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3 UHOLPLQDU\ DQG ,QFRPSOHWH
'R QRW TX RWH ZLWKRX W SHUPLV V LRQ

& RPPHQWV ZHOFRPH

$EVW U DF W � :KH Q WD [ D EOH \ LH OGV D UH WLH G WR WD [ �H [ H PSW \ LH OGV D W WKH VKR UW H QG
R I WKH \ LH OG F XUY H � WKH Y R OD WLOLW\ R I WKH EH IR UH �WD [ VKR UW�WH UP LQWH UH VW UD WH Z LOO
EH J UH D WH U WKD Q WKH Y R OD WLOLW\ R I WKH D IWH U�WD [ VKR UW�WH UP LQWH UH VW UD WH � D QG WKH
UH OD WLY H VKD SH V R I WKH WZ R WH UP VWUXF WXUH V Z LOO EH D oH F WH G E\ WKLV UH OD WLR QVKLS�
,Q SD UWLF XOD U� WKH \ LH OG R Q D GH ID XOW�IUH H WD [ �H [ H PSW ] H UR �F R XSR Q ER QG Z LOO EH
J UH D WH U WKD Q WKH ? D IWH U�WD [ \ LH OG� R Q D GH ID XOW�IUH H WD [ D EOH ] H UR �F R XSR Q ER QG�
(VWLPD WH V R I WKH VL] H D QG Y D ULD ELOLW\ R I WKLV H oH F W D UH SUR Y LGH G�

�� ,QW U RGXF W LRQ

:H DQDO\]H D VLPSOH� VW\OL]HG PRGHO RI WD[DEOH DQG WD[�H[HPSW ERQGV LQ DQ
DUELWUDJH�IUHH VHWWLQJ DQG GHULYH WKH UHODWLRQVKLS EHWZHHQ WD[DEOH DQG WD[�H[HPSW
\LHOGV� 7KH WD[ UXOH LV WKLV� $Q\ FKDQJH LQ WKH SULFH RI D WD[DEOH ERQG EH LPPH�
GLDWHO\ WD[DEOH DV LQFRPH DW WKH p[HG PDUJLQDO WD[ UDWH� :H IRFXV RQ WKH \LHOGV
RQ GHIDXOW�IUHH ]HUR�FRXSRQ ERQGV� 7KH QDLYH K\SRWKHVLV LV WKDW WKH UDWLR RI WKH
WD[�H[HPSW \LHOG WKH WD[DEOH \LHOG HTXDOV RQH PLQXV WKH WD[ UDWH �IRU DOO PDWXUL�
WLHV�� ,Q RWKHU ZRUGV� WKH WZR \LHOG FXUYHV DUH SURSRUWLRQDO� :H VKRZ WKDW WKH QDLYH
K\SRWKHVLV LPSOLHV DUELWUDJH RSSRUWXQLWLHV�
7KH QDLYH YLHZ GRHV FRQWDLQ D JHUP RI WUXWK WKDW FDQ EH XVHG WR FXOWLYDWH WKH

FRUUHFW UHODWLRQVKLS� $W WKH YHU\ VKRUW HQG RI WKH WHUP VWUXFWXUH� WKH UDWLR RI
WKH WD[�H[HPSW VSRW UDWH WR WKH WD[DEOH VSRW UDWH GRHV HTXDO RQH PLQXV WKH WD[
UDWH� 7KLV LPSOLHV WKDW WKH WD[DEOH VSRW UDWH LV PRUH YRODWLOH WKDQ WKH WD[�H[HPSW
VSRW UDWH� DQG WKH UHODWLYH VKDSHV RI WKH WZR WHUP VWUXFWXUHV ZLOO EH DoHFWHG E\
WKLV UHODWLRQVKLS� ,Q SDUWLFXODU� WKH \LHOG RQ D GHIDXOW�IUHH WD[�H[HPSW ]HUR�FRXSRQ

'DWH� -D QXD U\ � � � � � � � � 5H Y LVH G 0 D UF K � � � � � � � � $ SSH QGL[ UH Y LVH G 6H SWH PEH U � � � � � � � � $ GGLWLR QD O
PLQR U UH Y LVLR QV $ SULO � � � � � � �
-( / & ODV V LpFDWLRQ� *� � �
.H\ ZRUGV DQG SKUDV HV � 7 D [ �H [ H PSW ER QGV� WH UP VWUXF WXUH R I LQWH UH VW UD WH V� F R QY H [ LW\ � -H QVH Q
V
LQH T XD OLW\ � H [ SR QH QWLD O�D rQH PR GH OV�
7 KLV SD SH U F R QpUPV D F R QMH F WXUH E\ -R H O /D QGH U� ,Q WH UPV R I WKH QR WD WLR Q LQWUR GXF H G LQ WKLV
SD SH U� KLV F R QMH F WXUH F D Q EH VWD WH G D V IR OOR Z V� :KH Q AU�W�  � U�W� Z KH UH � ! � � WKH Q IR U � ! W
-H QVH Q
V LQH T XD OLW\ SUR GXF H V A\�W� �� � �\�W� ��� , WKD QN & KULVWLD Q *LOOH V D QG -R H O /D QGH U IR U XVH IXO
GLVF XVVLR QV� 7 KH Y LH Z V H [ SUH VVH G KH UH LQ D UH WKH D XWKR U
V D QG GR QR W QH F H VVD ULO\ UH qH F W WKR VH R I WKH
%R D UG R I *R Y H UQR UV R I WKH ) H GH UD O 5H VH UY H 6\ VWH P�

�
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ERQG ZLOO EH JUHDWHU WKDQ WKH ?DIWHU�WD[ \LHOG� RQ D GHIDXOW�IUHH WD[DEOH ]HUR�FRXSRQ
ERQG�
,W LV XVHIXO WR UHODWH WKLV SDSHU WR *UHHQ ������� *UHHQ PDNHV pYH DVVXPSWLRQV

�S� �����

�� 7KHUH DUH WD[DEOH DQG WD[�H[HPSW ERQGV SULFHG DW SDU DYDLODEOH
IRU HDFK PDWXULW\�

�� $OO ERQGV DUH ULVNOHVV DQG QRQFDOODEOH�
�� >D@ %RQGV DUH SULFHG RQ WKH EDVLV RI FDVK qRZV JHQHUDWHG LI KHOG
WR PDWXULW\�
>E@ ,Q SDUWLFXODU� WKH RSWLRQV WR UHDOL]H FDSLWDO ORVVHV HDUO\ DUH
LJQRUHG�

�� ,QYHVWRUV WUDGH IUHHO\ DQG ZLWKRXW IULFWLRQV LQ DOO PDUNHWV VLPXO�
WDQHRXVO\� DQG WD[DWLRQ RQ ORQJ DQG VKRUW SRVLWLRQV LV FRPSOHWHO\
V\PPHWULF VR WKDW LQYHVWRUV DUH ?PDUJLQDO� RQ DOO ERQGV�

�� 2YHU WKH OLIH RI HDFK ERQG WKH WD[ UDWH DQG WKH WD[ UHJLPH ZLOO
QRW FKDQJH�

, DGRSW WKHVH DVVXPSWLRQV ZLWK WKH H[SHFWDWLRQ RI $VVXPSWLRQ �� HDFK SDUW RI
ZKLFK GHVHUYHV VHSDUDWH FRPPHQW� 5HJDUGLQJ SDUW >E@� WKH WD[�V\VWHP WUHDWHG LQ
WKLV SDSHU GRHV QRW DOORZ IRU WKH GHIHUUDO RI FDSLWDO JDLQV WD[HV DQG FRQVHTXHQWO\�
WKHUH DUH QR RSSRUWXQLWLHV IRU UHDOL]LQJ FDSLWDO ORVVHV HDUO\� %\ FRQWUDVW� *UHHQ
V
WUHDWPHQW RI WKH WD[ FRGH LV VLJQLpFDQWO\ PRUH UHDOLVWLF� ,Q IDFW� KLV DQDO\VLV LV
EDVHG RQ WKH SRVVLELOLW\ RI FRQVWUXFWLQJ D WD[DEOH ]HUR�FRXSRQ ERQG IRU ZKLFK WKH
WD[HV DUH GHIHUUHG XQWLO PDWXULW\�� 5HJDUGOHVV RI WKH WD[ V\VWHP DGRSWHG� SDUW
>D@ RI $VVXPSWLRQ � LV DW RGGV ZLWK VWDQGDUG DEVHQFH�RI�DUELWUDJH FRQGLWLRQV WKDW
HoHFWLYHO\ WDNH LQWR DFFRXQW VKRUW WHUP qXFWXDWLRQV LQ DVVHW SULFHV� 7KHVH SOD\ D
FHQWUDO UROH LQ WKLV SDSHU�
,Q 6HFWLRQ � ZH XVH WKH +HDWK� -DUURZ� DQG 0RUWRQ ������ UHVWULFWLRQ RQ WKH

G\QDPLFV IRU IRUZDUG UDWHV WR VKRZ WKDW WZR \LHOG FXUYHV FDQQRW EH SURSRUWLRQDO
DEVHQW DUELWUDJH RSSRUWXQLWLHV� ,Q 6HFWLRQ � ZH VKRZ WKDW� H[FHSW IRU LQVWDQWDQHRXV
VSRW UDWHV� WKH UDWLR RI WD[�H[HPSW \LHOGV WR WD[DEOH \LHOGV PXVW EH JUHDWHU WKDQ WKDW
GLUHFWO\ LPSOLHG E\ WKH WD[ UDWH� ,Q 6HFWLRQ � ZH VKRZ KRZ WR WDNH DQ H[SRQHQWLDO�
DrQH PRGHO RI WKH WD[DEOH WHUP VWUXFWXUH DQG GHULYH WKH WD[�H[HPSW WHUP VWUXFWXUH�
:H SURYLGH HPSLULFDO H[DPSOHV EDVHG RQ WKUHH PRGHOV HVWLPDWHG E\ &KHQ DQG 6FRWW
������� ,Q 6HFWLRQ � ZH GLVFXVV KRZ WR LQFRUSRUDWH GHIDXOW ULVN LQWR WKH WD[�H[HPSW
WHUP VWUXFWXUH�

�� 7 KH QDLYH K\SRW KHVLV

7KHUH DUH WZR W\SHV RI ]HUR�FRXSRQ ERQGV� WD[�H[HPSW DQG WD[DEOH� %RWK W\SHV
RI ERQGV SD\ RQH XQLW DW PDWXULW\ ZLWK FHUWDLQW\� 7KH WD[DEOH ERQGV DUH WD[DEOH
LQ WKH IROORZLQJ ZD\� $Q\ FKDQJH LQ SULFH LV LPPHGLDWHO\ WD[DEOH DV LQFRPH DW WKH
p[HG PDUJLQDO WD[ UDWH |� ZKHUH � � | � �� /HW WKH SULFH DW WLPH W RI D WD[�H[HPSW

�*UH H Q D OVR UH F R J QL] H V WKD W ? D V WKH WD [ F R GH LQ ID F W VWLSXOD WH V� WKD W LQWH UH VW GH GXF WLR QV IUR P ER U�
UR Z LQJ V D QG VKR UW SR VLWLR QV F D QQR W H [ F H H G LQY H VWPH QW LQF R PH IUR P WKH SR VLWLR QV WKH VH ER UUR Z LQJ V
VXSSR UW � � � ��
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ERQG WKDW PDWXUHV DW � EH 3 �W� ��� DQG OHW WKH SULFH DW WLPH W RI D WD[DEOH ERQG WKDW

PDWXUHV DW � EH A3 �W� ��� 7KH \LHOG�WR�PDWXULW\ DQG LQVWDQWDQHRXV IRUZDUG UDWHV DUH
JLYHQ E\

\�W� �� � 
b ORJ�3 �W� ���
�� b W�

I�W� �� � b# ORJ�3 �W� ���

# �
 \�W� �� � �� b W�

# \�W� ��

# �

IRU WD[�H[HPSW ERQGV� ZLWK DQDORJRXV H[SUHVVLRQV IRU WD[DEOH ERQGV�
7KH QDLYH K\SRWKHVLV LV A\�W� ��  �\�W� ��� ZKHUH � � � �� b |� ! �� 7KLV

K\SRWKHVLV FDQ DOVR EH ZULWWHQ LQ WHUPV RI HLWKHU IRUZDUG UDWHV� AI�W� ��  � I�W� ���

RU ERQG SULFHV� A3 �W� ��  3 �W� ���� 7KH PRVW LPPHGLDWH ZD\ WR VHH WKDW WKH QDLYH
K\SRWKHVLV FDQQRW KROG DEVHQW DUELWUDJH RSSRUWXQLWLHV LV WR DSSO\ WKH +HDWK� -DUURZ�
DQG 0RUWRQ ������ +-0� DEVHQFH�RI�DUELWUDJH FRQGLWLRQV IRU IRUZDUG�UDWH G\QDPLFV�
)ROORZLQJ +-0� DVVXPH WKDW I�W� �� FDQ EH ZULWWHQ DV DQ ,WR SURFHVV XQGHU WKH
VWDQGDUG HTXLYDOHQW PDUWLQJDOH PHDVXUH�

GI�W� ��  zI �W� �� GW� �I �W� ��
!G: �W��

$V +-0 pUVW VKRZHG� WKH DEVHQFH RI DUELWUDJH LPSOLHV

zI �W� ��  �I �W� ��
!
= �

W
�I �W� X� GX� �����

*LYHQ WKH QDLYH K\SRWKHVLV� AI�W� ��  � I�W� ��� ZH KDYH G AI�W� ��  �GI�W� ��� DQG
KHQFH ZH FDQ ZULWH

G AI�W� ��  AzI �W� �� GW� A�I �W� ��
!G: �W��

ZKHUH

AzI �W� ��  �zI �W� ��

A�I �W� ��  ��I �W� ���
�����

%XW WKHUH LV DQ DQDORJRXV +-0 UHVWULFWLRQ IRU WKH G\QDPLFV RI AI�W� �� WR FRQWHQG
ZLWK�

AzI �W� ��  A�I �W� ��
!
= �

W
A�I �W� X� GX� �����

6XEVWLWXWLQJ ����� LQWR ����� SURGXFHV �DIWHU FDQFHOODWLRQ�

zI �W� ��  ��I �W� ��
!
= �

W
�I �W� X� GX� �����

2EYLRXVO\ ����� FRQWUDGLFWV ������ DQG WKHUHIRUH� LW FDQQRW EH WKH FDVH WKDW A\�W� ��  
� \�W� �� DEVHQW DUELWUDJH�



� 0$ 5. ),6 + ( 5

�� 7 KH F RU U HF W U HO DW LRQVKLS

+DYLQJ UXOHG RXW A\�W� ��  �\�W� ��� FDQ ZH VD\ DQ\WKLQJ VWURQJHU DERXW WKH
FRUUHFW UHODWLRQVKLS EHWZHHQ A\�W� �� DQG \�W� ��" 7KH DQVZHU LV \HV� 7KH OLQH RI
UHDVRQLQJ ZH IROORZ LV WKLV� :H VKRZ WKDW �XQGHU WKH VWDQGDUG HTXLYDOHQW PDUWLQJDOH
PHDVXUH 4� WKH H[SHFWHG UDWH RI UHWXUQ RQ WKH WD[�H[HPSW ERQG LV U�W� DQG WKH
EHIRUH�WD[ H[SHFWHG UDWH RI UHWXUQ RQ WKH WD[DEOH ERQG LV AU�W� � � U�W�� 7KLV DOORZV

XV WR H[SUHVV WD[�H[HPSW DQG WD[DEOH ERQG SULFHV DV 3 �W� ��  (W>[@ DQG A3 �W� ��  
(W>[

�@� ZKHUH [ LV D WLPH�� PHDVXUDEOH UDQGRP YDULDEOH� -HQVHQ
V LQHTXDOLW\ WKHQ
LPSOLHV A\�W� �� � �\�W� ���
/HW WKH WD[�H[HPSW VKRUW UDWH EH U�W�� �1RWH WKDW U�W� u \�W� W��� 7KH YDOXH RI

WKH WD[�H[HPSW PRQH\�PDUNHW DFFRXQW DW WLPH W LV

p�W� � H[S

v= W

�
U�X� GX

w
�

8QGHU 4� 3 �W� �� p�W� LV D PDUWLQJDOH� 7KHUHIRUH ZH FDQ ZULWH
G3 �W� ��

3 �W� ��
 U�W� GW� �3 �W� ��

!G: �W� �����

DQG

3 �W� ��  (W >p�W� p���@  (W >��W� ��@ � �����

ZKHUH ��W� ��  p�W� p���  H[S
bb 5 �

W U�X� GX
c
�

1RZ OHW XV WXUQ WR WD[DEOH ERQGV�� *LYHQ WKH WD[ UXOH� WKH G\QDPLFV RI WKH WD[
qRZ DUH | G A3 �W� ��� 7KHUHIRUH WKH DIWHU�WD[ UHWXUQ RQ D WD[DEOH ERQG LV JLYHQ E\

��b|� G A3 �W� �� A3 �W� ��� 8QGHU4 WKH H[SHFWHG DIWHU�WD[ UDWH RI UHWXUQ PXVW HTXDO WKH
WD[�H[HPSW VSRW UDWH� (W>��b|� G A3 �W� �� A3 �W� ��@  U�W� GW RU (W>G A3 �W� �� A3 �W� ��@  
AU�W� GW� ZKHUH AU�W� � � U�W�� 7KHUHIRUH ZH FDQ ZULWH

G A3 �W� ��
A3 �W� ��

 AU�W� GW� A�3 �W� ��
!G: �W�� �����

%HIRUH SURFHHGLQJ� ZH FDQ VHH DJDLQ WKDW WKH QDLYH K\SRWKHVLV YLRODWHV WKH DEVHQFH
RI DUELWUDJH� ,WR
V OHPPD DSSOLHG WR 3 �W� ��� GHOLYHUV

G3 �W� ���

3 �W� ���
 

v
AU�W� � |

�

�
N��3 �W� ��N�

w
GW� ��3 �W� ��

!G: �W�� �����

&OHDUO\ WKH GULIW LQ ����� GRHV QRW HTXDO WKH GULIW LQ ������ DQG WKHUHIRUH ZH FDQQRW
KDYH A\�W� ��  �\�W� �� DEVHQW DUELWUDJH�
7R pQG DQ H[SUHVVLRQ IRU WD[DEOH ERQGV DQDORJRXV WR ������ GHpQH

Ap�W� � H[S

v= W

�
AU�V� GV

w
 p�W���

�,Q WKH $ SSH QGL[ Z H SUH VH QW D PR UH IR UPD O GH ULY D WLR Q R I �� �� ��
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DQG QRWH WKDW A3 �W� �� Ap�W� LV D PDUWLQJDOH XQGHU 4� 7KHUHIRUH WKH SULFH RI D WD[DEOH
ERQG FDQ EH ZULWWHQ DV

A3 �W� ��  (W

K
Ap�W� Ap���

L
 (W

K
��W� ���

L
� �����

:H FDQ H[DPLQH WKH UHODWLRQVKLS EHWZHHQ \�W� �� DQG A\�W� �� E\ FRPSDULQJ �����
DQG ������ )LUVW� DVVXPLQJ WKH LQWHUHVW UDWH PXVW UHPDLQ SRVLWLYH �VR WKDW ��W� �� � �

IRU � ! W�� ZH KDYH 3 �W� �� ! A3 �W� ��� DQG KHQFH A\�W� �� ! \�W� ���� 6HFRQG� VLQFH [�

LV FRQYH[ LQ [ ZKHQ � ! �� -HQVHQ
V LQHTXDOLW\ VD\V (>[@� � (>[�@� 7KXV� IRU � ! W

3 �W� ��� � A3 �W� ���

7DNLQJ ORJV DQG UHDUUDQJLQJ SURGXFHV WKH FHQWUDO UHVXOW� )RU � ! W

A\�W� �� � �\�W� ��� �����

7KXV IRU � ! W WKH DEVHQFH RI DUELWUDJH UHTXLUHV WKDW WKH UDWLR RI WD[�H[HPSW WR
WD[DEOH \LHOG VDWLVI\

�b | �
\�W� ��

A\�W� ��
� �� �����

�� 0 RGHO LQJ W KH W HU P VW U XF W XU H

6KDUSHU VWDWHPHQWV DERXW WKH UHODWLRQVKLS EHWZHHQ A\�W� �� DQG \�W� �� UHTXLUH
DQ H[SOLFLW PRGHO RI WKH WHUP VWUXFWXUH� &RQVLGHU WKH H[SRQHQWLDO�DrQH FODVV RI
PRGHOV RI WKH WHUP VWUXFWXUH RI LQWHUHVW UDWHV�� ,Q WKLV FODVV RI PRGHOV� ZH KDYH
U�W�  r��

3G
L � rL;L�W�� ZKHUH WKH ;L�W� DUH 0DUNRYLDQ VWDWH YDULDEOHV� 7KH YHFWRU

RI VWDWH YDULDEOHV ;�W� KDV WKH IROORZLQJ G\QDPLFV XQGHU WKH VWDQGDUG HTXLYDOHQW
PDUWLQJDOH PHDVXUH�

G;�W�  z;�;�W�� GW� �;�;�W��
!G: �W��

ZKHUH

z;�[�  E� �
G;

L �

EL [L� ����D�

�;�[�
!�;�[�  *� �

G;
L �

*L [L� ����E�

ZKHUH WKH rL DUH VFDODUV� WKH EL DUH Gd� YHFWRUV DQG WKH*L DUH GdGPDWULFHV� $EXVLQJ
QRWDWLRQ VOLJKWO\� ERQG SULFHV DV D IXQFWLRQ RI WKH VWDWH YDULDEOHV DQG PDWXULW\
P  � b W DUH JLYHQ E\

3 �[�P�  H[S

�
b%��P�b

G;
L �

%L�P�[L

�
�

�,Q D 9 D VLF H N �� � � � � PR GH O IR U H [ D PSOH � WKH LQWH UH VW UD WH F D Q EH QH J D WLY H D QG R QH F D Q KD Y H 3 �W� �� �
A3 �W� ���
�6H H ' XrH D QG . D Q �� � � � � IR U D J H QH UD O GLVF XVVLR Q R I WKLV F OD VV R I PR GH OV� 6H H ) LVKH U D QG *LOOH V
�� � � � � IR U D GLVF XVVLR Q R I H VWLPD WLQJ WKH VH PR GH OV�
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ZKHUH WKH %L�P� VROYH
�

%�
L�P�  rL �%�P�!EL b �

�
%�P�!*L%�P� �����

VXEMHFW WR %L���  � IRU L  � WR G� 7KH LQLWLDO FRQGLWLRQV IROORZ IURP WKH UHTXLUH�
PHQW WKDW 3 �[� ��  ��
)RU WD[DEOH ERQGV� WKH RQO\ FKDQJH LQ WKH VWUXFWXUH RI WKH PRGHO LV GXH WR AU�W�  

� U�W�� 7KXV ZH KDYH AU�W�  Ar� �
3G

L �
ArL;L�W�� ZKHUH ArL  � rL� DQG WKH UHVW RI WKH

PRGHO LV XQFKDQJHG� 7KHUHIRUH� ZH FDQ ZULWH

A3 �[�P�  H[S

�
b A%��P�b

G;
L �

A%L�P�[L

�
�

ZKHUH WKH A%L�P� VROYH

A%�
L�P�  � rL � A%�P�!EL b �

�
A%�P�!*L

A%�P� �����

VXEMHFW WR A%L���  � IRU L  � WR G�

(PSLULFDO VHFWLRQ� )RU HPSLULFDO SXUSRVHV� LW LV FRQYHQLHQW WR WDNH WKH WD[DEOH
WHUP VWUXFWXUH DV WKH SULPLWLYH DQG GHULYH WKH WD[�H[HPSW WHUP VWUXFWXUH IURP
LW� 7KXV� JLYHQ DQ HVWLPDWHG PRGHO RI WKH WD[DEOH WHUP VWUXFWXUH DQG D PDUJLQDO
WD[ UDWH |� ZH FDQ LPPHGLDWHO\ VROYH IRU WKH WD[�H[HPSW WHUP VWUXFWXUH� XVLQJ
rL  ��b |� ArL�
&KHQ DQG 6FRWW ������� IRU H[DPSOH� SURYLGH HVWLPDWHV RI RQH�� WZR�� DQG WKUHH�

IDFWRU H[SRQHQWLDO�DrQH PRGHOV RI WKH WD[DEOH GHIDXOW�IUHH WHUP VWUXFWXUH� ,Q HDFK
RI WKHLU PRGHOV WKH LQWHUHVW UDWH HTXDOV WKH VXP RI WKH IDFWRUV� U�W�  

3G
L �;L�W��

DQG WKH IDFWRUV IROORZ LQGHSHQGHQW VTXDUH�URRW SURFHVVHV XQGHU 4�
G;L�W�  �xL � TL� �vL b;L�W�� GW� �L

S
;L�W� G:L�W��

7KH TL DUH UHODWHG WR WKH PDUNHW SULFH RI ULVN DQG DUH LGHQWLpHG E\ WKH WLPH�VHULHV
SURSHUWLHV RI WKH WHUP VWUXFWXUH XQGHU WKH SK\VLFDO PHDVXUH��

)LJXUH � VKRZV WKH UDWLR \�W� �� A\�W� �� IRU HDFK RI WKH WKUHH PRGHOV ZLWK |  
����� 7KH VWDWH YDULDEOHV DUH VHW DW WKHLU XQFRQGLWLRQDO PHDQV� )LJXUH � VKRZV
WKH FRUUHVSRQGLQJ IRUZDUG�UDWH UDWLRV I�W� �� AI�W� ��� 7KH ORQJ�GDVKHG OLQH LV WKH
RQH�IDFWRU PRGHO� WKH VKRUW�GDVKHG OLQH LV WKH WZR�IDFWRU PRGHO� DQG WKH DOWHUQDWLQJ
ORQJ�DQG�VKRUW GDVKHG OLQH LV WKH WKUHH IDFWRU PRGHO� ,Q DOO FDVHV� FRQGLWLRQ ����� LV
VDWLVpHG� +RZHYHU� LW LV FOHDU WKDW WKH RQH�IDFWRU PRGHO LV IXQGDPHQWDOO\ GLoHUHQW
IURP WKH WZR� DQG WKUHH�IDFWRU PRGHOV� 0RUHRYHU� WKH RQH�IDFWRU PRGHO LV TXLWH
FORVH WR WKH QDLYH UHODWLRQVKLS� +RZHYHU� LW KDV EHHQ GRFXPHQWHG WKDW WKH RQH
IDFWRU PRGHO GRHV QRW FDSWXUH WKH PDMRU IHDWXUHV RI WKH WHUP VWUXFWXUH LQ WHUPV RI
LWV VKDSH DQG G\QDPLFV�
7KH SDU�FRXSRQ UDWH UDWLR LV RI VRPH LQWHUHVW� 7KH SDU FRXSRQ UDWH LV WKH FRXSRQ

UDWH WKDW PDNHV D FRXSRQ ERQG EH YDOXHG DW SDU� )RU VLPSOLFLW\� ZH GHpQH WKH

�,Q WKLV F OD VV R I PR GH OV� WKH 3' ( IR U ER QG SULF H V GH F R PSR VH V LQWR D VH W R I 2' (V�
� 7 KLV SD UD PH WH UL] D WLR Q SUR GXF H V E�L  �xL � TL� vL� ELL  b�xL � TL�� ELM  � IR U M � L ! � � *�  � �
*LL  ��

L � D QG *LM  � IR U M � L ! � �
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) LJXU H � � )RUZDUG FXUYH UDWLRV� �� SHUFHQW WD[ UDWH

SDU�FRXSRQ UDWH LQ WHUPV RI D ERQG WKDW SD\V D FRQWLQXRXV FRXSRQ DW UDWH� 7KH
YDOXH RI D FRQWLQXRXV�FRXSRQ ERQG WKDW SD\V FRXSRQV DW UDWH F LV= �

W
F 3 �W� X� GX� 3 �W� ���

7KHUHIRUH� WKH SDU�FRXSRQ UDWH �DV D IXQFWLRQ RI WLPH DQG PDWXULW\� LV

F�W� ��  
�b 3 �W� ��5 �
W 3 �W� X� GX

� �����
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) LJXU H � � 3DU�FRXSRQ FXUYH UDWLRV� �� SHUFHQW WD[ UDWH

:H GHpQH AF�W� �� DQDORJRXVO\� :H QRWH WKDW ZH FDQ LQYHUW WKLV UHODWLRQVKLS�

3 �W� ��  �b F�W� ��

= �

W
H[S

v
b
= �

V
F�W� X� GX

w
GV�

6XSSRVH AF�W� ��  � F�W� ��� 7KHQ ZH KDYH

A3 �W� ��  �b � F�W� ��

= �

W
H[S

v
b
= �

V
F�W� X� GX

w�

GV� �����

7KHUH GRHV QRW DSSHDU WR EH D FOHDU UHODWLRQVKLS EHWZHHQ A3 �W� �� DV GHpQHG LQ �����
DQG 3 �W� ����

�� 7 LP H�GHSHQGHQW W D[ U DW HV

2QH FDQ HDVLO\ JHQHUDOL]H WKH IRUHJRLQJ UHVXOWV WR D WLPH�GHSHQGHQW WD[ UDWH� |�W��
ZKHUH WKH WLPH GHSHQGHQFH LV GHWHUPLQLVWLF� 7KH DEVHQFH�RI�DUELWUDJH UHDVRQLQJ LQ
6HFWLRQ � OHDGV WR AU�W�  ��W� U�W�� ZKHUH ��W�  � ��b |�W��� ,Q WHUPV RI 6HFWLRQ ��

ZH KDYH rL�W�  ��b |�W�� ArL� :H QRZ KDYH WLPH HQWHULQJ ERQG SULFHV LQGHSHQGHQWO\
RI PDWXULW\� ERQG SULFHV DV D IXQFWLRQ RI WKH VWDWH YDULDEOHV DQG PDWXULW\ P  � b W
DUH JLYHQ E\

3 �[�P� W�  H[S

�
b%��P� W�b

G;
L �

%L�P� W�[L

�
�

ZKHUH WKH %L�P� W� VROYH

%�
L�P� W�  rL�P� W� �%�P� W�!EL b �

�
%�P� W�!*L%�P� W� �����

VXEMHFW WR %L��� W�  � IRU L  � WR G�
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7D[�H[HPSW ERQGV� KRZHYHU� DUH W\SLFDOO\ VXEMHFW WR GHIDXOW ULVN�� $ FRQYHQLHQW
ZD\ WR KDQGOH GHIDXOW ULVN LV WR PRGHO WKH LQWHQVLW\ RI WKH ULVN RI GHIDXOW �LQ D 3RLVVRQ
SURFHVV VHQVH� XQGHU 4 DV WKH VSUHDG EHWZHHQ ULVN�IUHH WD[�H[HPSW VSRW UDWH DQG
WKH ULVN\ WD[�H[HPSW VSRW UDWH� aU�W�  U�W��K�W�� ZKHUH K�W� y ��� 7KLV IUDPHZRUN
DOORZV XV WR FDQ VWDUW IURP D GHIDXOW�IUHH WD[�H[HPSW WHUP VWUXFWXUH DQG DGG D
GHIDXOW IDFWRU WR JHW D WD[�H[HPSW WHUP VWUXFWXUH ZLWK FUHGLW ULVN� 7KH UHODWLRQVKLS
EHWZHHQ WKH GHIDXOW�IUHH WD[DEOH VSRW UDWH DQG WKH FUHGLW�ULVN\ WD[�H[HPSW VSRW UDWH�
aU�W�� WKHQ LV JLYHQ E\

aU�W�  K�W� � ��b |� AU�W��

$W WKH VKRUW HQG RI WKH FXUYH� ZH KDYH

aU�W�

AU�W�
 ��b |� �

K�W�

AU�W�
�

1RZ FRQVLGHU IRXU NLQGV RI ]HUR�FRXSRQ ERQGV� �L� WD[�H[HPSW GHIDXOW�IUHH �LGHDO��
�LL� WD[DEOH GHIDXOW�IUHH �7UHDVXU\�� �LLL� WD[�H[HPSW GHIDXOWDEOH �PXQL�� DQG �LY�
WD[DEOH GHIDXOWDEOH �FRUSRUDWH�� /HW UH GHQRWH WKH LQVWDQWDQHRXV H[SHFWHG UDWH RI
UHWXUQ RQ LGHDO ERQGV XQGHU WKH ULVN�QHXWUDO PHDVXUH� DQG OHW U7 � UP� DQG UF GHQRWH
WKH JURVV H[SHFWHG UHWXUQV RQ WKH RWKHU WKUHH ERQGV� 7KHQ ZH KDYH WKH IROORZLQJ
UHODWLRQV�

U7  �7 UH� UP  UH � K� DQG UF  �F UP  �F UH � �F K�

,I ZH OHW U7 �W�  5�;�W�� DQG �F K�W�  +�;�W��� WKHQ ZH KDYH

U7 �W�  5�;�W��

UP�W�  
�

�7
5�;�W�� �

�

�F
+�;�W��

UF�W�  
�F

�7
5�;�W�� �+�;�W���

$SSHQGL[ $�

/HW 9 EH WKH YDOXH RI D VWULFWO\ SRVLWLYH DVVHW DQG ' EH WKH FXPXODWLYH GLYLGHQG
SURFHVV IRU WKDW DVVHW�� :H FDQ ZULWH WKH G\QDPLFV RI 9 DQG' XQGHU WKH PDUWLQJDOH
PHDVXUH DV IROORZV�

G9 �W�

9 �W�
 z9 �W� GW� �9 �W�

!G: �W�

G'�W�

9 �W�
 z'�W� GW� �'�W�

!G: �W��

�6H H ' XrH D QG 6LQJ OH WR Q �� � � � � IR U D GLVF XVVLR Q R I PR GH OLQJ GH ID XOWD EOH WH UP VWUXF WXUH V�
� 1 R WH WKD W WKH LQWH QVLW\ R I GH ID XOW XQGH U WKH SK\ VLF D O PH D VXUH LV J LY H Q E\ K�W� �� � yK�W��� Z KH UH
yK�W� LV WKH PD UN H W SULF H R I GH ID XOW ULVN �
�6H H ' XrH �� � � � � & KD SWH U � � 6H F WLR Q . � IR U D GLVF XVVLR Q R I F XPXOD WLY H GLY LGH QGV D QG GH qD WH G
J D LQV�
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7KH GHqDWHG JDLQ LV JLYHQ E\

*p�W�  
9 �W�

p�W�
�

= W

�

G'�V�

p�V�
�

7KH DEVHQFH RI DUELWUDJH LPSOLHV WKDW *p�W� LV D PDUWLQJDOH XQGHU WKH VWDQGDUG
HTXLYDOHQW PDUWLQJDOH PHDVXUH 4� 6LQFH

G*p�W�  
G9 �W� � G'�W�b U�W�9 �W� GW

p�W�
�

WKH DEVHQFH RI DUELWUDJH LPSOLHV

z9 �W�  U�W�b z'�W�� �$���

*LYHQ WKH WD[ UXOH G'�W�  b| G9 �W�� ZH KDYH z'�W�  b| z9 �W�� ZKLFK ZH FDQ
LQVHUW LQWR �$��� DQG VROYH IRU

z9 �W�  � U�W��

ZKHUH �  � ��b |��

5HI HU HQF HV

&KHQ� 5��5� DQG /� 6FRWW ������� 0D[LPXP OLNHOLKRRG HVWLPDWLRQ IRU D PXOWLIDFWRU
HTXLOLEULXP PRGHO RI WKH WHUP VWUXFWXUH RI LQWHUHVW UDWHV� -RXUQDO RI )L[HG
,QFRPH 'HFHPEHU� ��^���

'XrH� '� ������� '\QDPLF $VVHW 3ULFLQJ 7KHRU\ �VHFRQG HG��� 3ULQFHWRQ� 1HZ
-HUVH\� 3ULQFHWRQ 8QLYHUVLW\ 3UHVV�

'XrH� '� DQG 5� .DQ ������� $ \LHOG�IDFWRU PRGHO RI LQWHUHVW UDWHV� :RUNLQJ SD�
SHU� *UDGXDWH 6FKRRO RI %XVLQHVV� 6WDQIRUG 8QLYHUVLW\� )RUWKFRPPLQJ� 0DWK�
HPDWLFDO )LQDQFH�

'XrH� '� DQG .� 6LQJOHWRQ ������� 0RGHOLQJ WHUP VWUXFWXUHV RI GHIDXOWDEOH ERQGV�
:RUNLQJ SDSHU� 6WDQIRUG 8QLYHUVLW\�

)LVKHU� 0� DQG &� *LOOHV ������� (VWLPDWLQJ H[SRQHQWLDO�DrQH PRGHOV RI WKH WHUP
VWUXFWXUH� :RUNLQJ SDSHU� %RDUG RI *RYHUQRUV RI WKH )HGHUDO 5HVHUYH 6\VWHP�
:DVKLQJWRQ� '&�

*UHHQ� 5� &� ������� $ VLPSOH PRGHO RI WKH WD[DEOH DQG WD[�H[HPSW \LHOG FXUYHV�
5HYLHZ RI )LQDQFLDO 6WXGLHV � ���� ���^����

+HDWK� '�� 5� -DUURZ� DQG $� 0RUWRQ ������� %RQG SULFLQJ DQG WKH WHUP VWUXFWXUH
RI LQWHUHVW UDWHV� $ QHZ PHWKRGRORJ\� (FRQRPHWULFD ��� ��^����

9DVLFHN� 2� ������� $Q HTXLOLEULXP FKDUDFWHUL]DWLRQ RI WKH WHUP VWUXFWXUH� -RXUQDO
RI )LQDQFLDO (FRQRPLFV �� ���^����

0 RQHW DU \ $I I DLU V� %RDU G RI * RYHU QRU V RI W KH ) HGHU DO 5HVHU YH 6\VW HP � : DVKLQJ�
W RQ '& � � � � �

( �PDLO DGGUHV V � PILVKHU#IUE�JRY


