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3 UHOLPLQDU\ DQG ,QFRPSOHWH
'R QRW TX RWH ZLWKRX W SHUPLV V LRQ

& RPPHQWV ZHOFRPH

$EVW U DF W � :H UH Y LH Z WKH D EVH QF H �R I�D UELWUD J H UH VWULF WLR QV LQ D %UR Z QLD Q PR �
WLR Q VH WWLQJ � UH O\ LQJ R Q WKH H [ LVWH QF H R I D V WDWH^SULFH GHq DWRU� :H VKR Z KR Z WR
pQG XVH IXO UH SUH VH QWD WLR QV E\ H LWKH U F KD QJ LQJ WKH QXPH UD LUH R U E\ F KD QJ LQJ WKH
GHq DWRU^DV V HW D QG LWV D VVR F LD WH G H T XLY D OH QW PD UWLQJ D OH PH D VXUH � :H H [ D PLQH WKH
UH OD WLR Q EH WZ H H Q XWLOLW\ D QG WKH VWD WH ^ SULF H GH qD WR U� D QG WKH D EVH QF H �R I�D UELWUD J H
F R QGLWLR Q IR U D SH USH WXLW\ LV D SSOLH G WR pQGLQJ �L� WKH R SWLPD O UH OD WLR QVKLS EH �
WZ H H Q F R QVXPSWLR Q D QG Z H D OWK D QG �LL� WKH QR PLQD O LQWH UH VW UD WH �

�� ,QW U RGXF W LRQ

$EVHQFH�RI�DUELWUDJH UHVWULFWLRQV GHWHUPLQH DVVHW SULFHV E\ DVVXPLQJ ?\RX FDQ
W
JHW VRPHWKLQJ IRU QRWKLQJ�� $Q DUELWUDJH LV D WUDGLQJ VWUDWHJ\ WKDW �L� UHTXLUHV
QR LQqRZV IURP WKH WUDGHU \HW �LL� SURGXFHV RXWqRZV IRU WKH WUDGHU ZLWK SRVLWLYH
SUREDELOLW\� 7KH FHQWUDO SURSRVLWLRQ RI DUELWUDJH�IUHH DVVHW SULFLQJ LV WKLV� ,I LW LV
SRVVLEOH WR FKRRVH WKH XQLWV LQ ZKLFK WUDGLQJ JDLQV DUH PHDVXUHG LQ VXFK D ZD\ DV
WR PDNH DOO JDLQV XQSUHGLFWDEOH �L�H�� PDNH WKHP PDUWLQJDOHV�� WKHQ WKHUH DUH QR
DUELWUDJH RSSRUWXQLWLHV� :KHQ DVVHW YDOXHV DUH PHDVXUHG LQ WKHVH XQLWV� WKH\ DUH
UHIHUUHG WR DV GHqDWHG DVVHW YDOXHV� DQG WKH GHqDWRU WKDW GRHV WKH WULFN LV NQRZQ DV
WKH VWDWH^SULFH GHqDWRU�
7KH UDWH RI FKDQJH RI WKH VWDWH^SULFH GHqDWRU FDQ EH GHFRPSRVHG LQWR WZR SDUWV_

H[SHFWHG DQG XQH[SHFWHG_HDFK RI ZKLFK KDV D SDUWLFXODUO\ XVHIXO LQWHUSUHWDWLRQ�
7KH H[SHFWHG UDWH RI FKDQJH LV �WKH QHJDWLYH RI� WKH VKRUW�WHUP ULVN�IUHH LQWHUHVW UDWH�
7KH XQH[SHFWHG UDWH RI FKDQJH LV �WKH QHJDWLYH RI� WKH SULFH RI ULVN� ,W GHWHUPLQHV
WKH FRYDULDQFH EHWZHHQ WKH UDWH RI FKDQJH RI WKH VWDWH^SULFH GHqDWRU DQG WKH UDWH
RI UHWXUQ RQ DQ DVVHW� 7KLV FRYDULDQFH LV �WKH QHJDWLYH RI� WKH ULVN SUHPLXP IRU
WKH DVVHW� )URP D PRGHOLQJ SHUVSHFWLYH� WKLV GHFRPSRVLWLRQ LV FRQYHQLHQW EHFDXVH LW

'DWH� 2F WR EH U � � � � � � �
-( / & ODV V LpFDWLRQ� *� � �
.H\ ZRUGV DQG SKUDV HV � *H QH UD O H T XLOLEULXP� WH UP VWUXF WXUH R I LQWH UH VW UD WH V� H [ SH F WH G LQqD WLR Q�
H T XLOLEULXP PR QH \ J UR Z WK� F D SLWD O VWR F N �
:H WKD QN *UH J ' XoH H IR U KH OSIXO GLVF XVVLR QV� 7 KH Y LH Z V H [ SUH VVH G KH UH LQ D UH WKH D XWKR U
V D QG
GR QR W QH F H VVD ULO\ UH qH F W WKR VH R I WKH %R D UG R I *R Y H UQR UV R I WKH ) H GH UD O 5H VH UY H 6\ VWH P R U %H D U�
6WH D UQV 	 & R �

�
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DOORZV RQH WR PRGHO WKH LQWHUHVW UDWH DQG WKH SULFH RI ULVN GLUHFWO\ DQG LQGHSHQGHQWO\
�VXEMHFW RQO\ WR WKH H[LVWHQFH RI WKH VWDWH^SULFH GHqDWRU LWVHOI��
2QFH ZH KDYH LGHQWLpHG WKH VWDWH^SULFH GHqDWRU LQ WHUPV RI 86 GROODUV� VD\� LW LV

VWUDLJKWIRUZDUG WR pQG WKH VWDWH^SULFH GHqDWRU IRU JDLQV PHDVXUHG LQ )UHQFK IUDQFV
E\ XVLQJ WKH IRUHLJQ H[FKDQJH UDWH WR UHYDOXH DVVHWV� WKHLU GLYLGHQGV� DQG �WKH LQYHUVH
RI� WKH VWDWH^SULFH GHqDWRU LWVHOI� 7KH H[SHFWHG UDWH RI FKDQJH RI WKH QHZ VWDWH^SULFH
GHqDWRU LV �WKH QHJDWLYH RI� WKH LQWHUHVW UDWH PHDVXUHG LQ IUDQFV DQG WKH XQH[SHFWHG
UDWH RI FKDQJH LV �WKH QHJDWLYH RI� WKH SULFH RI ULVN PHDVXUHG LQ IUDQFV� 7KH VDPH
WHFKQLTXH FDQ EH XVHG WR FKDQJH IURP UHDO YDOXHV WR QRPLQDO YDOXHV �DQG YLFH�YHUVD�
XVLQJ WKH SULFH OHYHO� 0RUH JHQHUDOO\� RQH FDQ GHpQH D QHZ QXPHUDLUH LQ WHUPV RI
DQ\ SRVLWLYH SURFHVV� IRU H[DPSOH WKH YDOXH RI D VWULFWO\ SRVLWLYH DVVHW� ,Q VXFK D
FDVH� LW WXUQV RXW WKDW WKH YDOXH RI WKLV DVVHW GHqDWHG E\ WKH RULJLQDO VWDWH^SULFH
GHqDWRU LV WKH QHZ VWDWH^SULFH GHqDWRU� $V VXFK� LWV H[SHFWHG UDWH RI FKDQJH LV �WKH
QHJDWLYH RI� WKH LQWHUHVW UDWH DQG LWV XQH[SHFWHG UDWH RI FKDQJH LV �WKH QHJDWLYH RI�
WKH SULFH RI ULVN� ERWK PHDVXUHG LQ WHUPV RI WKH QHZ QXPHUDLUH�
,Q JHQHUDO HTXLOLEULXP� DVVHW SULFHV DUH GHWHUPLQHG E\ ?PDUJLQDO FRVW HTXDOV PDU�

JLQDO EHQHpW�� ZKHUH WKH PDUJLQDO FRVW LV WKH PDUJLQDO XWLOLW\ RI FRQVXPSWLRQ IRUH�
JRQH E\ WKH SXUFKDVH RI WKH DVVHW� DQG WKH PDUJLQDO EHQHpW LV WKH FRQGLWLRQDO H[�
SHFWDWLRQ RI WKH PDUJLQDO XWLOLW\ �LQ SUHVHQW YDOXH WHUPV� WR EH REWDLQHG IURP WKH
VDOH RI WKH DVVHW �DQG IURP DQ\ GLYLGHQGV WKH DVVHW PD\ SD\�� ,Q RWKHU ZRUGV� DVVHW
YDOXHV GHqDWHG E\ �WKH SUHVHQW YDOXH� RI PDUJLQDO XWLOLW\ DUH PDUWLQJDOHV� $SSDU�
HQWO\� WKHQ� LQ JHQHUDO HTXLOLEULXP WKH PDUJLQDO XWLOLW\ RI FRQVXPSWLRQ DGMXVWHG IRU
GLVFRXQWLQJ �WKH XWLOLW\ JUDGLHQW� LV WKH VWDWH^SULFH GHqDWRU�
$ JHQHUDO�HTXLOLEULXP YDOXDWLRQ IRUPXOD IRU DVVHW SULFHV FDQ EH REWDLQHG GLUHFWO\

IURP WKH XWLOLW\ IXQFWLRQ DQG WKH G\QDPLFV RI HTXLOLEULXP FRQVXPSWLRQ ZLWKRXW
UHIHUHQFH WR WKH RSWLPDO UHODWLRQVKLS EHWZHHQ FRQVXPSWLRQ DQG ZHDOWK� 7KH RSWLPDO
UHODWLRQ EHWZHHQ FRQVXPSWLRQ DQG ZHDOWK FDQ EH XQFRYHUHG E\ WUHDWLQJ ZHDOWK DV
DQ DVVHW DQG DSSO\LQJ WKH YDOXDWLRQ HTXDWLRQ� 7KLV DSSURDFK GLoHUV IURP WKDW RI
&R[� ,QJHUVROO� -U�� DQG 5RVV �����D�� LQ ZKLFK WKH RSWLPDO UHODWLRQVKLS EHWZHHQ
FRQVXPSWLRQ DQG ZHDOWK LV GHWHUPLQHG pUVW� DQG WKHQ WKHLU YDOXDWLRQ IRUPXOD LV
ZULWWHQ LQ WHUPV RI WKDW RSWLPDO UHODWLRQVKLS�
'XrH DQG 6NLDGDV ������ GHPRQVWUDWH WKDW ?WKH pUVW�RUGHU FRQGLWLRQV IRU RSWL�

PDOLW\ RI DQ DJHQW PD[LPL]LQJ D CVPRRWK
 XWLOLW\ FDQ EH IRUPXODWHG DV WKH PDUWLQJDOH
SURSHUW\ RI SULFHV� DIWHU QRUPDOL]DWLRQ E\ D CVWDWH^SULFH
 SURFHVV�� 0RUHRYHU� WKH\
VKRZ KRZ WR FRPSXWH WKH VWDWH^SULFH GHqDWRU IRU ?D ZLGH FODVV RI G\QDPLFV XWLOL�
WLHV�� 8VLQJ WKHVH UHVXOWV DQG WKH DEVHQFH�RI�DUELWUDJH UHSUHVHQWDWLRQV� ZH VKRZ KRZ
WR VROYH LQpQLWHO\�OLYHG UHSUHVHQWDWLYH DJHQW PRGHOV RI JHQHUDO HTXLOLEULXP ZLWKRXW
VROYLQJ GLoHUHQWLDO HTXDWLRQV� 7KH FHQWUDO LQVLJKW LV WKDW JLYHQ WKH SULFH SURFHVV IRU
DQ DVVHW� WKH DEVHQFH RI DUELWUDJH GHWHUPLQHV WKH GLYLGHQG SURFHVV� 7XUQLQJ WKLV
DURXQG� RQH FDQ PRGHO WKH �VWDWH^SULFH� GHqDWHG DVVHW YDOXH� ZKHUH WKH H[SHFWHG
UHWXUQ LV �PLQXV� WKH GLYLGHQG UDWH� DQG WKH DEVHQFH RI DUELWUDJH GHWHUPLQHV WKH
FDSLWDO JDLQ SURFHVV�
,Q JHQHUDO HTXLOLEULXP� WKH FDSLWDO VWRFN DQG FXUUHQF\ DUH WKH WZR FHQWUDO DVVHWV�

:LWK KRPRWKHWLF SUHIHUHQFHV DQG OLQHDU WHFKQRORJ\� WKHUH LV VXrFLHQW KRPRJHQH�
LW\ LQ WKHVH PRGHOV VR WKDW IRU WKH PRVW SDUW RQH QHHG PRGHO RQO\ WKH G\QDPLFV
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RI WKH HFRQRP\� +RZHYHU� WKH HTXLOLEULXP G\QDPLFV GHSHQG RQ WKH OHYHO RI WKH
FRQVXPSWLRQ^FDSLWDO UDWLR DQG WKH QRPLQDO LQWHUHVW UDWH� ZKLFK DUH WKH GLYLGHQGV RI
WKH FDSLWDO VWRFN DQG FXUUHQF\� UHVSHFWLYHO\� ,I RQH GLUHFWO\ PRGHOV WKHVH GLYLGHQGV�
WKHQ WKHLU G\QDPLFV IROORZ� 2WKHUZLVH WKHVH GLYLGHQGV DQG WKHLU G\QDPLFV DUH WKH
VROXWLRQV WR GLoHUHQWLDO HTXDWLRQV�
6HFWLRQ � SUHVHQWV WZR PDLQ WHFKQLTXHV IRU pQGLQJ XVHIXO UHSUHVHQWDWLRQV IRU DVVHW

SULFHV LQ DQ DUELWUDJH�IUHH IUDPHZRUN� �L� FKDQJLQJ WKH QXPHUDLUH DQG �LL� FKDQJLQJ
WKH GHqDWRU^DVVHW DQG LWV DVVRFLDWHG PDUWLQJDOH PHDVXUH� ,W WXUQV RXW WKH WKH pUVW
WHFKQLTXH LV PRUH WKH LPSRUWDQW RI WKH WZR IRU VROYLQJ JHQHUDO HTXLOLEULXP PRGHOV�
6HFWLRQ � H[DPLQHV WKH UHODWLRQVKLS EHWZHHQ XWLOLW\ DQG WKH VWDWH^SULFH GHqDWRU� DQG
WKH SHUSHWXLW\ HTXDWLRQ WKDW LV GHYHORSHG LQ 6HFWLRQ � LV DSSOLHG WR pQGLQJ �L� WKH
RSWLPDO UHODWLRQVKLS EHWZHHQ FRQVXPSWLRQ DQG ZHDOWK DQG �LL� WKH QRPLQDO LQWHUHVW
UDWH�

�� $EVHQF H RI DU ELW U DJH

7KH VWRFKDVWLF VHWWLQJ WKDW ZH DGRSW LV FKDUDFWHUL]HG E\ D YHFWRU RI G LQGHSHQGHQW
%URZQLDQ PRWLRQV� : �� ,Q WKLV VHWWLQJ� D GHqDWRU LV D SRVLWLYH ,WR SURFHVV ZKRVH
G\QDPLFV FDQ EH ZULWWHQ

G< �W�

< �W�
 z< �W� GW� �< �W�

!G: �W�� �����

ZKHUH ?!� GHQRWHV WKH WUDQVSRVH� ,Q JHQHUDO� WKH GULIW DQG GLoXVLRQ RI WKLV DQG
RWKHU ,WR SURFHVVHV PD\ EH ,WR SURFHVVHV WKHPVHOYHV� /HW WKH YDOXH RI DQ DVVHW 9
�ZKLFK QHHG QRW EH SRVLWLYH� EH DQ ,WR SURFHVV�

G9 �W�  zz9 �W� GW� z�9 �W�
!G: �W�� �����

/HW WKH FXPXODWLYH GLYLGHQG RI WKH DVVHW ' DOVR EH DQ ,WR SURFHVV�

G'�W�  zz'�W� GW� z�'�W�
!G: �W�� �����

,I 9 LV D SRVLWLYH DVVHW� ZH PD\ ZULWH

G9 �W�

9 �W�
 z9 �W� GW� �9 �W�

!G: �W�

G'�W�

9 �W�
 r�W� GW� �'�W�

!G: �W��

ZKHUH

z9 �W� � 
zz9 �W�

9 �W�
� �9 �W� � 

z�9 �W�

9 �W�
� r�W� � 

zz'�W�

9 �W�
� DQG �'�W� � 

z�'�W�

9 �W�
�

'HpQH WKH JDLQ WR EH WKH VXP RI WKH DVVHW
V YDOXH DQG LWV FXPXODWLYH GLYLGHQG�
* � 9 �'� )RU D JLYHQ GHqDWRU < � WKH G\QDPLFV RI WKH GHqDWHG JDLQ DUH JLYHQ E\

G*< �W�  G9 < �W� � G'< �W��

�6H H ' XrH �� � � � � & KD SWH U � � IR U R PLWWH G GH WD LOV�
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ZKHUH WKH GHqDWHG YDOXH RI WKH DVVHW LV GHpQHG E\

9 < �W� � < �W�9 �W� ����D�

DQG WKH GHqDWHG FXPXODWLYH GLYLGHQG LV GHpQHG E\

'< ��� � < ���'��� ����E�

G'< �W� � < �W� G'�W� � < �W��< �W�
!z�'�W� GW

 < �W�
Q
zz'�W� � �< �W�

!z�'�W�
R
GW� < �W� z�'�W�

!G: �W�

 z<'�W� GW� �<'�W�
!G: �W��

����F�

7KH DSSDUHQW DV\PPHWU\ LQ WKH GHpQLWLRQV RI 9 < DQG '< LV UHTXLUHG WR SURGXFH
WKH QHFHVVDU\ V\PPHWU\ LQ WKH DEVHQFH�RI�DUELWUDJH FRQGLWLRQ�
$ WUDGLQJ VWUDWHJ\ v LV D YHFWRU�YDOXHG ,WR SURFHVV WKDW UHSUHVHQWV WKH SRVLWLRQV

�ORQJ RU VKRUW� LQ HDFK VHFXULW\� 7KH WRWDO JDLQ UHSUHVHQWHG E\ v LV
5
v�V�!G*�V��

ZKHUH *  9 �' LV XQGHUVWRRG WR EH D YHFWRU RI JDLQV KHUH� $ WUDGLQJ VWUDWHJ\ LV
VHOI�pQDQFLQJ LI

v�7 �!9 �7 �  v�W�!9 �W� �
= 7

V W
v�V�!G*�V��

$ VHOI�pQDQFLQJ VWUDWHJ\ LV DQ DUELWUDJH ZLWK UHVSHFW WR * LI IRU VRPH W DQG 7

v�W�!9 �W� � � DQG v�7 �!9 �7 � y �
RU

v�W�!9 �W� x � DQG v�7 �!9 �7 � ! ��

%\ WKH QXPHUDLUH LQYDULDQFH WKHRUHP� D WUDGLQJ VWUDWHJ\ LV DQ DUELWUDJH ZLWK UHVSHFW
WR* LI DQG RQO\ LI LW LV DQ DUELWUDJH ZLWK UHVSHFW WR *< IRU DQ\ GHqDWRU < � 7KHUHIRUH�
LI WKHUH LV D GHqDWRU IRU ZKLFK *< LV D PDUWLQJDOH� WKHQ WKHUH LV QR DUELWUDJH� VLQFH
LQ WKDW FDVH

(W>v�7 �
!9 < �7 �@  v�W�!9 < �W�

IRU DOO VHOI�pQDQFLQJ WUDGLQJ VWUDWHJLHV� 6XFK D GHqDWRU LV FDOOHG D VWDWH^SULFH GHqD�
WRU�
:H DVVXPH WKH H[LVWHQFH RI D VWDWH^SULFH GHqDWRU� GHQRWHG Q� 7KH G\QDPLFV RI

WKH VWDWH^SULFH GHqDWRU FDQ EH ZULWWHQ

GQ�W�

Q�W�
 zQ�W� GW� �Q�W�

!G: �W�

 bU�W� GWb y�W�!G: �W��
�����

ZKHUH U�W� LV WKH LQWHUHVW UDWH DQG y�W� LV WKH SULFH RI ULVN� :H DUH IUHH WR PRGHO U
DQG y LQGHSHQGHQWO\ DV ORQJ DV WKHUH LV D VROXWLRQ WR ��������� $VVRFLDWHG ZLWK DQ\

�,I Z H PR GH O U D QG y D V IXQF WLR QV R I D Y H F WR U R I 0 D UN R Y LD Q VWD WH Y D ULD EOH V� ;� Q Z LOO QR W LQ J H QH UD O
EH D 0 D UN R Y LD Q IXQF WLR Q R I ;� ,Q WKLV VH QVH � LW LV OH VV J H QH UD O WR PR GH O Q GLUH F WO\ WKD Q WR PR GH O
U D QG y� ,Q SD UWLF XOD U� LI R QH PR GH OV Q D V D IXQF WLR Q R I VWD WLR QD U\ 0 D UN R Y LD Q VWD WH Y D ULD EOH � WKH
Y H U\ �OR QJ GLVF R XQW ER QG Z LOO EH WKH GH qD WR U D VVH W� 6H H . D ] H PL �� � � � ��
�6H H $ SSH QGL[ $ IR U D GLVF XVVLR Q R I & ,5
V F ULWLT XH R I WKH D UELWUD J H D SSUR D F K WR D VVH W SULF LQJ �
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VWDWH^SULFH GHqDWRU LV D GHqDWRU^DVVHW � { � � Q� %\ ,WR
V OHPPD� WKH G\QDPLFV RI
WKH GHqDWRU^DVVHW DUH

G{�W�

{�W�
 

j
U�W� � Ny�W�N�k GW� y�W�!G: �W�� �����

&RQVLGHU WKH VWDWH^SULFH�GHqDWHG JDLQ IRU D VLQJOH VHFXULW\� *Q  9 Q �'Q� ,Q
WKLV FDVH� WKH G\QDPLFV RI WKH GHqDWHG JDLQ DUH JLYHQ E\

G*Q�W�  G9 Q�W� � G'Q�W�

 G�Q�W�9 �W�� � Q�W� G'�W�b Q�W�y�W�!�'�W� GW

 zz*Q�W� GW� z�*Q�W�!G: �W��

ZKHUH

zz*Q�W�  Q�W�
Q
zz9 �W� � zz'�W�b U�W�9 �W�b y�W�! �z�9 �W� � z�'�W��

R
z�*Q�W�  Q�W� Iz�9 �W� � z�'�W�b 9 �W�y�W�J �

7KH DEVHQFH�RI�DUELWUDJH FRQGLWLRQ VWDWHV WKDW WKH GHqDWHG JDLQ LV D PDUWLQJDOH�

*Q�W�  (W>*
Q���@� �����

IRU DOO � y W� :H FDQ ZULWH ����� DV D YDOXDWLRQ IRUPXOD�

9 �W�  
(W>Q���9 ��� �'Q���b'Q�W�@

Q�W�

 (W

x
Q���

Q�W�
9 ��� �

= �

V W

Q�V�

Q�W�

t
zz'�V�b y�V�!z�'�V�

u
GV

y
�

�����

,Q ����� ZH VHH WKDW LW LV WKH ULVN�DGMXVWHG YDOXH RI WKH H[SHFWHG GLYLGHQGV WKDW
FRQWULEXWHV WR WKH YDOXH RI WKH DVVHW� 7KH DEVHQFH�RI�DUELWUDJH FRQGLWLRQ FDQ DOVR
EH H[SUHVVHG GLUHFWO\ LQ WHUPV RI WKH GULIW RI WKH GHqDWHG JDLQ� zz*Q�W�  �� RUQ

zz9 �W�b y�W�!z�9 �W�
R
�
Q
zz'�W�b y�W�!z�'�W�

R
 U�W�9 �W�� �����

ZKHUH WKH ULVN�DGMXVWHG FDSLWDO JDLQ SOXV WKH ULVN�DGMXVWHG GLYLGHQG HTXDOV WKH ULVN�
IUHH HDUQLQJV RQ WKH YDOXH RI WKH DVVHW� :KHQ ZH LQWURGXFH VWDWH YDULDEOHV� �����
EHFRPHV D SDUWLDO GLoHUHQWLDO HTXDWLRQ �3'(��
,I 9 LV D SRVLWLYH DVVHW DQG WKH FXPXODWLYH GLYLGHQG LV SUHGLFWDEOH� WKHQ ZH KDYH

G'�W�

9 �W�
 r�W� GW�

ZKHUH r LV WKH GLYLGHQG UDWH� ,Q WKLV FDVH ZH FDQ ZULWH WKH GHqDWHG UHWXUQ SURFHVV
DV

G*Q�W�

Q�W�9 �W�
 

G9 Q�W�

9 Q�W�
� r�W� GW

 z*Q�W� GW� �*Q�W�!G: �W��
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ZKHUH

z*Q�W�  z9 �W� � r�W�b U�W�b y�W�!�9 �W�
�*Q�W�  �9 �W�b y�W��

DQG WKH DEVHQFH�RI�DUELWUDJH FRQGLWLRQ z*Q�W�  � EHFRPHV�

z9 �W� � r�W�  U�W� � y�W�!�9 �W�� ������

$Q DVLGH RQ WKH DEVHQFH�RI�DUELWUDJH LQ D 0DUNRYLDQ VHWWLQJ� /HW XV H[�
DPLQH KRZ WKH DEVHQFH�RI�DUELWUDJH FRQGLWLRQ ����� RU ������ FDQ EH SXW WR XVH LQ
D 0DUNRYLDQ VHWWLQJ� :H VXSSRVH WKHUH LV D YHFWRU RI 0DUNRYLDQ VWDWH YDULDEOHV ;�
7KH G\QDPLFV RI ; DUH JLYHQ E\

G;�W�  z;�;�W�� GW� �;�;�W��
!G: �W�� ������

ZKHUH z;�[� DQG �;�[� DUH JLYHQ YHFWRU DQG PDWUL[ IXQFWLRQV RI [� $OVR VXSSRVH
WKDW U�W�  5�;�W��� y�W�  /�;�W��� zz'�W�  0'�;�W��� DQG z�'�W�  6'�;�W���
ZKHUH 5�[� DQG 0'�[� DUH JLYHQ VFDODU IXQFWLRQV RI [ DQG /�[� DQG 6'�[� DUH
JLYHQ YHFWRU IXQFWLRQV RI [� )LQDOO\ VXSSRVH WKDW 9 �W�  9�;�W�� W�� ZKHUH 9�[� W� LV
DQ XQNQRZQ VFDODU IXQFWLRQ [ DQG W� 7KHQ ,WR
V OHPPD DSSOLHG WR 9�;�W�� W� JLYHV
zz9 �W�  09 �;�W�� W� DQG z�9 �W�  69 �;�W�� W� ZKHUH

09 �[� W�  z;�[�
!
9[�[� W� �

�

�
WU
K
9[[�[� W��;�[�

!�;�[�
L
b 9W�[� W�� �����D�

69 �[� W�  �;�[�9[�[� W�� �����E�

DQG ZKHUH 9W�[� W�� 9[�[� W�� DQG 9[[�[� W� DUH WKH REYLRXV SDUWLDO GHULYDWLYHV RI
9�[� W� DQG WU>D@ LV WKH WUDFH RI PDWUL[ D� 6XEVWLWXWLQJ WKHVH H[SUHVVLRQV LQWR �����
SURGXFHV D 3'( ZKLFK �DORQJ ZLWK DQ DSSURSULDWH ERXQGDU\ FRQGLWLRQ_W\SLFDOO\
D WHUPLQDO SD\Ro� FDQ EH DWWDFNHG E\ YDULRXV DQDO\WLFDO DQG QXPHULFDO WHFKQLTXHV�
1RWH WKDW WKH GULIW RI ; DSSHDUV RQO\ LQ WKH ?ULVN�DGMXVWHG� GULIW RI RI 9 �

09 �[� W�b 69 �[� W�
!
/�[�� DQG RQO\ LQ ?ULVN�DGMXVWHG� IRUP LWVHOI�

Az;�[� � z;�[�b �;�[�
!
/�[�� ������

7KHUHIRUH� LI WKH L�WK VWDWH YDULDEOH KDSSHQV WR EH WKH YDOXH RI DQ DVVHW WKDW SD\V QR
GLYLGHQGV� WKHQ E\ WKH DEVHQFH�RI�DUELWUDJH WKH L�WK FRPSRQHQW RI Az;�[� LV [L5�[�
DQG WKH L�WK FRPSRQHQW RI z;�[� QHHG QRW EH VSHFLpHG� 0RUHRYHU� LI DOO RI WKH VWDWH
YDULDEOHV DUH DVVHW�YDOXHV IRU QRQ�GLYLGHQG SD\LQJ DVVHWV� WKHQ Az;�[�  [5�[� DQG

RQFH A0'�[� � 0'�[� b 6'�[�
!
/�[� LV VSHFLpHG� DQG QR NQRZOHGJH RI z;�[� RU

/�[� LV UHTXLUHG�

� 1 R WH WKD W XVLQJ �� �� � Z H F D Q Z ULWH �� �� � � D V

I z9 �W� � r�W�J b U�W�  p{�9 I z{�W�b U�W�J �
Z KH UH

p{�9 � 
y�W�!�9 �W�
N y�W�N � �

Z KLF K VKR Z V WKD W WKH H [ F H VV WR WD O UH WXUQ R Q D Q D VVH W LV SUR SR UWLR QD O WR WKH H [ F H VV UH WXUQ R Q WKH
GH qD WR U^ D VVH W�
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7KH FODVVLF H[DPSOH LV WKH FDVH ZKHUH 9 LV WKH YDOXH RI D (XURSHDQ FDOO RSWLRQ RQ
D VWRFN WKDW SD\V QR GLYLGHQGV SULRU WR WKH H[SLUDWLRQ RI WKH FDOO� ZKHUH WKH YDOXH
RI WKH VWRFN LV WKH VLQJOH VWDWH YDULDEOH� 6LQFH WKH FDOO RSWLRQ SD\V QR GLYLGHQGV�
zz'�W� u z�'�W� u �� 7KH YDOXH RI WKH VWRFN LV DVVXPHG WR IROORZ JHRPHWULF %URZQLDQ
PRWLRQ� VR WKDW z;�W�  ;�W�z DQG �;�W�  ;�W��� 7KH LQWHUHVW UDWH DQG WKH SULFH
RI ULVN DUH DVVXPHG WR EH FRQVWDQW� U�W�  U DQG y�W�  y� +RZHYHU� VLQFH WKH RQO\
VWDWH YDULDEOH LV WKH YDOXH RI DQ DVVHW WKDW SD\V QR GLYLGHQGV� QHLWKHU y QRU z QHHG
EH VSHFLpHG� Az;�[�  [ U� )RU D FDOO RSWLRQ WKDW H[SLUHV DW WLPH � ZLWK D VWULNH
SULFH RI .� WKH SD\Ro IXQFWLRQ LV 9�[� ��  PD[�[b.� ���
&OHDUO\ GLoHUHQW SD\Ro IXQFWLRQV GHOLYHU GLoHUHQW DVVHW YDOXHV� L�H� GLoHUHQW VR�

OXWLRQV WR WKH 3'(� ,I RQH FRXOG RQFH DQG IRU DOO pQG WKH YDOXH RI D XQLW SD\Ro LQ
HDFK VWDWH RI WKH ZRUOG �WKHVH DUH NQRZQ DV $UURZ^'HEUHX VWDWH SULFHV�� WKHQ RQH
FRXOG FRPSXWH WKH YDOXH RI DQ\ DVVHW E\ DGGLQJ XS WKH YDOXHV RI WKH SD\RoV IRU
WKDW DVVHW� 6XFK D VROXWLRQ WR D 3'( LV NQRZQ DV WKH IXQGDPHQWDO VROXWLRQ RU WKH
*UHHQ
V IXQFWLRQ� ZKHUH SD\Ro IXQFWLRQ LV D 'LUDF GHOWD IXQFWLRQ

7KUHH p[HG�LQFRPH H[DPSOHV� ,W LV LQVWUXFWLYH WR FRQVLGHU WKUHH H[DPSOHV ERQG�
OLNH DVVHWV� )LUVW� FRQVLGHU D GHIDXOW�IUHH ]HUR�FRXSRQ ERQG WKDW SD\V RQH XQLW DW
WLPH � � 'HQRWH LWV YDOXH DW WLPH W E\ E�W� ��� :H PD\ PRGHO WKH SD\Ro WR WKLV DVVHW
DV IROORZV� ,W SD\V QR GLYLGHQGV� E��� ��  �� E�V� ��  � IRU V ! � � ,Q WKLV FDVH
IRUPXOD ����� SURGXFHV
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x
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Q�W�

y
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6HFRQG� FRQVLGHU DQ DVVHW WKDW SD\V D FRQWLQXRXV ULVN�DGMXVWHG GLYLGHQG HTXDO WR
RQH IRUHYHU� ,Q WKLV FDVH ����� SURGXFHV
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Q�W�

y
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= �
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ZKLFK VKRZV WKDW WKH YDOXH RI WKLV SHUSHWXLW\ LV WKH LQWHJUDO RI ]HUR�FRXSRQ ERQG
SULFHV� 7KLUG� FRQVLGHU DQ DVVHW WKDW SD\V QR GLYLGHQGV DQG KDV QR LQVWDQWDQHRXV
YRODWLOLW\� z�9 u �� /HW p�W� GHQRWH LWV YDOXH DW WLPH W� &RQGLWLRQ ����� LPSOLHV
Gp�W�  U�W�p�W� GW� DQG ZH VHH WKDW p LV WKH YDOXH RI WKH PRQH\�PDUNHW DFFRXQW�

p�W�  p��� H[S

v= W

V �
U�V� GV

w
�

0RUH JHQHUDOO\� IRU D SRVLWLYH DVVHW WKDW SD\V QR GLYLGHQGV� ZH KDYH

z9 �W�  U�W� � y�W�!�9 �W��

&KDQJLQJ WKH QXPHUDLUH� 6XSSRVH ZH FKDQJH WKH XQLWV LQ ZKLFK DVVHW YDOXHV DQG
FXPXODWLYH GLYLGHQGV DUH PHDVXUHG DFFRUGLQJ WR ������ ,Q DGGLWLRQ� OHW XV GHpQH D
QHZ VWDWH^SULFH GHqDWRU DV WKH LQYHUVH RI WKH RULJLQDO GHqDWRU^DVVHW GHQRPLQDWHG LQ
WKH QHZ XQLWV�

Q< �W� � 
�

< �W� {�W�
 

Q�W�

< �W�
� ������



� 0$ 5. ),6 + ( 5 $ 1 ' & + 5,6 7 ,$ 1 *,//( 6

7KH G\QDPLFV RI WKH QHZ VWDWH^SULFH GHqDWRU DUH JLYHQ E\

GQ< �W�

Q< �W�
 bU< �W� GWb y< �W�

!G: �W��

ZKHUH

U< �W�  U�W� � z< �W�b y�W�!�< �W�b N�< �W�N� �����D�

y< �W�  y�W� � �< �W�� �����E�

7RJHWKHU WKHVH FKDQJHV OHDYH WKH H[SUHVVLRQ IRU VHFXULW\ SULFHV ����� IRUPDOO\ XQ�
FKDQJHG�

9 < �W�  (W

x
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Q< �V�

Q< �W�
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!z�<'�V�
u
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:H DUH IUHH WR FKRRVH WKH QXPHUDLUH LQ ZKLFK WR PRGHO WKH VWDWH^SULFH GHqDWRU�
,W LV QDWXUDO WR WKLQN RI < DV WKH H[FKDQJH UDWH EHWZHHQ WZR QXPHUDLUHV� 0RUHRYHU�
IURP D PRGHOLQJ SHUVSHFWLYH� ZH DUH IUHH WR PRGHO WKH VWDWH^SULFH GHqDWRU PHDVXUHG
LQ WHUPV RI WZR QXPHUDLUHV DQG WKHQ GHULYH WKH G\QDPLFV RI WKH GHqDWRU YLD WKH
DEVHQFH RI DUELWUDJH� ,Q WKLV FDVH ZH PRGHO U� y� U< � DQG y< DQG VROYH ������ IRU
z< DQG �< � 7KLV DSSURDFK LV XVHIXO LQ PRGHOLQJ� IRU H[DPSOH� WKH SULFH OHYHO RU WKH
IRUHLJQ�H[FKDQJH UDWH DV WKH UDWLR RI WZR VWDWH^SULFH GHqDWRUV� 2Q WKH RWKHU KDQG�
LI < LV WKH LQYHUVH RI WKH YDOXH RI D SRVLWLYH DVVHW� WKHQ Q< LV MXVW WKH GHqDWHG YDOXH
RI WKH DVVHW�
7ZR H[DPSOHV DUH QRWHZRUWK\� )LUVW� FRQVLGHU WKH YDOXH RI D ]HUR�FRXSRQ ERQG�

E�W� ��  (W>Q��� Q�W�@ LQ WHUPV RI WKH JLYHQ QXPHUDLUH� $IWHU GHqDWLRQ E\ < � WKH
YDOXH RI WKH ERQG LQ WHUPV RI WKH QHZ QXPHUDLUH LV WKH YDOXH RI WKH GHqDWRU�

< �W� E�W� ��  (W

x
Q< ���

Q< �W�
< ���

y
�

6HFRQG� FRQVLGHU WKH YDOXH RI D SHUSHWXLW\� ]�W�  
5�
V W E�W� V� GV LQ WKH JLYHQ QX�

PHUDLUH� $IWHU GHqDWLRQ E\ < � WKH YDOXH RI WKH SHUSHWXLW\ LQ WHUPV RI WKH QHZ
QXPHUDLUH LV

< �W� ]�W�  

= �

V W
(W

x
Q< �V�

Q< �W�
< �V�

y
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,I ZH GHpQH 9  < ] DQG r  � ]� WKHQ ������ FDQ EH H[SUHVVHG DV

9 �W�  

= �

V W
(W

x
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(TXDWLRQ ������ VKRZV WKDW_E\ FKDQJLQJ WKH QXPHUDLUH_WKH YDOXH RI D SHUSHWXLW\
FDQ DOZD\V EH H[SUHVVHG DV WKH YDOXH RI D SRVLWLYH DVVHW ZLWK D SRVLWLYH� SUHGLFWDEOH
GLYLGHQG UDWH� &RQYHUVHO\� E\ FKRRVLQJ <  � �9 r�� WKH LQYHUVH RI WKH GLYLGHQG
UDWH IRU VXFK DQ DVVHW FDQ DOZD\V EH H[SUHVVHG DV WKH YDOXH RI D SHUSHWXLW\�
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&RQYHUWLQJ D GLYLGHQG�SD\LQJ DVVHW LQWR DQ DVVHW WKDW SD\V QR GLYLGHQGV�
6XSSRVH ZH UHLQYHVW WKH GLYLGHQGV IURP DQ DVVHW EDFN LQWR WKH DVVHW� ,Q RUGHU WR GR
WKLV� WKH DVVHW PXVW KDYH D QRQ�]HUR YDOXH� ZKLFK ZH DVVXPH LV SRVLWLYH� +RZ ZLOO
WKLV LQYHVWPHQW
V YDOXH HYROYH" /HW v EH D VFDODU VHOI�pQDQFLQJ WUDGLQJ VWUDWHJ\�

v�W�9 �W�  v���9 ��� �

= W

V W
v�V� G*�V��

RU LQ GLoHUHQWLDO IRUP� GIv�W�9 �W�J  v�W� G*�W�� VR WKDW

GIv�W�9 �W�J
v�W�9 �W�

 
G*�W�

9 �W�
� ������

(TXDWLRQ ������ LPSOLHV WKH IROORZLQJ G\QDPLFV IRU v�

Gv�W�

v�W�
 

Q
r�W�b �'�W�

!�9 �W�
R
GW� �'�W�

!G: �W�� ������

,I WKH FXPXODWLYH GLYLGHQG LV SUHGLFWDEOH� ZH FDQ VROYH ������ IRU

v�W�  v��� H[S

v= W

V �
r�V� GV

w
�

1RWH WKDW ZH KDYH DQ DVVHW WKDW KDV D SRVLWLYH YDOXH WKDW SD\V QR GLYLGHQGV� 6HH
*LOOHV DQG /H5R\ ������ IRU D ULJRURXV WUHDWPHQW RI VHFXULWLHV RI WKLV VRUW�

(TXLYDOHQW PDUWLQJDOH PHDVXUHV� &KRRVH D SRVLWLYH DVVHW ] WKDW SD\V QR GLYL�
GHQGV�

G]�W�

]�W�
 IU�W� � y�W�!�]�W�J GW� �]�W�

!G: �W�� ������

'HpQH D QHZ PHDVXUH 4�]� YLD *LUVDQRY
V WKHRUHP VXFK WKDW
G:]�W�  G: �W� � �y�W�b �]�W�� GW� ������

ZKHUH :] LV D YHFWRU RI VWDQGDUG %URZQLDQ PRWLRQV XQGHU 4�]�� 7KH G\QDPLFV RI
DVVHW SULFHV DQG FXPXODWLYH GLYLGHQGV XQGHU 4�]� DUH JLYHQ E\
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,Q SDUWLFXODU ZH KDYH
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'HpQH Q] � � ]� 7KH G\QDPLFV RI Q] XQGHU 4�]� DUH
GQ]�W�

Q]�W�
 bU�W� GWb �]�W�

!G:]�W�

 bU�W� GWb y]�W�
!G:]�W��

������

1RWH WKDW WKH UHODWLYH GULIW RI Q] XQGHU 4�]� LV WKH VDPH DV WKH UHODWLYH GULIW RI Q
XQGHU WKH SK\VLFDO PHDVXUH�

/HW (
4�]�
W > c @ EH WKH FRQGLWLRQDO H[SHFWDWLRQ RSHUDWRU XQGHU 4�]�� DQG OHW *] EH

WKH GHqDWHG JDLQ ZKHUH WKH GHqDWRU LV Q]� 7KHQ E\ WKH DEVHQFH RI DUELWUDJH *
] LV

D PDUWLQJDOH XQGHU 4�]��

*]�W�  (
4�]�
W >*]���@� ������

2I FRXUVH� ������ FDQ EH ZULWWHQ DV D YDOXDWLRQ IRUPXOD�
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ZKHUH� DV LW WXUQV RXW�

zz]'�V�b y]�V�
!z�'�V�  zz'�V�b y�V�!z�'�V��

:H EULHq\ GLVFXVV WKUHH HTXLYDOHQW PDUWLQJDOH PHDVXUHV� )LUVW� OHW WKH GHqDWRU^
DVVHW EH WKH PRQH\�PDUNHW DFFRXQW� ]�W�  p�W�� 7KHQ
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ZKHUH ZH KDYH DEEUHYLDWHG 4�p� DV 4� 1RWH WKDW WKHUH LV QR H[SOLFLW UHIHUHQFH WR y
LQ ������� :H FDQ PRGHO U DQG zzp' GLUHFWO\ XQGHU WKLV HTXLYDOHQW PDUWLQJDOH PHDVXUH
ZLWKRXW UHIHUHQFH WR WKH SULFH RI ULVN RU WKH SK\VLFDO PHDVXUH�
$V DQ H[DPSOH RI D pQDQFLDO YDULDEOH WKDW KDV D SDUWLFXODUO\ VLPSOH UHSUHVHQWDWLRQ

XQGHU 4� ZH H[DPLQH DQ DVVHW ZKRVH YDOXH LV LGHQWLFDOO\ ]HUR EXW QRQHWKHOHVV SD\V D
GLYLGHQG� :H FDQ LQWHUSUHW WKLV DVVHW DV D FRQWLQXRXVO\ UHVHWWOHG FRQWLQJHQW FODLP�
VXFK DV D IXWXUHV FRQWUDFW� &RQGLWLRQ ����� VD\V WKDW zz'�W�  y�W�!z�'�W�� ZKLFK
LPSOLHV WKDW ' LV D PDUWLQJDOH XQGHU 4� 1RZ VXSSRVH WKDW

G'�W�  c�W� GW� G)�W��
DQG WKDW IRU VRPH p[HG WLPH � y W� )���  8���� $W WKLV SRLQW� ZH FDQ LQWHUSUHW
)�W� DV WKH IXWXUHV SULFH DW WLPH W IRU ?GHOLYHU\� RI 8 DW WLPH � DQG c�W� DV D
FRQWUDFWXDOO\ GHWHUPLQHG GLYLGHQG WKDW DFFUXHV WR WKH KROGHU RI WKH IXWXUHV SRVLWLRQ�
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�$ VWDQGDUG IXWXUHV FRQWUDFW KDV c u ��� 7KHQ WKH PDUWLQJDOH SURSHUW\ RI ' XQGHU
4 LPPHGLDWHO\ GHOLYHUV WKH IROORZLQJ UHSUHVHQWDWLRQ IRU WKH IXWXUHV SULFH��

)�W�  (4
W

x
8��� �

= �

V W
c�V� GV

y
�

6HFRQG� OHW WKH GHqDWRU^DVVHW EH WKH ]HUR�FRXSRQ ERQG WKDW PDWXUHV DW WLPH � �
]�W�  E�W� ��� 7KHQ

Q]�V�
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)RU DQ DVVHW WKDW SD\V QR GLYLGHQGV� ZH KDYH WKH IROORZLQJ VLPSOH SULFLQJ IRUPXOD�
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VLQFH E��� ��  � DQG E�W� �� LV PHDVXUDEOH DW WLPH W� :KHQ WKH LQWHUHVW UDWH LV
GHWHUPLQLVWLF� E�W� ��  H[S

bb 5 �
X W U�X� GX

c
� DQG WKHUHIRUH 4��� LV WKH VDPH DV

4�p��
)RU H[DPSOH� FRQVLGHU ) �W� ��� WKH IRUZDUG SULFH DW WLPH W IRU ?GHOLYHU\� RI 8 DW

WLPH � � 7KH SD\Ro DW WLPH � LV 8��� b ) �W� ��� 7KH IRUZDUG SULFH LV VHW DW WLPH W
VR WKDW WKH YDOXH RI WKH SD\Ro LV ]HUR�

E�W� ��(
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ZKLFK GHOLYHUV D UHSUHVHQWDWLRQ IRU WKH IRUZDUG SULFH�

) �W� ��  (
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W >8���@ �

1RWH WKDW ZKHQ WKH LQWHUHVW UDWH LV GHWHUPLQLVWLF� WKH IRUZDUG SULFH HTXDOV WKH IXWXUHV
SULFH �IRU D VWDQGDUG IXWXUHV FRQWUDFW��
7KLUG� DVVXPLQJ 9 LV D SRVLWLYH DVVHW� OHW ]�W�  v�W�9 �W� ZKHUH v LV WKH WUDGLQJ

VWUDWHJ\ GHpQHG LQ WKH SUHYLRXV VHFWLRQ WKDW UHLQYHVWV WKH GLYLGHQGV RI 9 EDFN LQWR
LWVHOI� :H IXUWKHU VXSSRVH WKDW WKH FXPXODWLYH GLYLGHQG SURFHVV LV SUHGLFWDEOH� ,Q
WKLV FDVH ZH KDYH
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DQG WKHUHIRUH ������ EHFRPHV WKH LGHQWLW\
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�6H H ' XrH D QG 6WD QWR Q �� � � � � IR U D GH ULY D WLR Q R I WKLV D QG R WKH U UH VXOWV LQ D 0 D UN R Y LD Q VH WWLQJ �
:H F D Q H D VLO\ H [ WH QG R XU UH SUH VH QWD WLR Q WR D OOR Z IR U D Q XQSUH GLF WD EOH F R QWUD F WXD OO\ GH WH UPLQH G
F XPXOD WLY H GLY LGH QG�
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7KLV LGHQWLW\ LV DW WKH KHDUW RI WKH FKDQJH�RI�PHDVXUH YDULDQFH�UHGXFWLRQ WHFKQLTXH
IRU 0RQWH &DUOR VLPXODWLRQV RI DVVHW SULFHV� ,W VD\V WKDW WKHUH LV DQ HTXLYDOHQW PDU�
WLQJDOH PHDVXUH XQGHU ZKLFK WKH GHqDWHG YDOXH RI WKH DVVHW LV FRQVWDQW� 2I FRXUVH
LQ RUGHU WR FKDQJH WKH PHDVXUH ZH KDYH WR NQRZ �9 �W� ZKLFK DVVXPHV ZH KDYH WKH
VROXWLRQ DOUHDG\�� 1HYHUWKHOHVV� LW VXJJHVWV KRZ WR XVH UHODWHG DVVHWV DSSURSULDWHO\�

,QpQLWHO\�OLYHG DVVHWV� )RU DQ LQpQLWHO\�OLYHG SRVLWLYH DVVHW ZLWK SUHGLFWDEOH FX�
PXODWLYH GLYLGHQGV� ����� EHFRPHV

9 �W�  (W

x= �

V W

Q�V�

Q�W�
9 �V� r�V� GV

y
� ������

(TXDWLRQ ������ LV KRPRJHQHRXV LQ 9 � 5HSODFLQJ 9 �X� ZLWK o9 �X� HYHU\ZKHUH LQ
������ GRHV QRW DoHFW WKH HTXDOLW\� ,Q HVVHQFH� ������ LV QRW DQ HTXDWLRQ DERXW 9 �
UDWKHU LW LV DERXW r�� ,I r LV VWULFWO\ SRVLWLYH� ZH FDQ FKDQJH WKH QXPHUDLUH ZLWK
<  � �9 r�� VR WKDW ������ FDQ EH ZULWWHQ DV

�

r�W�
 

= �

V W
(W

x
AQ�V�

AQ�W�

y
GV  

= �

V W

AE�W� V� GV� ������

ZKHUH AQ�W� � Q�W� I9 �W� r�W�J DQG AE�W� V� � (W>AQ�V� AQ�W�@� (TXDWLRQ ������ VKRZV
WKDW XQGHU WKHVH FLUFXPVWDQFHV WKH LQYHUVH RI WKH GLYLGHQG UDWH FDQ EH H[SUHVVHG
DV WKH YDOXH RI D SHUSHWXLW\_ZKHUH WKH VWDWH^SULFH GHqDWRU LV WKH GHqDWHG YDOXH RI
WKH GLYLGHQG��

6LQFH WKH GLYLGHQG UDWH LV SRVLWLYH� ZH FDQ ZULWH LWV G\QDPLFV DV

Gr�W�

r�W�
 zr�W� GW� �r�W�

!G: �W��

1RZ OHW ]�W� � � r�W�� VR WKDW G]�W� ]�W�  z]�W� GW� �]�W�
!G: �W�� ZKHUH

z]�W�  bzr�W� � N�r�W�N�
�]�W�  b�r�W��

6LQFH ]�W� LV WKH YDOXH RI D SHUSHWXLW\� WKH SHUSHWXLW\
V GLYLGHQG UDWH LV � ]�W�� ,Q
WHUPV RI WKH QHZ QXPHUDLUH� WKH DEVHQFH�RI�DUELWUDJH FRQGLWLRQ ������ LV

z]�W� �
�

]�W�
 AU�W� � Ay�W�!�]�W�� ������

ZKHUH

GAQ�W�

AQ�W�
 bAU�W� GWb Ay�W�!G: �W��

,I ZH FKRRVH WR LQWURGXFH WKH G\QDPLFV RI WKH VWDWH YDULDEOHV LQWR WKH PRGHO YLD AU
DQG Ay� WKHQ ������ EHFRPHV WKH SDUWLDO GLoHUHQWLDO HTXDWLRQ WKDW PXVW EH VROYHG WR

� 1 R WH WKD W WKH UH OD WLY H Y R OD WLOLW\ R I v 9 LV WKH VD PH D V WKH UH OD WLY H Y R OD WLOLW\ R I 9 Z KH Q WKH F XPXOD WLY H
GLY LGH QG LV SUH GLF WD EOH �
� 7 KLV LV UH OD WH G WR WKH ID F W WKD W R QH F D QQR W WH OO Z KH WKH U Z H KD Y H D Q H QGR Z PH QW H F R QR P\ R U D
SUR GXF WLR Q H F R QR P\ �
� 1 R WH KR Z H Y H U WKD W G AQ�W�b G'Q�W�  I 9 �W� r�W�J GQ�W� � � �
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pQG ] �DQG KHQFH r� DV D IXQFWLRQ RI WKH VWDWH YDULDEOHV� 7KH URXWH WR VROYLQJ ������

LV WR VROYH WKH 3'( IRU ERQG SULFHV� AE�W� �� DQG LQWHJUDWH�

AzE�W� ��b Ay�W�!A�E�W� ��  AU�W��
ZKHUH

GAE�W� ��

AE�W� ��
 AzE�W� �� GW� A�E�W� ��

!G: �W��

$W WKLV SRLQW� ZH FKDQJH RXU SHUVSHFWLYH D ELW� DQG LQWHUSUHW WKH GHqDWHG YDOXH
RI WKH DVVHW� 9 Q�W�  Q�W�9 �W�� DV D VWDWH^SULFH GHqDWRU IRU SD\RoV GHQRPLQDWHG
LQ XQLWV RI WKH DVVHW
V YDOXH� ,Q RWKHU ZRUGV� OHW <  � 9 � 7KH G\QDPLFV RI WKLV
VWDWH^SULFH GHqDWRU FDQ EH ZULWWHQ

G9 Q�W�

9 Q�W�
 bU9 �W� GWb y9 �W�

!G: �W�� �����D�

ZKHUH

U9 �W�  r�W� �����E�

y9 �W�  y�W�b �9 �W�� �����F�

,I ZH FKRRVH LQWURGXFH WKH G\QDPLFV RI WKH VWDWH YDULDEOHV LQWR WKH PRGHO YLD U9
DQG y9 � WKHQ WKHUH LV QR GLoHUHQWLDO HTXDWLRQ WR VROYH� DQG WKH DEVHQFH�RI�DUELWUDJH
GHOLYHUV WKH G\QDPLFV 9 GLUHFWO\ YLD 9  9 Q Q�

�� 8W LO LW \ DQG JHQHU DO HTXLO LEU LXP

'XrH DQG 6NLDGDV ������ GHPRQVWUDWH D YHU\ XVHIXO HTXLYDOHQFH LQ D LQ D YHU\
JHQHUDO VHWWLQJ� 7KH\ FRQVLGHU

D FRQWLQXRXV�WLPH VHFXULW\ PDUNHW ZKHUH SULFHV DUH PRGHOHG E\ VHPL�
PDUWLQJDOHV �DOORZLQJ IRU MXPSV� DQG WKHUHIRUH LQFRUSRUDWLQJ GLVFUHWH
WLPH DV D VSHFLDO FDVH�� 7KH XQGHUO\LQJ LQIRUPDWLRQ pOWUDWLRQ LV JHQHUDO�
DQG WKH PDUNHW LV QRW QHFHVVDULO\ FRPSOHWH�

,Q VXFK D VHWWLQJ� WKH\ VKRZ WKDW

WKH pUVW�RUGHU FRQGLWLRQV IRU RSWLPDOLW\ RI DQ DJHQW PD[LPL]LQJ D CVPRRWK

XWLOLW\ FDQ EH IRUPXODWHG DV WKH PDUWLQJDOH SURSHUW\ RI SULFHV� DIWHU QRU�
PDOL]DWLRQ E\ D CVWDWH^SULFH
 SURFHVV�

,Q DGGLWLRQ� WKH\ VKRZ WKDW WKH VWDWH^SULFH GHqDWRU

LV JLYHQ H[SOLFLWO\ LQ WHUPV RI WKH DJHQW
V XWLOLW\ JUDGLHQW� ZKLFK LV LQ WXUQ
FRPSXWHG LQ FORVHG�IRUP IRU D ZLGH FODVV RI G\QDPLFV XWLOLWLHV� LQFOXGLQJ
WKH VWRFKDVWLF GLoHUHQWLDO XWLOLW\ � � � �

6WRFKDVWLF 'LoHUHQWLDO 8WLOLW\� +HUH ZH LQWURGXFH WKH SUHIHUHQFHV RI WKH UHSUH�
VHQWDWLYH DJHQW� $V H[SODLQHG E\ 'XrH DQG (SVWHLQ �����D� DQG 'XrH DQG (SVWHLQ
�����E�� VWRFKDVWLF GLoHUHQWLDO XWLOLW\ 6'8 FDQ EH UHSUHVHQWHG E\ D SDLU RI IXQF�
WLRQV �I�$� FDOOHG DQ DJJUHJDWRU� 7KH IXQFWLRQV I DQG $ FDQ EH FKRVHQ WR FDSWXUH
VHSDUDWHO\ DWWLWXGHV WRZDUG LQWHUWHPSRUDO VXEVWLWXWLRQ DQG DWWLWXGHV WRZDUG ULVN�
+\SRWKHWLFDO H[SHULPHQWV FDQ EH FRQGXFWHG� IRU H[DPSOH� E\ p[LQJ I DQG YDU\LQJ
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$ WR VWXG\ WKH HoHFW RI LQFUHDVLQJ ULVN DYHUVLRQ� ,PSRUWDQWO\� WKRXJK� WKHUH H[LVWV
D QRUPDOL]HG IRUP RI 6'8 � zI� z$� ZKHUH z$ u �� %\ XVLQJ WKH QRUPDOL]HG DJJUHJDWRU
VLJQLpFDQW DQDO\WLFDO VLPSOLpFDWLRQ LV DFKLHYHG� DOWKRXJK WKH FRQYHQLHQW VHSDUDWLRQ
UHIHUUHG WR DERYH LV ORVW VLQFH ERWK DVSHFWV RI SUHIHUHQFHV DUH FRPELQHG LQ zI � 6LQFH ZH
RQO\ GHDO ZLWK WKH QRUPDOL]HG DJJUHJDWRU� ZH GURS WKH EDU IRU QRWDWLRQDO VLPSOLFLW\�
:KHQ WKH QRUPDOL]HG DJJUHJDWRU LV XVHG� WKH UHFXUVLYH QDWXUH RI XWLOLW\ LV H[�

SUHVVHG LQ WKH IROORZLQJ UHSUHVHQWDWLRQ�

9 �W�  (W

x= �

V W
I�F�V�� 9 �V�� GV

y
� �����

ZKHUH 9 �W� LV WKH XWLOLW\ DW WLPH W RI WKH FRQVXPSWLRQ SURFHVV F� 7KH G\QDPLFV RI
9 DUH JLYHQ E\

G9 �W�  z9 �W� GW� � 9 �W�!G: �W��

ZKHUH

z9 �W�  bI�F�W�� 9 �W��� �����

'XrH DQG 6NLDGDV ������ VKRZ WKDW WKH VWDWH^SULFH GHqDWRU LV JLYHQ E\

Q�W�  H[S

~= W

V �
IY�F�V�� 9 �V�� GV

�
IF�F�W�� 9 �W��� �����

ZKHUH IF DQG IY DUH WKH WKH SDUWLDO GHULYDWLYHV RI I DQG ZKHUH F LV WKH RSWLPDO UDWH
RI FRQVXPSWLRQ� 6XSSUHVVLQJ DUJXPHQWV� OHW WKH G\QDPLFV RI IF EH JLYHQ E\

GIF
IF
 zIF GW� �!

IFG:� �����

7KHQ� JLYHQ ����� DQG ������ ZH FDQ ZULWH

GQ

Q
 

GIF
IF
� IY GW�

VR WKDW

U  b�zIF � IY� ����D�

y  b�IF � ����E�

(TXDWLRQV ����� DUH JHQHUDO HTXLOLEULXP H[SUHVVLRQV IRU WKH LQWHUHVW UDWH DQG WKH
SULFH RI ULVN LQ WHUPV RI WKH XWLOLW\ IXQFWLRQ DQG WKH G\QDPLFV RI RSWLPDO FRQVXPS�
WLRQ� ,QVHUWLQJ ����� LQWR ����� SURGXFHV D JHQHUDO�HTXLOLEULXP YDOXDWLRQ HTXDWLRQ�
+RZHYHU� LQ RUGHU WR IROORZ WKLV URXWH� ZH QHHG WR EH DEOH WR HYDOXDWH ����� JLYHQ
WKH SURFHVV IRU FRQVXPSWLRQ� (TXDWLRQ ����� LV WKH NH\�
(TXDWLRQ ����� LV WKH FHQWUDO UHVWULFWLRQ IRU D PRGHO RI VWRFKDVWLF GLoHUHQWLDO XWLO�

LW\� ,Q D 0DUNRYLDQ VHWWLQJ� ����� EHFRPHV D 3'(� 'XrH DQG /LRQV ������ DGGUHVV
WKH H[LVWHQFH DQG XQLTXHQHVV RI 9 ZKHQ F LV PRGHOHG LQ WHUPV RI VWDWH YDULDEOHV
�ZKHUH F LWVHOI PD\ EH D VWDWH YDULDEOH�� )RU H[DPSOH� OHW 9 �W�  +�;�W�� F�W��
ZKHUH ; LV D YHFWRU RI 0DUNRYLDQ VWDWH YDULDEOHV WKDW GHVFULEH WKH G\QDPLFV RI
F DQG +�[� F� LV DQ XQNQRZQ IXQFWLRQ� 7KH MRLQW G\QDPLFV RI F DQG ; GHpQH D
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GLoHUHQWLDO RSHUDWRU ' VXFK WKDW z9 �W�  '+�;�W�� F�W��� :LWK WKLV VHWXS� �����
EHFRPHV WKH 3'(

'+�[� F�  bI�F�+�[� F��� �����

2QH FDQ LQVHUW WKH VROXWLRQ WR ����� IRU + LQWR ����� DQG XVH ,WR
V OHPPD WR GHOLYHU
H[SUHVVLRQV IRU U DQG y LQ WHUPV RI WKH VWDWH YDULDEOHV� 7KHVH H[SUHVVLRQV IRU WKH
EDVLV IRU WKH YDOXDWLRQ HTXDWLRQ_L�H�� WKH DEVHQFH�RI�DUELWUDJH HTXDWLRQ� IRU H[DPSOH
������ :KHQ WKLV YDOXDWLRQ HTXDWLRQ LV DSSOLHG WR WKH FDSLWDO VWRFN �ZHDOWK�� LW
GHOLYHUV WKH RSWLPDO UHODWLRQVKLS EHWZHHQ FDSLWDO DQG FRQVXPSWLRQ�
$ GLoHUHQW DSSURDFK LV WR WUDQVIRUP ����� GLUHFWO\ LQWR WKH %HOOPDQ HTXDWLRQ IRU

6'8 E\ LPSRVLQJ FRQGLWLRQV IRU WKH RSWLPDOLW\ RI FRQVXPSWLRQ UHODWLYH WR ZHDOWK
�E\ LPSRVLQJ WKH HQYHORSH FRQGLWLRQ WKDW WKH PDUJLQDO XWLOLW\ RI FRQVXPSWLRQ HTXDO
WKH PDUJLQDO XWLOLW\ RI ZHDOWK�� :H SXUVXH WKLV DSSURDFK EHORZ�

6SHFLDO FDVH� 7LPH�VHSDUDEOH XWLOLW\� 7LPH�VHSDUDEOH XWLOLW\ LV D VSHFLDO FDVH RI
6'8 ZKHUH RQH GRHV QRW QHHG WR VROYH ����� LQ RUGHU WR pQG WKH VWDWH^SULFH GHqDWRU�
:LWK WLPH�VHSDUDEOH XWLOLW\� XWLOLW\ FDQ EH ZULWWHQ DV

9 �W�  (W

x= �

V W
Hbv �VbW� X�F�W�� GV

y
 

= �

V W
Hbv �VbW�(W >X�F�W��@ GV� �����

ZKHUH v LV WKH UDWH RI WLPH SUHIHUHQFH DQG F�W� LV WKH UDWH RI FRQVXPSWLRQ DW WLPH
W� $SSO\LQJ ,WR
V OHPPD WR ����� �DQG XVLQJ WKH IDFW WKDW FRQGLWLRQDO H[SHFWDWLRQV
DUH PDUWLQJDOHV� SURGXFHV

G9 �W�  b
v 9 �W�b X�F�W��

c
GW� �9 �W�!G: �W�� �����

6LQFH z9 �W�  bI�F�W�� 9 �W��� ����� VKRZV WKDW ZLWK WLPH�VHSDUDEOH SUHIHUHQFHV WKH
QRUPDOL]HG DJJUHJDWRU FDQ EH ZULWWHQ

I�F� Y�  X�F�b v Y�

VR WKDW IY�F� Y�  bv DQG IF�F� Y�  X��F��
,Q WKLV FDVH� WKH VWDWH^SULFH GHqDWRU LV JLYHQ E\

Q�W�  Hbv W X��F�W��� �����

ZKHUH F�W� LV WKH RSWLPDO UDWH RI FRQVXPSWLRQ� 7KHUHIRUH� LQ WHUPV RI WKH G\QDPLFV
RI WKH JURZWK UDWH RI RSWLPDO FRQVXPSWLRQ�

G ORJ�F�W��  HzF�W� GW� �F�W�
!G: �W��

DSSO\LQJ ,WR
V OHPPD WR ����� ZH JHW

U�W�  v b F�W�X���F�W��
X��F�W��

vHzF�W� � �
�
N�F�W�N�

w
b F�W�� X����F�W��

X��F�W��
�

�
N�F�W�N� �����D�

y�W�  bF�W�X���F�W��
X��F�W��

�F�W�� �����E�

,QVHUWLQJ ������ LQWR ����� GHOLYHUV D JHQHUDO�HTXLOLEULXP YDOXDWLRQ IRUPXOD� 7KLV LV
LQ HVVHQFH ZKDW %DNVKL DQG &KHQ ������ GR� 1RWH WKDW LI ZH FKDQJH ERWK X� c � DQG
G ORJ�F�W�� LQ VXFK D ZD\ DV WR OHDYH GQ�W� Q�W� XQFKDQJHG� WKHQ WKH WZR HFRQRPLHV
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ZLOO KDYH LGHQWLFDO LQWHUHVW�UDWH DQG SULFH�RI�ULVN SURFHVVHV DQG KHQFH LGHQWLFDO YDO�
XDWLRQ IRUPXODV��

7KH FDSLWDO VWRFN� FRQVXPSWLRQ� DQG WKH FDSLWDO DFFRXQW� 2XU FHQWUDO DV�
VXPSWLRQ KHUH LV WKDW WKH GLYLGHQG WKDW DFFUXHV WR WKH RZQHUV RI WKH WKH DJJUH�
JDWH FDSLWDO VWRFN LV DJJUHJDWH FRQVXPSWLRQ� /HW F�W� EH WKH DJJUHJDWH UDWH RI
FRQVXPSWLRQ DQG N�W� EH WKH YDOXH RI WKH DJJUHJDWH FDSLWDO VWRFN� :H WUHDW WKH
DJJUHJDWH FDSLWDO VWRFN DV V\QRQ\PRXV ZLWK ZHDOWK� 'HpQH ��W� � F�W� N�W� DV WKH
FRQVXPSWLRQ^FDSLWDO UDWLR� ,Q WKLV FDVH ZH FDQ ZULWH WKH YDOXH RI WKH FDSLWDO VWRFN
DV IROORZV�

N�W�  (W

x= �

V W

v
Q�V�

Q�W�

w
N�V���V� GV

y
� ������

*LYHQ WKH IUDPHZRUN RXWOLQHG LQ 6HFWLRQ � LQ DQG JLYHQ

GN�W�

N�W�
 zN�W� GW� �N�W�

!G: �W�� ������

WKUHH XVHIXO UHSUHVHQWDWLRQV IROORZ LPPHGLDWHO\� )LUVW� ZH KDYH WKH DEVHQFH�RI�
DUELWUDJH FRQGLWLRQ IRU WKH FDSLWDO VWRFN�

zN�W� � ��W�  U�W� � y�W�!�N�W�� ������

6HFRQG� ZH FDQ OHW WKH GHqDWHG YDOXH RI WKH FDSLWDO VWRFN EH D VWDWH^SULFH GHqDWRU�
PN�W� � P�W� N�W�� *LYHQ ������� ZH KDYH

GPN�W�

PN�W�
 b��W� GW� ��N�W�b y�W��!G: �W�� ������

:H VHH WKDW ZH FDQ PRGHO � DQG y b �N LQGHSHQGHQWO\� 7KLUG� ZH FDQ ZULWH WKH
LQYHUVH RI WKH FRQVXPSWLRQ^FDSLWDO UDWLR� DV D SHUSHWXLW\�

�

��W�
 (W

x= �

V W

AP�V�

AP�W�
GV

y
 

= �

V W

AE�W� V� GV�

ZKHUH AP�W� � P�W� N�W���W�  P�W� F�W� DQG AE�W� 7 �  (W> AP�7 � AP�W�@� /HW }�W� � 
� ��W�  N�W� F�W� EH WKH FDSLWDO^FRQVXPSWLRQ UDWLR� 7KHQ WKH DEVHQFH�RI�DUELWUDJH
FRQGLWLRQ IRU WKH FDSLWDO VWRFN FDQ EH ZULWWHQ

z}�W� �
�

}�W�
 AU�W� � Ay�W�!�}�W�� ������

:H GHpQH WKH FDSLWDO DFFRXQW DV IROORZV�

��W�  N�W� H[S

v= W

V �
��V� GV

w
� ������

7KHUHIRUH ZH KDYH

G��W�

��W�
 

GN�W�

N�W�
� ��W� GW ������

� 7 KLV SR LQW LV LOOXVWUD WH G �Z LWK D VOLJ KW H UUR U� E\ %D N VKL D QG & KH Q �� � � � ��
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DQG

z��W�  U�W� � y�W�!���W� �����D�

���W�  �N�W�� �����E�

:H FDQ LQWHUSUHW G��W� ��W� DV WKH UHWXUQ RQ RSWLPDOO\ LQYHVWHG ZHDOWK LQ HLWKHU
DQ HQGRZPHQW HFRQRP\ RU D SURGXFWLRQ HFRQRP\ ZLWK OLQHDU WHFKQRORJ\� ,Q D
SURGXFWLRQ HFRQRP\� ZH UHTXLUH OLQHDU WHFKQRORJ\ WR JXDUDQWHH WKDW WKH GLYLGHQG
UDWH RQO\ LQYROYHV FRQVXPSWLRQ DQG QRW WKH GLoHUHQFH EHWZHHQ DYHUDJH DQG PDUJLQDO
SURGXFWLYLW\� ,Q DQ HQGRZPHQW HFRQRP\� HYHQ WKRXJK WKH ?RSWLPDO SRUWIROLR� LV
JLYHQ H[RJHQRXVO\� WKH LQWHUSUHWDWLRQ LV VWLOO YDOLG�

.UHSV^3RUWHXV 6'8� )RU .UHSV^3RUWHXV 6'8� WKH QRUPDOL]HG IRUP RI WKH DJ�
JUHJDWRU LV��

I�F� Y�  
v o

b
F�b� u ob� r b �c
�b � u � o  � � ��b q� Y� ������

ZKHUH v� u� DQG q DUH FRQVWDQW SDUDPHWHUV� DQG WKH SDUDPHWHU r LV GHpQHG E\

r � 
�b q

�b � u �
)RU WKH FDVHV q  � DQG u  �� ZH JHW WKH QRUPDOL]HG DJJUHJDWRU E\ WDNLQJ D OLPLW
LQ ������� $V VKRZQ E\ 'XrH DQG (SVWHLQ �����D�� WKHVH SUHIHUHQFHV DOORZ D GLVHQ�
WDQJOLQJ RI DWWLWXGHV WRZDUG ULVN IURP DWWLWXGHV WRZDUG LQWHUWHPSRUDO VXEVWLWXWLRQ�
,Q WKLV SDUDPHWHUL]DWLRQ� u ! � LV WKH HODVWLFLW\ RI LQWHUWHPSRUDO VXEVWLWXWLRQ� q ! �
LV WKH FRHrFLHQW RI UHODWLYH ULVN DYHUVLRQ DQG� v ! � LV WKH UDWH RI WLPH SUHIHUHQFH�
:KHQ q u  �� LQ ZKLFK FDVH r  �� .UHSV^3RUWHXV 6'8 VSHFLDOL]HV WR VWDQGDUG
WLPH�VHSDUDEOH SUHIHUHQFHV ZLWK SRZHU XWLOLW\� DV ZH ZLOO VHH EHORZ�
2Q WKH RSWLPDO SDWK� FRQVXPSWLRQ DQG FRQWLQXDWLRQ XWLOLW\ FDQ EH ZULWWHQ DV

IROORZV �ZKHUH 9 �W� LV UHSODFHG E\ WKH REYLRXV OLPLW ZKHQ q  ���

F�W�  vu ��W��bu N�W� �����D�

9 �W�  ���W� N�W��
�bq b �

�b q
� �����E�

7KH SURFHVV � LV UHODWHG WR WKH PDUJLQDO XWLOLW\ RI ZHDOWK��� 7KH RSWLPDOLW\ RI ������
UHTXLUHV WKDW ����� KROG LGHQWLFDOO\ IRU VRPH SURFHVVHV N DQG �� $ORQJ WKH RSWLPDO
SDWK� WKH QRUPDOL]HG DJJUHJDWRU LV JLYHQ E\

I�F�W�� 9 �W��  ���W� N�W���bq

~
vu ��W��bu b v

�b � u
�
� ������

:H pQG z 9 DV IROORZV� 7KH FRQVXPSWLRQ^FDSLWDO UDWLR FDQ EH H[SUHVVHG LQ WHUPV RI
��

��W�  vu ��W��bu� ������

�� 7 KH IXQF WLR QD O IR UP R I WKH D J J UH J D WR U F R PH V IUR P WKH XQQXPEH UH G H T XD WLR Q LQ WKH PLGGOH R I S�
� � � LQ ' XrH D QG (SVWH LQ �� � � � D �� 7 KH LU ~ LV � b �  u� WKH LU o LV � b q� D QG WKH LU p LV v� 1 R WH WKD W
Z H KD Y H UH SOD F H G �� b q� Y E\ � � �� b q� Y LQ R UGH U WR WD N H WKH OLPLW D V q � � �
��/H WWLQJ A9�W� � ��� b q�9�W� � � �� � �bq � � # A9�W� # N�W�  ��W��
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ZKLFK FDQ EH XVHG WR ZULWH

G ORJ�N�W��  G ORJ���W��b vu ���W��bu GW�

ZKHUH

G ORJ���W��  Hz��W� GW� ���W�
!G: �W��

1RZ DSSO\LQJ ,WR
V OHPPD WR �����E� SURGXFHV

z9 �W�  ���W� N�W���bq

~Hz��W� � Hz��W� � ��b q�
�

�
N���W� � ���W�N� b vu ��W��bu

�
�

������

)LQDOO\� VXEVWLWXWLQJ ������ DQG ������ LQWR ����� SURGXFHV

vu ��W��bu b u v

u b � � Hz��W� � Hz��W� � ��b q�
�

�
N���W� � ���W�N�  �� ������

(TXDWLRQ ������ LV WKH FHQWUDO UHVWULFWLRQ IRU .UHSV^3RUWHXV 6'8� :H VHH WKDW N GRHV
QRW HQWHU ������� 7KXV� IRU DQ\ � WKDW VDWLVpHV ������� ������ LV RSWLPDO� 0RUHRYHU�
JLYHQ WKH WKH HTXLYDOHQFH HVWDEOLVKHG E\ 'XrH DQG 6NLDGDV ������ EHWZHHQ �L� WKH
pUVW RUGHU FRQGLWLRQV IRU WKH RSWLPDOLW\ RI FRQVXPSWLRQ DQG �LL� WKH PDUWLQJDOH
SURSHUW\ RI GHqDWHG DVVHW SULFHV� ������ LV HTXLYDOHQW WR WKH DEVHQFH�RI�DUELWUDJH
FRQGLWLRQ IRU WKH FDSLWDO DFFRXQW� 7KLV FDQ EH YHULpHG GLUHFWO\ RQFH WKH VWDWH^SULFH
GHqDWRU LV GHULYHG �VHH ������ EHORZ� E\ VKRZLQJ WKDW P�W���W� LV D PDUWLQJDOH JLYHQ
������ LI DQG RQO\ LI ������ KROGV�
,Q D 0DUNRYLDQ VHWWLQJ� ������ LV WKH %HOOPDQ HTXDWLRQ_WKH 3'( WKDW � PXVW

VDWLVI\ DV D IXQFWLRQ RI WKH VWDWH YDULDEOHV� :H QRZ VKRZ WKDW LQ D 0DUNRYLDQ
VHWWLQJ WKH pUVW�RUGHU FRQGLWLRQ IRU WKH %HOOPDQ HTXDWLRQ �WKH HQYHORSH FRQGLWLRQ�
LV VDWLVpHG� /HW ; EH D YHFWRU RI VWDWH YDULDEOHV� 7KH RSWLPDO UDWH RI FRQVXPSWLRQ
DQG WKH PD[LPL]HG YDOXH RI XWLOLW\ GHSHQG RQ WKH VWDWH YDULDEOHV DQG ZHDOWK DV
IROORZV� F�W�  &�;�W�� N�W�� DQG 9 �W�  -�;�W�� N�W��� ZKHUH

&�[� N�  vu k�[��bu N DQG -�[� N�  
�k�[� N��bq b �

�b q
� ������

/HW -N DQG IF GHQRWH WKH REYLRXV SDUWLDO GHULYDWLYHV� 2QH FDQ YHULI\ WKDW ������ DQG
������ VDWLVI\ WKH HQYHORSH FRQGLWLRQ LGHQWLFDOO\ �

-N�[� N� u IF�&�[� N�� -�[� N��  k�[��bq Nq �

7KHUHIRUH� WKH VROXWLRQ WR WKH RSWLPXP FRQWURO SUREOHP LV UHGXFHG WR pQGLQJ WKH
IXQFWLRQ k�[� WKDW VDWLVpHV D 0DUNRYLDQ YHUVLRQ RI ������ �LQ ZKLFK Hz��W� DQG ���W�
DUH GHWHUPLQHG E\ IXQFWLRQV RI WKH VDPH VWDWH YDULDEOHV��

7KH VWDWH^SULFH GHqDWRU IRU .UHSV^3RUWHXV 6'8� *LYHQ ������� WKH SDUWLDO
GHULYDWLYHV RI I RQ WKH RSWLPDO SDWK FDQ EH ZULWWHQ DV

IF�F�W�� 9 �W��  ��W��bq N�W�bq �����D�

IY�F�W�� 9 �W��  ��b q� v u � �q u b �� vu ��W��bu

�b u
� �����E�
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:H REWDLQ D UHSUHVHQWDWLRQ RI WKH VWDWH�SULFH GHqDWRU VLPSO\ E\ LQVHUWLQJ ������ LQWR
������

P�W�  H[S

v= W

V �

��b q� v u � �q u b �� vu ��V��bu

�b u
GV

w
��W��bq N�W�bq � ������

:H FDQ VROYH IRU WKH LQWHUHVW UDWH DQG WKH SULFH RI ULVN E\ DSSO\LQJ ,WR
V OHPPD
WR ������ DQG XVLQJ ������

U�W�  q Hz��W� � �q b �� Hz��W� � ��b q� �vu ��W��bu b u v�

�b u
b �

�
Ny�W�N� ������

y�W�  q ���W� � �q b �����W�� ������

(TXDWLRQV ������ LPSRXQG LQ DVVHW SULFHV DOO WKH FKDUDFWHULVWLFV RI SUHIHUHQFHV ZH
QHHG WR VROYH IRU WKH HTXLOLEULXP� ,Q RWKHU ZRUGV� RQFH ZH KDYH ������� WKH ZH GR QRW
QHHG WKH YDOXH IXQFWLRQ LWVHOI IRU DVVHW SULFLQJ RU IRU WKH G\QDPLFV RI FRQVXPSWLRQ�
7KH TXHVWLRQ UHPDLQV DV WR KRZ WR pQG �� :H SXUVXH WZR DSSURDFKHV�
8VLQJ ������ DQG ������� WKH G\QDPLFV RI WKH GHqDWHG YDOXH RI WKH FDSLWDO VWRFN

������ FDQ EH ZULWWHQ

GPN�W�

PN�W�
 bvu ��W��bu GW� ��b q� ����W� � ���W��

!G: �W��

6LQFH PN�W�  P�W� N�W� FDQ EH LQWHUSUHWHG DV D VWDWH^SULFH GHqDWRU� ZH DUH IUHH WR
PRGHO LWV GULIW DQG GLoXVLRQ LQGHSHQGHQWO\� 7KHUHIRUH� ZH DUH IUHH WR PRGHO � DQG
��� +DYLQJ GRQH VR� ������ FDQ EH VROYHG DOJHEUDLFDOO\ IRU Hz�� 0RUHRYHU� ZH FDQ
VROYH IRU WKH G\QDPLFV RI FRQVXPSWLRQ JURZWK DQG WKH VWDWH^SULFH GHqDWRU�

HzF�W�  u v b u vu ��W��bu

u b � b u Hz��W� � �q b �� �
�
N���W� � ���W�N� �����D�

Hz��W�  u v b vu ��W��bu

u b � b Hz��W� � �q b �� �
�
N���W� � ���W�N� �����E�

U�W�  
u v b vu ��W��bu

u b � b Hz��W� � q �q b �� �
�
N���W� � ���W�N� b �

�
Ny�W�N�
�����F�

�F�W�  ���W� � ��b u����W� �����G�

���W�  ���W� �����H�

y�W�  q ���W� � �q b �����W�� �����I�

1RWH WKDW

OLP
u��

u v b u vu ��W��bu

u b �  v ORJ

v
��W�

v

w
�����D�

OLP
u��

u v b vu ��W��bu

u b �  v ORJ

v
��W�

v

w
� v� �����E�

(TXDWLRQV ������ JLYH D FRPSOHWH DOJHEUDLF VROXWLRQ WR WKH PRGHO LI ZH FKRRVH WR
LQWURGXFH WKH VWDWH YDULDEOHV GLUHFWO\ WKRXJK � DQG ��� :H DUH IUHH WR FKRRVH KRZ
� DQG �� EHKDYH DQG IUHH WR FKRRVH WKH WKUHH SUHIHUHQFH SDUDPHWHUV v� q� DQG u�
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,Q SDUWLFXODU� OHW ��W�  k�;�W�� DQG ���W�  �j�;�W��� ZKHUH k�[� DQG �j�[� DUH
DUELWUDULO\ FKRVHQ IXQFWLRQV� 6SHFLI\ WKH G\QDPLFV RI WKH 0DUNRYLDQ VWDWH YDULDEOHV�
;� ,WR
V OHPPD WKHQ GHOLYHUV Hz��W� DQG ���W� DV IXQFWLRQV RI WKH VWDWH YDULDEOHV �DQG
WKHLU G\QDPLFV�� (TXDWLRQ ������ GHWHUPLQHV WKH UHVW RI WKH PRGHO DOJHEUDLFDOO\���

1RWH WKDW JLYHQ WKH VROXWLRQ MXVW GHVFULEHG DQG UHFDOOLQJ ������� ZH QRZ FDQ SULFH DQ\
FRQWLQJHQW FODLP DORQJ WKH OLQHV RI &R[� ,QJHUVROO� -U�� DQG 5RVV �����D�� DSSO\LQJ
WKH IXQGDPHQWDO YDOXDWLRQ HTXDWLRQ RI WKHLU 7KHRUHP ��

7KH SHUSHWXLW\ HTXDWLRQ� ,I ZH FKRRVH LQVWHDG WR LQWURGXFH WKH VWDWH YDULDEOHV
YLD WKH G\QDPLFV RI WKH FDSLWDO DFFRXQW RU FRQVXPSWLRQ RU WKH VWDWH^SULFH GHqDWRU�
WKHQ ZH ZLOO KDYH WR VROYH ������ DV D 3'(� 5HFDOO WKH DEVHQFH�RI�DUELWUDJH FRQGLWLRQ
IRU WKH FDSLWDO�VWRFN�DV�SHUSHWXLW\ ������� ZKLFK ZH UHSHDW KHUH IRU FRQYHQLHQFH�

Hz}�W� � �

}�W�
 AU�W� � Ay�W�!�}�W�� ������

:KHQ u  �� ������ GHYROYHV WR DQ LGHQWLW\� 2WKHUZLVH� LW IRUPV WKH EDVLV IRU pQGLQJ
WUDFWDEOH VROXWLRQV� /HW \ EH WKH IRUFLQJ SURFHVV� ZKHUH \ LV HLWKHU � RU F RU � P�
7KHQ ZH FDQ ZULWH

AU�W�  

~
G� � G� Hz\�W� � G� G�

�

�
N�\�W�N�

�
�

�
� G�

�

�

qqqq�}�W�G�

qqqq�
�

�����D�

Ay�W�  bG� �\�W�� �����E�

ZKHUH G� GHSHQGV RQO\ RQ u DQG G� GHSHQGV RQO\ RQ q� �6HH 7DEOH � IRU WKH SDUWLFXODU
YDOXHV�� *LYHQ Hz\ DQG �\� ZH FDQ VROYH ������ IRU }� 7KH UHPDLQLQJ GULIWV DQG
GLoXVLRQV FDQ EH IRXQG YLD ���������

\�W� Hz\�W� �\�W� G� G� G� G� �  G� � G�

��W� Hz��W� ���W� u v �b u �b q b� �b u b q

F�W� HzF�W� �F�W� v �bu
u �b q � �

u b q

� P�W� U�W� � �
� Ny�W�N� y�W� u v �b u �bq

q b� �
q b u

7 DEO H � � 7KH FRHrFLHQWV RI (TXDWLRQV ������ DQG ������ LQ WHUPV
RI WKH SUHIHUHQFH SDUDPHWHUV�

:KHQ u  �� ZH WDNH D GLoHUHQW WDFN� 1RWH WKDW

OLP
u��

vu ��W��bu b u v

u b �  bv

~
� � ORJ

v
��W�

v

w�
� ������

�� 1 R WH WKD W D OWKR XJ K Z H F D Q J H W ER WK U D QG y D OJ H EUD LF D OO\ IUR P �� �� � �� Z LOO VWLOO QH H G WR XVH WKH P
WR VR OY H WKH ER QG�SULF H 3' ( WR J H W WKH WH UP VWUXF WXUH � 7 KH UH IR UH � IR U VR PH SXUSR VH V� LW PD \ EH
SUH IH UD EOH WR PR GH O U D QG y GLUH F WO\ LQ WH UPV R I WKH VWD WH Y D ULD EOH V�
��,W WXUQV R XW WKD W R WKH U GULIWV D QG GLoXVLR QV F D Q D OZ D \ V EH H [ SUH VVH G LQ WH UPV R I Hz\� �\� D QG �}
Z LWKR XW Hz}�
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7KHUHIRUH ZH FDQ ZULWH ������ DV

bv �� � ORJ���W� v�� � Hz��W� � ��b q�
�

�
N���W� � ���W�N�  �� ������

,Q WHUPV RI \� ZH FDQ ZULWH ������ DV

v ORJ���W� v�  G� v � Hz\�W� � Hz��W� � G�
�

N�\�W� � ���W�N�� ������

ZKHUH G� DQG G� DUH JLYHQ LQ 7DEOH ��

7KH YDOXH RI FXUUHQF\ DQG WKH QRPLQDO LQWHUHVW UDWH� ,I ZH SXW UHDO EDODQFHV
LQ D WLPH�VHSDUDEOH XWLOLW\ IXQFWLRQ� ZH KDYH

I�F�P� Y�  X�F�P�b v Y�

VR WKDW IY�F� Y�  bv� IF�F� Y�  XF�F�P�� DQG WKH VWDWH^SULFH GHqDWRU LV JLYHQ E\

Q�W�  Hbv W XF�F�W��P�W���

,Q DGGLWLRQ� ZH KDYH WKH pUVW�RUGHU FRQGLWLRQ WKDW WKH UHQWDO UDWH RI PRQH\ HTXDO
WKH PDUJLQDO UDWH RI VXEVWLWXWLRQ�

5�W�  
IP�F� Y�

IF�F� Y�
 

XP�F�P�

XF�F�P�
�

ZKHUH 5 LV WKH LQVWDQWDQHRXV QRPLQDO LQWHUHVW UDWH���

1RZ FRQVLGHU WKH YDOXH RI FXUUHQF\� 9 �W�  � 3 �W�� ,Q WKLV FDVH ZH PRGHO WKH
QRPLQDO VWDWH^SULFH GHqDWRU�

Q��W� � 
Q�W�

3 �W�
�

ZKHUH

GQ��W�

Q��W�
 b5�W� GWb e�W�!G: �W��

7KH GLYLGHQG UDWH LV WKH QRPLQDO LQWHUHVW UDWH 5�W� DQG WKH QRPLQDO SULFH RI ULVN LV
WKH VXP RI WKH UHDO SULFH RI ULVN DQG LQqDWLRQ YRODWLOLW\� e�W�  y�W� � �3 �W�� 7KH
G\QDPLFV RI LQqDWLRQ DUH JLYHQ E\ DSSO\LQJ ,WR
V OHPPD WR 3 �W�  Q�W� Q��W��

G ORJ�3 �W��  }�W� GW� �3 �W�
!G: �W��

ZKHUH

}�W�  5�W�b U�W� �
�

�

bNe�W�N� b Ny�W�N�c
�3 �W�  e�W�b y�W��

��6H H ' XrH D QG (SVWH LQ �� � � � D � IR U D GLVF XVVLR Q R I WKH PXOWLSOH �J R R GV F D VH �
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:LWK PRQH\ LQ D WLPH^VHSDUDEOH XWLOLW\ IXQFWLRQ� ZH KDYH�����

5�W�  
XP

t
F�W�� 0�W�3 �W�

u
XF

t
F�W�� 0�W�3 �W�

u � ������

*LYHQ WKDW ZH KDYH DOUHDG\ VROYHG IRU WKH G\QDPLFV RI 5�W�� F�W�� DQG 3 �W�� ZH FDQ
DSSO\ ,WR
V OHPPD WR WKLV FRQGLWLRQ WR UHFRYHU WKH G\QDPLFV RI HTXLOLEULXP PRQH\
PRQH\ VXSSO\� )RU H[DPSOH OHW

X�F�P�  q

v
F�bu b �
�b u

w
� ��b q�

v
P�b� b �
�b �

w
� ������

VR WKDW

XF�F�P�  q Fbu �����D�

XP�F�P�  ��b q�Pb�� �����E�

,Q WKLV FDVH ZH KDYH Q�W�  Hbv W F�W�bu� ZKLFK LV D VSHFLDO FDVH RI WKH VWDWH^SULFH
GHqDWRU SUHVHQWHG DERYH ZLWK r  ��
:LWK WKLV XWLOLW\ IXQFWLRQ� ������ EHFRPHV

0�W�

3 �W�
 

v
�b q

q

w� � F�W�u �

5�W�� �
� ������

DQG ZH VHH WKDW WKH HODVWLFLW\ RI GHPDQG IRU UHDO EDODQFHV ZLWK UHVSHFW WR FRQ�
VXPSWLRQ DQG WKH QRPLQDO LQWHUHVW UDWH DUH JLYHQ E\ u � DQG b� � UHVSHFWLYHO\�
$SSO\LQJ ,WR
V OHPPD WR ������ LQ WKLV FDVH SURGXFHV

Hz0 �W�  �

�

v
5�W�b v b Hz5�W� � �

�
Ne�W�N�

w
�

v
� b �
�

w
}�W� �����D�

�0 �W�  
�

�
�e�W�b �5�W�� �

v
� b �
�

w
�3 �W�� �����E�

ZKHUH

G ORJ�5�W��  Hz5�W� GW� �5�W�
!G: �W��

$SSHQGL[ $� $ QRW H RQ & ,5
V F U LW LTXH RI W KH DU ELW U DJH DSSU RDF K W R
ERQG SU LF LQJ

&R[� ,QJHUVROO� -U�� DQG 5RVV �����E� FULWLTXH ZKDW WKH\ FDOO ?ERQG SULFLQJ E\
DUELWUDJH PHWKRGV�� 7KH\ IRFXV WKHLU GLVFXVVLRQ RQ WKH 3'( IRU ERQG SULFHV ZKHUH
WKHUH LV D VLQJOH VWDWH YDULDEOH� WKH LQVWDQWDQHRXV LQWHUHVW UDWH U� 7KH G\QDPLFV RI
U XQGHU WKH SK\VLFDO PHDVXUH JLYHQ E\

GU  x �v b U� GW� �
S
U G: �W��

��6H H %D N VKL D QG & KH Q �� � � � � IR U D Q D QD O\ VLV R I WKLV PR GH O�
��6H H $ SSH QGL[ % IR U D Q H [ D PSOH R I PR QH \ LQ D UH F XUVLY H XWLOLW\ IXQF WLR Q�
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7KH 3'( LV JLYHQ DV WKHLU HTXDWLRQ �����

�

�
�� U 3UU � x �v b U�3U � 3W b U 3  < �U� W� 7 ��

ZKHUH 3 LV WKH SULFH RI D ]HUR�FRXSRQ ERQG RI WKDW PDWXUHV DW WLPH 7 DQG < �U� W� 7 �
LV ?WKH H[FHVV H[SHFWHG UHWXUQ RQ D ERQG ZLWK PDWXULW\ GDWH 7 �� &OHDUO\� < LV WKH
SURGXFW RI WKH �DEVROXWH� YRODWLOLW\ RI WKH ERQG SULFH� �

S
U 3U� WLPHV WKH SULFH RI

ULVN� y�U���� &,5 ZULWH

< �U� W� 7 �  ��U�3U�

ZKLFK LPSOLHV

��U�  �
S
U y�U��

,Q WKHLU H[DPSOH� &,5 VHW ��U�  ����� U� ZKHUH �� DQG �� DUH QRQ�]HUR FRQVWDQWV�
:H FDQ VHH WKH SUREOHP E\ VROYLQJ IRU y�U��

y�U�  
��U�

�
S
U
 

�� � �� U

�
S
U

�

1RWH WKDW

OLP
U��

My�U�M  ��

&OHDUO\ WKLV LV D EDG PRGHOLQJ FKRLFH� ,QGHHG� RQH LV QRW IUHH WR PRGHO WKH SULFH RI
ULVN LQ VXFK D ZD\ DV WR SUHFOXGH WKH H[LVWHQFH RI WKH VWDWH^SULFH GHqDWRU� 1RWH WKDW
&,5 GR QRW VKRZ WKDW RQH FDQQRW PRGHO U DQG y LQGHSHQGHQWO\� ,Q IDFW� RQH FDQ�

$SSHQGL[ %� 0 RQH\ LQ D U HF XU VLYH XW LO LW \ I XQF W LRQ

5HIHU WR )LVKHU DQG *LOOHV ������� /HW

zI�F�P� Y�  
v
b
J�P� F�b� u b I� � ��b q� YJ� rc
��b � u� I� � ��b q� YJ� rb� �

DQG NHHS

F�W�  ��W� N�W� �%��D�

9 �W�  
�t�W� N�W���bq b �

�b q
� �%��E�

%XW OHW WKH FRQVXPSWLRQ^FDSLWDO UDWLR ��W� LV GHpQHG LQ WHUPV RI WKH IXQFWLRQ t�W�
E\�

��W� � J�P�u vu t�W��bu� �%���

*LYHQ �%���� WKH SDUWLDO GHULYDWLYHV RI zI RQ WKH RSWLPDO SDWK FDQ EH ZULWWHQ DV

zIF�F�W�� 9 �W��  J�P� t�W��bq N�W�bq �%��D�

DQG

zIY�F�W�� 9 �W��  br v � �r b ����W�� �%��E�

�� 7 KLV LV QRW & ,5
V SD UD PH WH U y�
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7KH VWDWH^SULFH GHqDWRU LV JLYHQ E\

Q�W�  Hbv r W F�W�br u ��W�rb� J�P�W���

7KH pUVW�RUGHU FRQGLWLRQ IRU PRQH\� 5  zIP zIF� LV

5�W�  
F�W� J��P�W��

��b � u� J�P�W�� �

$ QDWXUDO FKRLFH IRU J LV J�P�  P�b�� LQ ZKLFK FDVH ZH KDYH

Q�W�  Hbv r W F�W�br u ��W�rb�P�W��b�

5�W�  

v
�b �

�b � u
w

F�W�

P�W�
�

5HI HU HQF HV

%DNVKL� *� 6� DQG =� &KHQ ������� ,QqDWLRQ� DVVHW SULFHV� DQG WKH WHUP VWUXFWXUH
RI LQWHUHVW UDWHV LQ PRQHWDU\ HFRQRPLHV� 5HYLHZ RI )LQDQFLDO 6WXGLHV � ����
���^����

%DNVKL� *� 6� DQG =� &KHQ ������� $Q DOWHUQDWLYH YDOXDWLRQ PRGHO IRU FRQWLQJHQW
FODLPV� -RXUQDO RI )LQDQFLDO (FRQRPLFV ��� ���^����

&R[� -� &�� -� (� ,QJHUVROO� -U�� DQG 6� $� 5RVV �����D�� $Q LQWHUWHPSRUDO JHQHUDO
HTXLOLEULXP PRGHO RI DVVHW SULFHV� (FRQRPHWULFD �� ���� ���^����

&R[� -� &�� -� (� ,QJHUVROO� -U�� DQG 6� $� 5RVV �����E�� $ WKHRU\ RI WKH WHUP
VWUXFWXUH RI LQWHUHVW UDWHV� (FRQRPHWULFD �� ���� ���^����

'XrH� '� ������� '\QDPLF $VVHW 3ULFLQJ 7KHRU\ �VHFRQG HG��� 3ULQFHWRQ� 1HZ
-HUVH\� 3ULQFHWRQ 8QLYHUVLW\ 3UHVV�

'XrH� '� DQG /� *� (SVWHLQ �����D�� $VVHW SULFLQJ ZLWK VWRFKDVWLF GLoHUHQWLDO
XWLOLW\� 5HYLHZ RI )LQDQFLDO 6WXGLHV � ���� ���^����

'XrH� '� DQG /� *� (SVWHLQ �����E�� 6WRFKDVWLF GLoHUHQWLDO XWLOLW\� (FRQRPHW�
ULFD �� ���� ���^���� $SSHQGL[ & ZLWK &RVWLV 6NLDGDV�

'XrH� '� DQG 3��/� /LRQV ������� 3GH VROXWLRQV RI VWRFKDVWLF GLoHUHQWLDO XWLOLW\�
-RXUQDO RI 0RQHWDU\ (FRQRPLFV ��� ���^����

'XrH� '� DQG &� 6NLDGDV ������� &RQWLQXRXV�WLPH VHFXULW\ SULFLQJ� $ XWLOLW\
JUDGLHQW DSSURDFK� -RXUQDO RI 0DWKHPDWLFDO (FRQRPLFV ��� ���^����

'XrH� '� DQG 5� 6WDQWRQ ������� 3ULFLQJ FRQWLQXRXVO\ UHVHWWOHG FRQWLQJHQW
FODLPV� -RXUQDO RI (FRQRPLF '\QDPLFV DQG &RQWURO ��� ���^����

)LVKHU� 0� DQG &� *LOOHV ������� 7KH HTXLW\ SUHPLXP DQG WKH WHUP VWUXFWXUH RI
LQWHUHVW UDWHV ZLWK UHFXUVLYH XWLOLW\� :RUNLQJ SDSHU� %RDUG RI *RYHUQRUV RI WKH
)HGHUDO 5HVHUYH 6\VWHP� :DVKLQJWRQ '&�

*LOOHV� &� DQG 6� )� /H5R\ ������� %XEEOHV DV SD\RoV DW LQpQLW\� (FRQRPLF 7KH�
RU\ �� ���^����

.D]HPL� +� %� ������� $Q LQWHUWHPSRUDO PRGHO RI DVVHW SULFHV LQ D 0DUNRY HFRQ�
RP\ ZLWK D OLPLWLQJ VWDWLRQDU\ GLVWULEXWLRQ� 5HYLHZ RI )LQDQFLDO 6WXGLHV � ����
��^����
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�0 D UN ) LVKH U� 0 RQHW DU \ $I I DLU V� %RDU G RI * RYHU QRU V RI W KH ) HGHU DO 5HVHU YH 6\V�
W HP � : DVKLQJW RQ� '& � � � � �

( �PDLO DGGUHV V � PILVKHU#IUE�JRY
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