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�� ([F KDQJH U DW HV� QXP HU DLU HV� DQG GHI O DW RU V

([FKDQJH UDWH H[DPSOH� ,I \RX EX\ D VHFXULW\ DW WKH EHJLQQLQJ RI WKH SHULRG
DQG VHOO LW DW WKH HQG RI WKH SHULRG� LW LV HDV\ WR FRPSXWH WKH LQFUHDVH RU GHFUHDVH
LQ YDOXH� %XW VXSSRVH \RX KDYH D IULHQG IURP DEURDG ZKR EX\V DQG VHOOV WKH VDPH
VHFXULW\� :KDW LV WKH FKDQJH LQ WKH YDOXH RI \RXU IULHQG
V LQYHVWPHQW PHDVXUHG LQ
WKH IRUHLJQ FXUUHQF\" <RX ZLOO QHHG WR XVH WKH H[FKDQJH UDWH WR FRPSXWH WKLV YDOXH�
/HW 9 EH WKH SULFH RI WKH VHFXULW\ GHQRPLQDWHG LQ GROODUV� $W WKH EHJLQQLQJ

RI WKH SHULRG� WKH YDOXH RI WKH VHFXULW\ LV 9�� DQG WKH HQG RI WKH SHULRG LW LV 9��
7KH FKDQJH LQ WKH YDOXH LV G9  9� b 9�� 7R NHHS WUDFN RI GLYLGHQGV� ZH ZLOO XVH
WKH IROORZLQJ DFFRXQWLQJ GHYLFH� /HW ' EH WKH FXPXODWLYH GLYLGHQGV GHQRPLQDWHG
LQ GROODUV� ZLWK YDOXHV '� DQG '� DW WKH EHJLQQLQJ DQG HQG RI WKH SHULRG� 7KH
GLYLGHQGV WKDW DFFUXH WR WKH RZQHU RI WKH VHFXULW\ GXULQJ WKH SHULRG DUH JLYHQ E\
G'  '� b'�� 7KH JDLQ LV GHpQHG DV *  9 �'� ZLWK *� DQG *� DV YDOXHV DW
WKH EHJLQQLQJ DQG HQG RI WKH SHULRG� 7KHUHIRUH WKH FKDQJH LQ WKH GROODU YDOXH RI DQ
LQYHVWPHQW LQ WKH VHFXULW\ LV JLYHQ E\ WKH FKDQJH LQ WKH JDLQ� ZKLFK LV FRPSRVHG RI
FDSLWDO JDLQV DQG GLYLGHQGV�

G*  G9 � G'  �9� b 9�� � �'� b'���

$V QRWHG DERYH� LQ RUGHU WR FRPSXWH WKH FKDQJH LQ WKH IRUHLJQ�FXUUHQF\ YDOXH RI
WKH LQYHVWPHQW� ZH QHHG WKH H[FKDQJH UDWH� /HW < EH WKH H[FKDQJH UDWH ZLWK <�

DQG <� EHJLQQLQJ DQG HQGLQJ YDOXHV� 7KH IRUHLJQ�FXUUHQF\ YDOXH RI WKH VHFXULW\ LV
9 <  < 9 � 7KH FRVW RI WKH VHFXULW\ LQ IRUHLJQ FXUUHQF\ �DW WKH EHJLQQLQJ RI WKH
SHULRG� LV 9 <

�  <� 9�� DQG WKH HQG�RI�SHULRG IRUHLJQ�FXUUHQF\ YDOXH RI WKH VHFXULW\ LV
9 <
�  <� 9�� :KDW DERXW WKH GLYLGHQGV" 7KH HQG�RI�SHULRG IRUHLJQ�FXUUHQF\ YDOXH
RI WKH GLYLGHQG qRZ LV <� �'� b'��  <� G'� 7KH FKDQJH LQ WKH IRUHLJQ�FXUUHQF\
YDOXH RI WKH LQYHVWPHQW LV

�<� 9� b <� 9�� � <� G'� ���

7KH pUVW WHUP LV WKH FKDQJH LQ WKH YDOXH RI WKH VHFXULW\ DQG WKH VHFRQG WHUP LV WKH
YDOXH RI WKH FKDQJH LQ WKH FXPXODWLYH GLYLGHQGV�
1RZ ZH ZDQW WR EH DEOH WR ZULWH WKH FKDQJH LQ WKH IRUHLJQ�FXUUHQF\ YDOXH RI WKH

LQYHVWPHQW DV JLYHQ LQ ��� LQ SDUDOOHO IDVKLRQ WR WKH ZD\ ZH ZURWH LW IRU WKH GROODU
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YDOXH� ,Q SDUWLFXODU� OHW *< EH WKH JDLQ GHQRPLQDWHG LQ IRUHLJQ�FXUUHQF\� :H ZDQW
WR GHpQH '< LQ VXFK D ZD\ WKDW *< u 9 < �'< DQG

G*< u �<� 9� b <� 9�� � <� G'

KROG LGHQWLFDOO\� 7KH SRVVLELOLW\ WKDW 9�  9�  � LPSOLHV

G'<  <� G'�

ZKHUH '<
� LV DUELWUDU\� 7KH YDOXH RI '<

� LV JLYHQ E\ '<
�  '<

� � G'< � ,W LV
FRQYHQLHQW WR OHW '<

�  <�'�� :H FDQ ZULWH WKH FKDQJHV LQ WKH GHqDWHG YDOXHV DV
IROORZV�

G9 <  <� G9 � 9� G< � G9 G<

G'<  <� G' � G' G<�

'HqDWRUV DQG QXPHUDLUHV� $ GHqDWRU LV D VWULFWO\ SRVLWLYH SURFHVV� :H FDQ
UHQRUPDOL]H VHFXULW\ SULFHV E\ PXOWLSO\LQJ WKHP E\ D GHqDWRU� 7KH H[FKDQJH UDWH
LV DQ H[DPSOH RI D GHqDWRU� �%HORZ ZH ZLOO VHH RWKHU H[DPSOHV�� 7KXV ZH UHIHU WR
9 < DV WKH GHqDWHG YDOXH RI WKH VHFXULW\ DQG *< DV WKH GHqDWHG JDLQ�

�� 7 U DGLQJ VW U DW HJLHV DQG DU ELW U DJH

$ WUDGLQJ VWUDWHJ\ LV D VHW RI SRUWIROLR ZHLJKWV� $ VHOI�pQDQFLQJ WUDGLQJ VWUDWHJ\
LV D WUDGLQJ VWUDWHJ\ WKDW KDV QHW FDVK�qRZV DW RQO\ WZR SRLQWV LQ WLPH� QRZ DQG
ODWHU� ,Q WKH VLPSOH VHWXS LQ WKLV H[SRVLWLRQ� D VHOI�pQDQFLQJ WUDGLQJ VWUDWHJ\ LV
VLPSO\ WKH SXUFKDVH RU VDOH RI WKH VLQJOH DVVHW DW WKH EHJLQQLQJ RI WKH SHULRG DQG
WKH VXEVHTXHQW XQZLQGLQJ RI WKH WUDQVDFWLRQ DW WKH HQG RI WKH SHULRG�
/HW v EH WKH QXPEHU RI VKDUHV RI WKH VHFXULW\ ERXJKW� ZLWK v � � LI WKH VHFXULW\

LV VROG VKRUW� 7KH SRVLWLRQ DW WKH EHJLQQLQJ RI WKH SHULRG LV v� 9� DQG DW WKH HQG RI
WKH SHULRG LV v� 9�� ,Q JHQHUDO WKH UHODWLRQ EHWZHHQ WKH WZR LV

v� 9�  v� 9� �
b
v� G9 � 9� Gv � G9 Gv

c
� ���

:LWK D VHOI�pQDQFLQJ WUDGLQJ VWUDWHJ\ ZH KDYH

v� 9�  v� 9� � v� G*� ���

7RJHWKHU ��� DQG ��� LPSO\

v� G'  9� Gv� ���

7KH OHIW�KDQG VLGH RI ��� VKRZV WKH GLYLGHQGV WKDW PXVW EH UHLQYHVWHG� ZKLOH WKH
ULJKW�KDQG VLGH VKRZV KRZ WKH ZHLJKW PXVW FKDQJH WR HoHFW WKH UHLQYHVWPHQW� ,Q
SDUWLFXODU� LI QR GLYLGHQGV DUH SDLG� QR FKDQJH LQ WKH ZHLJKW LV UHTXLUHG�
$Q DUELWUDJH LV D VHOI�pQDQFLQJ WUDGLQJ VWUDWHJ\ WKDW SURGXFHV VRPHWKLQJ IRU

QRWKLQJ� $UELWUDJHV LQYROYH FKDQJHV LQ VLJQ� 7KH IROORZLQJ DUH DUELWUDJHV� �L�
v� 9� x � DQG v� 9� � � RU �LL� v� 9� � � DQG v� 9� � �� ZKHUH D � E GHQRWHV D ! E
RYHU DOO SRVVLEOH RXWFRPHV� ,Q HLWKHU FDVH� v� G* � ��
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1XPHULDUH LQYDULDQFH LV WKH SURSRVLWLRQ WKDW FKDQJLQJ WKH XQLWV LQ ZKLFK JDLQV
DUH PHDVXUHG KDV QR LPSDFW RQ ZKHWKHU D WUDGLQJ VWUDWHJ\ LV VHOI�pQDQFLQJ RU QRW�
0XOWLSO\LQJ ERWK VLGHV RI ��� E\ <� SURGXFHV

v� G'
<  9 <

� Gv�

FRQpUPLQJ WKH SURSRVLWLRQ� $Q LPSOLFDWLRQ RI QXPHUDLUH LQYDULDQFH LV WKDW FKDQJLQJ
WKH XQLWV LQ ZKLFK JDLQV DUH PHDVXUHG KDV QR LPSDFW RQ WKH H[LVWHQFH RI DUELWUDJHV�
/HW XV UHWXUQ IRU D PRPHQW WR WKH IRUHLJQ�H[FKDQJH H[DPSOH� 6XSSRVH WKDW RXU
LQYHVWPHQW KDG ]HUR FRVW LQ GROODUV DW WKH EHJLQQLQJ RI WKH SHULRG DQG ZDV VXUH WR
KDYH D SRVLWLYH YDOXH LQ GROODUV DW WKH HQG RI WKH SHULRG� 7KLV ZRXOG EH DQ DUELWUDJH�
:H FRXOG JHW VRPHWKLQJ IRU QRWKLQJ� %XW ZKDW LI ZH PHDVXUH WKLQJV LQ WHUPV RI WKH
IRUHLJQ FXUUHQF\" :LOO WKHUH VWLOO EH DQ DUELWUDJH" 2I FRXUVH WKHUH ZRXOG�

7KH DEVHQFH RI DUELWUDJH� 1XPHUDLUH LQYDULDQFH OHDGV WR WKH IROORZLQJ FHQWUDO
SURSRVLWLRQ� ,I WKHUH LV D QXPHUDLUH VXFK WKDW WKH GHqDWHG JDLQ LV D PDUWLQJDOH �IRU
DOO VHOI�pQDQFLQJ WUDGLQJ VWUDWHJLHV�� WKHQ WKHUH DUH QR DUELWUDJH RSSRUWXQLWLHV� /HW
(�> c @ GHQRWH WKH FRQGLWLRQDO H[SHFWDWLRQ RSHUDWRU� ,I WKH JDLQ LV D PDUWLQJDOH� WKHQ
(�>G*

< @  �� ZKLFK PDNHV LW LPSRVVLEOH WR JXDUDQWHH D FKDQJH LQ VLJQ� WKHUHE\
UXOLQJ RXW DOO DUELWUDJHV� ,I WKHUH LV VXFK D GHqDWRU� LW LV NQRZQ DV WKH VWDWH^SULFH
GHqDWRU� 6LQFH WKH VWDWH^SULFH GHqDWRU SOD\V D VSHFLDO UROH� ZH JLYH LW D VSHFLDO
V\PERO� }� DQG ZH ZULWH WKH DEVHQFH�RI�DUELWUDJH FRQGLWLRQ DV (�>G*

}@  ��
$ ELW RI DOJHEUD DOORZV XV WR UHZULWH (�>G*
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7KH OHIW�KDQG VLGH RI ��� LV WKH H[SHFWHG FKDQJH LQ WKH YDOXH RI WKH LQYHVWPHQW� 7KH
ULJKW�KDQG VLGH LQYROYHV WKH ULVN�IUHH LQWHUHVW UDWH DQG ULVN SUHPLD�

$ VLPSOH H[DPSOH� +HUH LV D VLPSOH H[DPSOH WKDW LOOXVWUDWHV RQH IHDWXUH RI WKH
IRUHJRLQJ� &RQVLGHU DQ DVVHW WKDW SD\V D GLYLGHQG DW WKH HQG RI WKH SHULRG� /HW WKH
H[�GLYLGHQG YDOXH RI WKH DVVHW EH LGHQWLFDOO\ ]HUR� 9� u �� ,Q WKLV FDVH G9 u b9��
DQG ��� FDQ EH ZULWWHQ DV IROORZV�

9�  
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ZKHUH &�> c � c @ LV WKH FRQGLWLRQDO FRYDULDQFH RSHUDWRU� (TXDWLRQ ��� VKRZV WKDW WKHUH
LV D ULVN SUHPLXP DVVRFLDWHG ZLWK WKH XQFHUWDLQW\ RI WKH FXPPXODWLYH GLYLGHQGV
XQOHVV FXPPXODWLYH GLYLGHQGV DUH ORFDOO\ ULVNOHVV�
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$ ELQRPLDO H[DPSOH� /HW
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ZKHUH c LV WKH OHQJWK RI WKH SHULRG DQG ZKHUH
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7KXV ZH FDQ ZULWH ��� DV

z9 � z'  bz} b �9 �} b �' �} b �z9 � z'�z}c�

ZKHUH WKH ODVW WHUP RQ WKH ULJKW�KDQG VLGH JRHV WR ]HUR DV WKH OHQJWK RI WKH SHULRG
JRHV WR ]HUR�

�� /RJQRU P DO O \ GLVW U LEXW HG DVVHW SU LF HV

,Q WKLV VHFWLRQ� ZH DGRSW D VSHFpF FODVV RI GLVFUHWH�WLPH SURFHVVHV� /HW
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ZKHUH c LV WKH OHQJWK RI WKH SHULRG DQG � LV D YHFWRU RI LQGHSHQGHQW QRUPDOO\
GLVWULEWXWHG VKRFNV� 1RWH WKDW

G ORJ�9 �  Hz9 c� �9 c �
S
c�

IRU H[DPSOH� ,Q RUGHU WR HYDOXDWH WKH H[SHFWDWLRQV� ZH ZLOO XVH WKH IROORZLQJ IDFW� ,I
[ | 1 �z� ��� WKHQ (>H[@  H[S
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� $OVR ZH XVH WKH IROORZLQJ pUVW�RUGHU

DSSUR[LPDWLRQ� H[ c b �  [c�2�c��� $VVXPLQJ 9� ! �� ZH FDQ ZULWH
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IRU H[DPSOH� 'HpQH

zL  HzL �
�

�
N�LN� IRU L  9�'� }�

7KHQ ZH FDQ ZULWH ���

z9 � z'  bz} b �9 c �} b �' c �}� ���

ZKHUH ZH KDYH FDQFHOHG c IURP ERWK VLGHV�
7R VHH KRZ WKH ULVN�IUHH UDWH LV LQYROYHG� ZH FDQ XVH ��� WR H[DPLQH D RQH�SHULRG�

ULVN�IUHH ]HUR�FRXSRQ ERQG� ,W LV FRQYHQLHQW WR PRGHO WKH SD\RoV WR WKLV ERQG DV
IROORZV� 7KH ERQG
V GLYLGHQGV DUH LGHQWLFDOO\ ]HUR� DQG LWV HQG�RI�SHULRG YDOXH LV
LGHQWLFDOO\ RQH� ,Q WHUPV RI WKH SDUDPHWHUV� ZH KDYH Hz'  �� �'  �9  �� DQGHz9  U� WKH ULVN�IUHH UDWH� ,Q WKLV FDVH ZH KDYH z9  bz}� 6LQFH WKH UHWXUQ RQ WKH
ERQG GHpQHV WKH RQH�SHULRG ULVN�IUHH LQWHUHVW UDWH� ZH KDYH VKRZQ WKDW (�>bG} }�@
HTXDOV WKH ULVN�IUHH UDWH� 7KH ODVW WZR WHUPV RQ WKH ULJKW�KDQG VLGH RI ��� DUH
WKH ULVN SUHPLD WKDW VWHP IURP WKH FRYDULDQFH EHWZHHQ FKDQJHV LQ WKH VWDWH^SULFH
GHqDWRU DQG FKDQJHV LQ WKH VHFXULWLHV SULFH DQG�RU LWV GLYLGHQGV� 1RWH� KRZHYHU�
WKDW GLYLGHQGV DUH W\SLFDOO\ PRGHOHG LQ VXFK D ZD\ WKDW �' c �}  ��
)RUHLJQ�FXUUHQF\ VWDWH^SULFH GHqDWRU� 6LQFH WKH H[SHFWHG UHODWLYH FKDQJH LQ
WKH VWDWH^SULFH GHqDWRU LV WKH ULVN�IUHH LQWHUHVW UDWH IRU LQYHVWPHQWV LQ GROODUV� WKHUH
PXVW EH D GLoHUHQW VWDWH^SULFH GHqDWRU IRU LQYHVWPHQWV PHDVXUHG LQ IRUHLJQ FXUUHQF\�
/HWWLQJ < EH WKH H[FKDQJH UDWH� WKH IRUHLJQ�FXUUHQF\ VWDWH^SULFH GHqDWRU LV JLYHQ
E\ �  } < �

5HVHDU F K 'HSDU W P HQW � ) HGHU DO 5HVHU YH %DQN RI $W O DQW D� � � � 0 DU LHW W D 6W �� $W �
O DQW D� * $ � � � � �
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