW OHDG WR
WKDW YDOXH RI WKH VKRUW UDWH �ZKLFK� LQ D PRUH UHDOLVWLF PRGHO� ZH ZRXOG QRW NQRZ��
WKH RQO\ WKLQJ ZH FDQ GR LV GLYLGH WKLV VWDWH SULFH E\ WKH YDOXH RI WKH WZR�\HDU ERQG�
SURGXFLQJ �����F� UDWKHU WKDQ �����G��
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7KHUH LV DQRWKHU ZD\ ZH FDQ GHFRPSRVH WKH SULFH RI WKH WZR�\HDU ERQG �RU DQ\
RWKHU DVVHW SULFH�� &RQVLGHU WKH PRQH\�PDUNHW DFFRXQW� 7KH PRQH\ PDUNHW DFFRXQW
VWDUWV ZLWK DQ LQLWLDO LQYHVWPHQW RI RQH XQLW DQG HDUQV WKH VKRUW�WHUP ULVN�IUHH
LQWHUHVW UDWH HDFK SHULRG� pQ RZ  �� 5LJKW QRZ� ZH NQRZ H[DFWO\ ZKDW WKH PRQH\�
PDUNHW DFFRXQW ZLOO EH ZRUWK DIWHU RQH \HDU� p�  � � U�� Q RZ � EXW ZH GRQ
W NQRZ
ZKDW LW ZLOO EH ZRUWK DIWHU WZR \HDUV EHFDXVH ZH GRQ
W NQRZ ZKDW WKH VKRUW�WHUP
LQWHUHVW UDWH RQH \HDU IURP QRZ� ,Q WZR \HDUV WKH PRQH\�PDUNHW DFFRXQW ZLOO EH
ZRUWK HLWKHU

p�� X S  �� � U�� Q RZ � �� � U�� X S � RU p�� G RZ Q  �� � U�� Q RZ � �� � U�� G RZ Q ��

1RZ ZH FDQ ZULWH WKH $UURZ^'HEUHX SULFHV IRU WKH HQG RI HDFK SDWK ������ LQ WHUPV
RI WKH SDWK SVHXGR SUREDELOLWLHV ������ DQG WKH YDOXH RI WKH PRQH\�PDUNHW DFFRXQW�

AS X S � X S
p�� X S

�
ASX S � G RZ Q

p�� X S
�

ASG RZ Q � X S

p�� G RZ Q
� DQG

ASG RZ Q � G RZ Q

p�� G RZ Q
�

7KHUHIRUH� WKH SULFH RI DQ DVVHW ULJKW QRZ WKDW KDV SD\RoV DW WKH HQG RI HDFK SDWK
LV

'Q RZ  A=��DY J  ASX S � X S

v
'X S � X S

p�� X S

w
� ASX S � G RZ Q

v
'X S � G RZ Q

p�� X S

w

� ASG RZ Q � X S

v
'G RZ Q � X S

p�� G RZ Q

w
� ASG RZ Q � G RZ Q

v
'G RZ Q � G RZ Q

p�� G RZ Q

w
�

ZKHUH =�  
'�
p�
�

7KH IRUZDUG SULFH YV� WKH IXWXUHV SULFH� :KHQ WKH VKRUW UDWH LV VWRFKDVWLF�
IRUZDUG SULFH DQG IXWXUHV SULFHV RU QRW WKH VDPH� ,Q RXU H[DPSOH� ZH PXVW ORRN
DW IRUZDUG DQG IXWXUHV SULFHV IRU GHOLYHU\ LQ WZR \HDUV� ,I ZH ORRN DW IRUZDUG DQG
IXWXUHV SULFHV IRU GHOLYHU\ LQ RQH \HDU� WKH\ ZLOO EH WKH VDPH EHFDXVH WKH LQWHUHVW
UDWH KDV QR RSSRUWXQLW\ WR FKDQJH SULRU WR GHOLYHU\�
6LQFH WKH SD\RoV IRU WKH IRUZDUG FRQWUDFW DOO RFFXU LQ WZR \HDUV� ZH FDQ XVH ������

WR pQG WKH YDOXH RI .) WKDW PDNHV WKH YDOXH RI WKH IRUZDUG FRQWUDFW �RQ WKH VWRFN�
]HUR ULJKW QRZ�

�  %�� Q RZ

b
aS�� X S �6 � � sb.) �

� aS��P LG G OH �6 b.) � � aS�� G RZ Q �6 b � sb.) �
c
� ������

ZKHUH s LV WKH VKRFN WR WKH VWRFN SULFH� 6ROYLQJ ������ IRU .) SURGXFHV

.)  6 � s �aS�� X S b aS�� G RZ Q �

 6 b s

v
r �� � y�� � �y �� � U�� Q RZ �

� � U�� Q RZ � r y

w
�

:KDW LV WKH YDOXH QH[W \HDU RI D IRUZDUG FRQWUDFW HQWHUHG LQWR ULJKW QRZ" 1H[W
\HDU WKH IRUZDUG FRQWUDFW ZLOO EH DQ DVVHW WKDW PDNHV LWV SD\RoV LQ RQH \HDU� ,WV
YDOXH ZLOO EH HLWKHU

ASX S �6 � � sb.) � � ASG RZ Q �6 b.) �

� � U�� Q RZ � r
 

s �� � y�

� � U�� Q RZ � r y



�� 0$ 5. ),6 + ( 5

RU

ASX S �6 b.) � � ASG RZ Q �6 b � sb.) �

� � U�� Q RZ b r
 

bs ��b y�

� � U�� Q RZ b r y
�

GHSHQGLQJ RQ ZKLFK VWDWH ZH HQG XS LQ�
$ IXWXUHV FRQWUDFW UHTXLUHV UHVHWWOHPHQW � (DFK SHULRG DQ\ ORVVHV RQ \RXU IXWXUHV

SRVLWLRQ PXVW EH SDLG DQG DQ\ JDLQV ZLOO EH UHFHLYHG� 7KLV LV LQ FRQWUDVW WR D
IRUZDUG FRQWUDFW IRU ZKLFK QR VHWWOHPHQW LV PDGH XQWLO WKH GHOLYHU\ GDWH� 7KLV
UHVHWWOHPHQW IHDWXUH PHDQV WKDW D IXWXUHV FRQWUDFW SD\V ?GLYLGHQGV� SULRU WR WKH
GHOLYHU\ GDWH� DQG WKRVH GLYLGHQGV HQVXUH WKDW LPPHGLDWHO\ DIWHU WKH\ DUH SDLG WKH
YDOXH RI WKH IXWXUHV FRQWUDFW LV DOZD\V ]HUR� 6LQFH WKH JDLQV DQG ORVVHV DUH FRPSXWHG
IURP FKDQJHV LQ WKH IXWXUHV SULFH �ZKLFK LV QRW WKH YDOXH RI D IXWXUHV FRQWUDFW�� WKH
GLYLGHQGV PXVW HTXDO WKRVH FKDQJHV� /HW .) � Q RZ GHQRWH WKH IXWXUHV SULFH WRGD\�
7KH VWUXFWXUH RI WKH GLYLGHQGV IRU WKH IXWXUHV FRQWUDFW ORRNV OLNH WKLV��!!!!!!!!!!�

!!!!!!!!!!�

.) � X S b.) � Q RZ

�!�
!�
�6 � � s�b.) � X S

6 b.) � X S

.) � G RZ Q b.) � Q RZ

�!�
!�
6 b.) � G RZ Q

�6 b � s�b.) � G RZ Q

������

:H FDQ pQG WKH IXWXUHV SULFH WRGD\ E\ UHFXUVLYHO\ VROYLQJ EDFNZDUG IURP WKH GH�
OLYHU\ GDWH� )LUVW pQG WKH YDOXHV RI .) � X S DQG .) � G RZ Q WKDW PDNH WKH YDOXH RI WKH
IXWXUHV FRQWUDFW HTXDO ]HUR LQ HDFK RI WKH WZR VWDWHV QH[W \HDU� WKHQ pQG WKH IXWXUHV
SULFH WRGD\ WKDW PDNHV WKH YDOXH RI D FODLP WR WKH GLYLGHQGV SDLG QH[W \HDU HTXDO
]HUR�
:H VWDUW E\ GHWHUPLQLQJ .) � X S DQG .) � G RZ Q � 7KH FRQGLWLRQ WKDW WKH YDOXH RI WKH

IXWXUHV FRQWUDFW EH ]HUR LQ HDFK VWDWH QH[W \HDU FDQ EH ZULWWHQ DV IROORZV�

ASX S
b
�6 � � s�b.) � X S

c
� ASG RZ Q

b
6 b.) � X S

c
� � U�� X S

 �

AS X S
b
6 b.) � G RZ Q

c
� ASG RZ Q

b
�6 b � s�b.) � G RZ Q

c
� � U�� G RZ Q

 ��

7KHVH FRQGLWLRQV FDQ EH VROYHG IRU .) � X S DQG .) � G RZ Q �

.) � X S  ASX S �6 � � s� � ASG RZ Q 6

.) � G RZ Q  ASX S 6 � ASG RZ Q �6 b � s�� ������

1RZ WKH IXWXUHV SULFH WRGD\ PXVW E\ FKRVHQ WR PDNH SD\RoV HTXDO WR WKH FKDQJH LQ
WKH IXWXUHV SULFH KDYH QR YDOXH WRGD\�

ASX S �.) � X S b.) � Q RZ � � ASG RZ Q �.) � G RZ Q b.) � Q RZ �

� � U�� Q RZ
 ��
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ZKLFK ZH FDQ VROYH IRU .) � Q RZ �

.) � Q RZ  ASX S .) � X S � ASG RZ Q .) � G RZ Q � ������

1RZ ZH FDQ VXEVWLWXWH LQ H[SUHVVLRQV IRU .) � X S DQG .) � G RZ Q LQWR �������

.) � Q RZ  ASX S
b
ASX S �6 � � s� � ASG RZ Q 6

c
� ASG RZ Q

b
ASX S 6 � ASG RZ Q �6 b � s�c

 AS�X S �6 � � s� � � ASX S ASG RZ Q 6 � AS
�
G RZ Q �6 b � s�

 
��b y��

�
�6 � � s� �

��b y� �� � y�

�
6 �

�� � y��

�
�6 b � s�

 6 b � s y�

������

%\ ZRUNLQJ EDFNZDUGV WKLV ZD\� ZH KDYH XVHG WKH RULJLQDO SVHXGR SDWK SUREDELOLWLHV�
LQ FRQWUDVW WR WKH IRUZDUG SULFH ZKLFK XVHV WKH pQDO�VWDWH SUREDELOLWLHV� :KHQ WKH
LQWHUHVW UDWH LV QRW UDQGRP� WKH WZR VHWV RI SUREDELOLWLHV DUH WKH VDPH DQG VR WKH
IRUZDUG SULFH HTXDOV WKH IXWXUHV SULFH� 7KH GLoHUHQFH EHWZHHQ WKH IRUZDUG DQG
IXWXUHV SULFHV LV

.) � Q RZ b.)  
r s ��b y��

� � U�� Q RZ � r y
�

WKH VLJQ RI ZKLFK LV GHWHUPLQHG E\ WKH FRYDULDQFH EHWZHHQ WKH YDOXH RI WKH XQGHUOLHU
DQG WKH LQWHUHVW UDWH� r s�

$SSHQGL[ $� 6W RF KDVW LF SU RF HVVHV

$OPRVW HYHU\WKLQJ ZH HQFRXQWHU LQ DVVHW SULFLQJ LV D VWRFKDVWLF SURFHVV� 4XLWH
VLPSO\� D VWRFKDVWLF SURFHVV LV VRPHWKLQJ WKDW HYROYHV UDQGRPO\ WKURXJK WLPH DF�
FRUGLQJ WR D VHW RI SUREDELOLVWLF UXOHV� OLNH WKH YDOXH RI WKH VWRFN� �7KLQJV WKDW
HYROYH GHWHUPLQLVWLFDOO\� OLNH WKH YDOXH RI WKH ERQG� DUH VSHFLDO FDVHV RI VWRFKDVWLF
SURFHVVHV�� )RU RXU SXUSRVHV� ZH FDQ WKLQN RI DV VWRFKDVWLF SURFHVV DV D GHVFULSWLRQ
RI ?KRZ VRPHWKLQJ FKDQJHV�� )RU WKH VWRFN DQG WKH ERQG� ZH VSHFLpHG �LQ DGGLWLRQ
WR WKHLU YDOXHV ULJKW QRZ� HDFK RI WKHLU YDOXHV LQ ERWK VWDWHV RI WKH ZRUOG� ,W RIWHQ
WXUQV RXW WR EH FRQYHQLHQW WR VSHFLI\ LQVWHDG WKH DYHUDJH FKDQJH DQG WKH YRODWLOLW\
RI WKH FKDQJHV�
)RU WKH SXUSRVH RI H[SRVLWLRQ� OHW ;Q RZ EH WKH YDOXH RI DQ DUELWUDU\ VWRFKDVWLF

SURFHVV ULJKW QRZ DQG OHW ;X S DQG ;G RZ Q EH WKH YDOXHV LQ WKH XS DQG GRZQ VWDWHV
QH[W \HDU� )RU VLPSOLFLW\� OHW WKH SUREDELOLWLHV WKDW WKH VWRFN SULFH JRHV XS RU GRZQ
EH

SX S  
�

�
DQG SG RZ Q  

�

�
�

7KH FKDQJH LQ ' LV D UDQGRP YDULDEOH WKDW ZH ZLOO ZULWH DV��

c;  

�
;X S b;Q RZ ZLWK SUREDELOLW\ �

�

;G RZ Q b;Q RZ ZLWK SUREDELOLW\ �
� �

�� 7 KH c LQ WKLV D SSH QGL[ LV QR W WKH VD PH D V WKH ? GH OWD V� Z H XVH G LQ WKH VH F WLR Q R Q R SWLR QV D QG
IXWXUH V�
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:H DUH SDUWLFXODUO\ LQWHUHVWHG LQ �L� WKH DYHUDJH YDOXH RI c; DQG �LL� WKH GLVSHUVLRQ
RI c;� :H FDOO WKH DYHUDJH FKDQJH WKH H[SHFWHG FKDQJH RI ;�

z;  SX S �;X S b;Q RZ � � SG RZ Q �;G RZ Q b;Q RZ �

 
;X S �;G RZ Q

�
b;Q RZ

 ;DY J b;Q RZ �

:H ZLOO PHDVXUH WKH GLVSHUVLRQ E\ WKH YRODWLOLW\ RI WKH FKDQJH�

�;  
b
�;X S b;Q RZ �b �;G RZ Q b;Q RZ �

cS
SX S SG RZ Q

 
;X S b;G RZ Q

�
 ;Y RO�

:H FDQ VHH KRZ WKH YRODWLOLW\� �; � LV UHODWHG WR WZR RWKHU PHDVXUHV RI WKH GLVSHUVLRQ�
�L� WKH YDULDQFH DQG �LL� WKH VWDQGDUG GHYLDWLRQ� 7KH YDULDQFH RI WKH FKDQJHV LV
JLYHQ E\ WKH VTXDUH RI WKH YRODWLOLW\�

;Y DU  SX S
b
�;X S b;Q RZ �b z;

c�
� SG RZ Q

b
�;G RZ Q b;Q RZ �b z;

c�
 �;X S b;G RZ Q �

� SX S SG RZ Q

 
�;X S b;G RZ Q �

�

�

 ��
; �

7KH VWDQGDUG GHYLDWLRQ LV WKH VTXDUH URRW RI WKH YDULDQFH� DQG KHQFH WKH DEVROXWH
YDOXH RI WKH YRODWLOLW\�

;G HY  
S

;Y DU  
M;X S b;G RZ Q M

�
 M�; M�

:LWK WKHVH GHpQLWLRQV RI WKH H[SHFWHG FKDQJH DQG WKH YRODWLOLW\� ZH FDQ ZULWH WKH
FKDQJH LQ WKH YDOXH RI WKH VWRFKDVWLF SURFHVV DV

c;  

�
z; � �; ZLWK SUREDELOLW\ �

�

z; b �; ZLWK SUREDELOLW\ �
� �

:H FDQ FRPSOHWH RXU GHVFULSWLRQ RI WKH VWRFKDVWLF SURFHVV E\ LQYHQWLQJ D IXQGDPHQ�
WDO VWRFKDVWLF SURFHVV� : �

c:  

�
�� ZLWK SUREDELOLW\ �

�

b� ZLWK SUREDELOLW\ �
� �

1RWLFH WKDW c: KDV WKH IROORZLQJ SURSHUWLHV�

z:  � DQG �:  ��

:H FDQ ZULWH WKH UDQGRP FKDQJH LQ ; LQ WHUPV RI WKH UDQGRP FKDQJH LQ : �

c;  z; � �; c:�
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)RU WKRVH FDVHV ZKHUH ;Q RZ LV SRVLWLYH� ZH FDQ ORRN DW WKH VWRFKDVWLF SURFHVV IRU
WKH UHODWLYH FKDQJH LQ ;�

c;

;Q RZ
 z[ � �[c:�

ZKHUH

z[  
z;

;Q RZ
DQG �[  

�;
;Q RZ

DUH �UHVSHFWLYHO\� WKH UHODWLYH H[SHFWHG FKDQJH DQG WKH UHODWLYH YRODWLOLW\� �1RWH WKH
XVH RI WKH ORZHU FDVH OHWWHU�� ,I; LV WKH YDOXH RI DQ DVVHW �DQG;Q RZ LV SRVLWLYH�� WKHQ
ZH FDQ LQWHUSUHW c; ;Q RZ DV WKH UDQGRP UHWXUQ� LQ ZKLFK FDVH z[ LV WKH H[SHFWHG
UHWXUQ DQG �[ LV WKH YRODWLOLW\ RI WKH H[SHFWHG UHWXUQ�
,I ZH KDYH WZR VWRFKDVWLF SURFHVVHV� VD\ ; DQG < � ZH PD\ ZLVK WR WKH FRYDULDQFH

EHWZHHQ WKH FKDQJHV LQ ; DQG WKH FKDQJHV LQ < � ,W WXUQV RXW WKDW WKLV FRYDULDQFH
HTXDOV WKH SURGXFW RI WKH YRODWLOLWLHV�

&RY;�<  
�

�

b
�;X S b;Q RZ �b z;

c b
�< X S b < Q RZ �b z<

c
�
�

�

b
�;G RZ Q b;Q RZ �b z;

c b
�< G RZ Q b <Q RZ �b z<

c
 �; �< �

5LVN DQG UHWXUQ� ,Q WKH SUHYLRXV VHFWLRQ� ZH IRXQG H[SUHVVLRQV IRU DVVHW SULFHV
WKDW LQYROYHG DYHUDJHV FDOFXODWHG XVLQJ SVHXGR SUREDELOLWLHV� 8VLQJ WKH SVHXGR
SUREDELOLWLHV� WKH H[SHFWHG FKDQJH LQ WKH DVVHW
V YDOXH LV JLYHQ E\

Az'  ASX S �'X S b'Q RZ � � ASG RZ Q �'G RZ Q b'Q RZ �

 �ASX S 'X S � ASG RZ Q 'G RZ Q �b'Q RZ

 A'DY J b'Q RZ �

:LWK WKLV QRWDWLRQ� ZH FDQ ZULWH DEVHQFH RI DUELWUDJH FRQGLWLRQ ����� DV

Az'  U'Q RZ � �$���

/HW
V H[DPLQH WKH UHODWLRQVKLS EHWZHHQ WKH H[SHFWHG FKDQJH XVLQJ SVHXGR SUREDELO�
LWLHV DQG WKH H[SHFWHG FKDQJH XVLQJ WKH WUXH SUREDELOLWLHV�

z; b Az;  

v
�

�
b ASX S

w
;X S �

v
�

�
b ASG RZ Q

w
;G RZ Q

 

v
�

�
b ASX S

w
;X S �

v
ASX S b �

�

w
;G RZ Q

 

v
�

�
b ASX S

w
�;X S b;G RZ Q �

 ��b � ASX S �
v
;X S b;G RZ Q

�

w
 y�; �

�$��D�
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ZKHUH

y  �b � ASX S �$��E�

LV WKH SULFH RI ULVN� �:H ZLOO JLYH VRPH PHDQLQJ WR WKLV SKUDVH EHORZ�� 1RWLFH WKDW
y GRHV QRW GHSHQG RQ ;Q RZ � ;X S � RU ;G RZ Q �
8VLQJ �$��D�� ZH FDQ ZULWH �$��� DV

z'  U'Q RZ � y�'�

ZKLFK� LI 'Q RZ ! �� ZH FDQ ZULWH LQ WHUPV RI UHWXUQV�

zG  U � y�G�

5HI HU HQF HV

%ODFN� )� DQG 0� 6FKROHV ������� 7KH SULFLQJ RI RSWLRQV DQG FRUSRUDWH OLDELOLWLHV�
-RXUQDO RI 3ROLWLFDO (FRQRP\ ��� ���^����

0HUWRQ� 5� &� ������� 7KH WKHRU\ RI UDWLRQDO RSWLRQ SULFLQJ� %HOO -RXUQDO RI
(FRQRPLFV DQG 0DQDJHPHQW 6FLHQFH �� ���^����

) HGHU DO 5HVHU YH %RDU G� 0 DLO 6W RS � � � : DVKLQJW RQ� '& � � � � � � � � � ^ � � � ^ � � � �
( �PDLO DGGUHV V � PILVKHU#IUE�JRY


