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3 UHOLPLQDU\ DQG ,QFRPSOHWH
'R QRW TX RWH ZLWKRX W SHUPLV V LRQ

& RPPHQWV ZHOFRPH

$EVW U DF W � :H GH ULY H H [ SUH VVLR QV IR U Y D ULR XV WH UP SUH PLD LQ WKH F R QWH [ W R I WKH
F OD VV R I D rQH �H [ SR QH QWLD O PR GH OV R I WKH WH UP VWUXF WXUH � ,Q D GGLWLR Q� Z H VKR Z
KR Z UH J UH VVLR Q WH VWV R I WKH H [ SH F WD WLR QV K\ SR WKH VLV F D Q EH XQGH UVWR R G LQ WH UPV
R I WKH VH PR GH OV� ,Q SD UWLF XOD U� Z H GH ULY H H [ SUH VVLR QV IR U WKH UH J UH VVLR Q F R H rF LH QWV
LQ WH UPV R I WKH SD UD PH WH UV R I WKH PR GH OV� 0 R UH R Y H U� WKH VH H [ SUH VVLR QV F D Q XVH G
WR GH pQH D *0 0 H VWLPD WR U R I WKH SD UD PH WH UV LQ D J LY H Q QR Q�*D XVVLD Q D rQH �
H [ SR QH QWLD O PR GH O�

�� ,QW U RGXF W LRQ

7KH XQELDVHG H[SHFWDWLRQV K\SRWKHVLV_WKDW IRUZDUG UDWHV DUH XQELDVHG IRUHFDVWV
RI IXWXUH VSRW UDWHV_KDV D QXPEHU RI LPSOLFDWLRQV WKDW FDQ EH WHVWHG LQ D UHJUHVVLRQ
VHWWLQJ� 7KHVH WHVWV FDQ RIWHQ EH VWUXFWXUHG VR WKDW XQGHU WKH H[SHFWDWLRQV K\SRWK�
HVLV WKH LQWHUFHSW LV ]HUR DQG WKH VORSH LV RQH� &DPSEHOO DQG 6KLOOHU ������� DPRQJ
RWKHUV� KDYH GRFXPHQWHG WKDW WKH VORSH LV QRW RQH� 0RUHRYHU� WKH VORSH DSSHDUV WR
YDU\ V\VWHPDWLFDOO\� EXW QRW PRQRWRQLFDOO\� ZLWK YDULRXV PDWXULWLHV� 7KHVH pQGLQJV
KDYH EHHQ SUHVHQWHG DV D FKDOOHQJH WR WHUP VWUXFWXUH PRGHOLQJ�
,Q WKLV SDSHU� ZH VKRZ KRZ WR XVH WKH H[SRQHQWLDO�DrQH FODVV RI PRGHOV RI WKH

WHUP VWUXFWXUH RI LQWHUHVW UDWHV WR DQDO\]H YDULRXV WHUP SUHPLD DQG WKH H[SHFWDWLRQV
K\SRWKHVLV� ,Q DGGLWLRQ� ZH VKRZ KRZ UHJUHVVLRQ WHVWV RI WKH H[SHFWDWLRQV K\SRWKHVLV
FDQ EH XQGHUVWRRG LQ WHUPV RI WKHVH PRGHOV� ,Q SDUWLFXODU� ZH GHULYH H[SUHVVLRQV
IRU WKH UHJUHVVLRQ FRHrFLHQWV LQ WHUPV RI WKH SDUDPHWHUV RI WKH PRGHOV� 0RUHRYHU�
WKHVH H[SUHVVLRQV FDQ XVHG WR GHpQH *00 HVWLPDWRUV RI WKH SDUDPHWHUV LQ D JLYHQ
QRQ�*DXVVLDQ DrQH�H[SRQHQWLDO PRGHO� :H VKRZ WKDW VLPSOH PRGHOV IURP pQDQFH
FDQ H[SODLQ D ODUJH IUDFWLRQ RI WKH VR�FDOOHG ELDV LQ WKH UHJUHVVLRQ FRHrFLHQWV�

'DWH� $ SULO � � � � � � �
-( / & ODV V LpFDWLRQ� *� � �
.H\ ZRUGV DQG SKUDV HV � 7 H UP VWUXF WXUH � IR UZ D UG UD WH V� H [ SH F WD WLR QV K\ SR WKH VLV� & D PSEH OO^ 6KLOOH U
UH J UH VVLR QV�
7 KH Y LH Z V H [ SUH VVH G KH UH LQ D UH WKH D XWKR UV
 D QG GR QR W QH F H VVD ULO\ UH qH F W WKR VH R I WKH %R D UG R I
*R Y H UQR UV R U WKH ) H GH UD O 5H VH UY H 6\ VWH P�
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,Q D VHQVH� WKLV SDSHU LV D JHQHUDOL]DWLRQ RI )UDFKRW DQG /HVQH ������� ZKR pUVW
IRXQG FORVHG�IURP H[SUHVVLRQV IRU WKH UHJUHVVLRQ FRHrFLHQWV LQ D RQH�IDFWRU �JHQHU�
DOL]HG� &,5 PRGHO� :KLOH WKH GLGDFWLF SRZHU RI WKDW SDSHU LV JUHDW� WKH HPSLULFDO
LPSRUWDQFH LV OLPLWHG VLQFH WHUP VWUXFWXUHV DUH W\SLFDOO\ GULYHQ E\ PRUH WKDQ RQH
IDFWRU�
7KH FODVV RI H[SRQHQWLDO�DrQH PRGHOV RI WKH WHUP VWUXFWXUH RI LQWHUHVW UDWHV LV

FKDUDFWHUL]HG E\ 'XrH DQG .DQ ������� 7KLV FODVV RI PRGHOV LQFOXGHV DV VSH�
FLDO FDVHV 9DVLFHN ������� &R[� ,QJHUVROO� -U�� DQG 5RVV ������ &,5�� /RQJVWDo DQG
6FKZDUW] ������� DQG &KHQ ������� DPRQJ PDQ\ RWKHUV� 7KH PRGHOV DUH FKDUDFWHU�
L]HG E\ WKH IHDWXUH WKDW WKH ORJ RI ]HUR�FRXSRQ ERQG SULFHV DUH DrQH IXQFWLRQV RI
WKH VWDWH YDULDEOHV� 'XrH DQG .DQ GHULYH UHVWULFWLRQV RQ WKH SURFHVV IRU WKH VWDWH
YDULDEOHV XQGHU WKH HTXLYDOHQW PDUWLQJDOH PHDVXUH� 7KH\ DOVR VKRZ WKDW WKH SDUWLDO
GLoHUHQWLDO HTXDWLRQ WKDW FKDUDFWHUL]HV WKH WHUP VWUXFWXUH GHFRPSRVHV LQWR D VHW RI
VLPXOWDQHRXV RUGLQDU\ GLoHUHQWLDO HTXDWLRQV WKDW FDQ EH HDVLO\ VROYHG QXPHULFDOO\
ZLWKRXW D FORVHG�IRUP DQDO\WLF VROXWLRQ IRU ]HUR�FRXSRQ ERQG SULFHV�
7KH H[SUHVVLRQ IRU WKH UHJUHVVLRQ FRHrFLHQWV LQ WHUPV RI WKH SDUDPHWHUV RI WKH

PRGHO LQYROYHV WZR GLVWLQFW SDUWV� 2QH SDUW LV WKH IDFWRU ORDGLQJV_WKH UHODWLRQVKLS
EHWZHHQ WKH IDFWRUV DQG ]HUR�FRXSRQ ERQG SULFHV GHVFULEHG DERYH� 7KH RWKHU SDUW LV
WKH XQFRQGLWLRQDO YDULDQFH RI �VWDWLRQDU\ OLQHDU FRPELQDWLRQV RI� WKH VWDWH YDULDEOHV
XQGHU WKH SK\VLFDO PHDVXUH� ,Q RUGHU WR KDQGOH ERWK WKH SK\VLFDO DQG PDUWLQJDOH
PHDVXUHV� ZH QHHG WR JHQHUDOL]H 'XrH DQG .DQ
V QRWLRQ RI DQ H[SRQHQWLDO�DrQH
PRGHO RI WKH WHUP VWUXFWXUH�
+HUH LV DQ RXWOLQH RI WKH UHVW RI WKH SDSHU� ,Q 6HFWLRQ � ZH GHVFULEH H[SRQHQWLDO�

DrQH WHUP VWUXFWXUH PRGHOV� ,Q 6HFWLRQ �� ZH GHULYH H[SUHVVLRQ IRU WKH pUVW WZR
FRQGLWLRQDO PRPHQWV� �7KH XQFRQGLWLRQDO YDULDQFH LV GHULYHG LQ WKH $SSHQGL[�� ,Q
6HFWLRQ �� ZH GHULYH FORVHG�IRUP H[SUHVVLRQV IRU D YDULHW\ RI WHUP SUHPLD� ,Q 6HFWLRQ
�� ZH GHULYH FORVHG�IRUP H[SUHVVLRQ IRU WKH UHJUHVVLRQ FRHrFLHQWV RI WKH WZR VHWV RI
UHJUHVVLRQV WKDW &DPSEHOO DQG 6KLOOHU ������ UXQ� ,Q 6HFWLRQ �� ZH GHVLJQ *00
HVWLPDWRUV EDVHG RQ WKRVH H[SUHVVLRQV� ,Q 6HFWLRQ �� ZH UHSRUW WKH UHVXOWV RI RXU
HVWLPDWLRQ�

�� ([SRQHQW LDO �DI I LQH W HU P �VW U XF W XU H P RGHO V

/HW ;�W� EH D OHQJWK�G FROXPQ YHFWRU RI VWDWH YDULDEOHV RU IDFWRUV�� /HW WKH
SURFHVV IRU WKH VWDWH YDULDEOHV XQGHU WKH SK\VLFDO PHDVXUH EH JLYHQ E\ WKH SURFHVV
IRU WKH VWDWH YDULDEOHV XQGHU WKH SK\VLFDO PHDVXUH�

G;�W�  z;�;�W�� GW� �;�;�W��
!G: �W��

ZKHUH z;�[� LV D OHQJWK�G FROXPQ YHFWRU DQG �;�[� LV D G d G PDWUL[� /HW WKH
SULFH�RI�ULVN YHFWRU EH JLYHQ E\ y�W�  e�;�W��� ZKHUH e�[� LV D OHQJWK�G FROXPQ
YHFWRU� DQG WKH VKRUW�WHUP ULVNOHVV LQWHUHVW UDWH EH JLYHQ E\ U�W�  5�;�W��� ,W LV
FRQYHQLHQW WR GHpQH WKH IROORZLQJ�

0�[�  
b
5�[� z;�[�

!c
�:H Z LOO XVH WKH WZ R WH UPV LQWH UF KD QJ H D EO\ �
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DQG

6�[�  b
e�[� �;�[�

c
�

ZKHUH0�[� LV �d �G��� DQG 6�[� LV Gd �G���� 7KHQ� IRU RXU SXUSRVHV� ZH KDYH
DQ H[SRQHQWLDO�DrQH PRGHO RI WKH WHUP VWUXFWXUH LI

0�[� DQG 6�[�!6�[� DUH DrQH LQ [� �����

'XrH DQG .DQ VKRZ WKDW �;�[� PXVW KDYH WKH IROORZLQJ VWUXFWXUH� �;�[�  
�R;�[�n� ZKHUH n LV D FRQVWDQW Gd G PDWUL[ DQG �R;�[� LV D Gd G GLDJRQDO PDWUL[

ZLWK W\SLFDO HOHPHQW
T

oL � p!
L [� 7KH DrQHQHVV RI WKH VWDWH YDULDEOHV PHDQV

z;�[�  D� E [ �����

DQG

�;�[�
!�;�[�  $�

G;
C �

%C [C� �����

ZKHUH D LV D Gd � YHFWRU DQG E� $� DQG %C DUH Gd G PDWULFHV�
)URP FRQGLWLRQ ����� qRZ WKH IROORZLQJ WZR UHVXOWV� )LUVW� VLQFH z;�[� DQG

�;�[�
!�;�[� DUH DrQH LQ [� ZH KDYH H[SUHVVLRQV IRU �L� (W>;� @ DQG 9W>;� @ WKDW

DUH DrQH LQ ;�W� DQG �LL� (>;�W�@  v DQG 9 >;�W�@  9 LI ;�W� LV VWDWLRQDU\� :H
GLVFXVV WKHVH H[SUHVVLRQV LQ WKH QH[W VHFWLRQ�
6HFRQG� VLQFH 5�[�� Az;�[�  z;�[�b �;�[�

!e�[�� DQG �;�[�
!�;�[� DUH DrQH

LQ [� ZH KDYH H[SRQHQWLDO�DrQH PRGHO RI WKH WHUP VWUXFWXUH XQGHU WKH HTXLYDOHQW
PDUWLQJDOH PHDVXUH� ,Q SDUWLFXODU� WKH SULFH DW WLPH W RI D GHIDXOW�IUHH ]HUR�FRXSRQ
ERQG WKDW SD\V RQH XQLW RI WKH QXPHUDLUH DW WLPH 7 � LV JLYHQ E\ S�W� 7 �  3 �;�W�� 7b
W�� ZKHUH

3 �;�W�� 7 b W�  H[S>b$�7 b W�b%�7 b W�!;�W�@� �����

ZKHUH %�7 bW�  �%��7 bW�� � � � � %G�7 bW��! LV D FROXPQ YHFWRU RI IDFWRU ORDGLQJV�
7KH \LHOG�WR�PDWXULW\ RQ D ]HUR�FRXSRQ ERQG LV JLYHQ E\ \�W� 7 �  <�;�W�� 7 b W�
ZKHUH

<�;�W�� 7 b W�  b ORJ>3 �;�W�� 7 b W�@

7 b W

 

v
�

7 b W

wt
$�7 b W� �%�7 b W�!;�W�
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DQG WKH LQVWDQWDQHRXV IRUZDUG UDWH LV JLYHQ E\ I�W� 7 �  )�;�W�� 7 b W� ZKHUH

)�;�W�� 7 b W�  
b# ORJ>3 �;�W�� 7 b W�@

#7

 $��7 b W� �%��7 b W�!;�W�� �����

)LQDOO\� QRWH WKDW 5�[� u )�[� ��  $���� �%����![�
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9DVLFHN DQG &,5 IDFWRU ORDGLQJV� :H ZLOO UHIHU RIWHQ LQ ZKDW IROORZV WR LQ�
GHSHQGHQW PXOWL�IDFWRU 9DVLFHN DQG &,5� ,Q WKH 9DVLFHN PRGHO WKH IDFWRU ORDGLQJV
DUH

%L�7 b W�  
�b HbxL�7bW�

xL
�

ZKLOH LQ WKH &,5 PRGHO WKH\ DUH

%L�7 b W�  
� �HqL �7bW� b ��

� qL � �xL � yL � qL��HqL �7bW� b �� �

ZKHUH qL  
T
�xL � yL�� � ���L �

�� & RQGLW LRQDO P RP HQW V

,Q WKLV VHFWLRQ SUHVHQW FORVHG�IRUP VROXWLRQV IRU WKH pUVW DQG VHFRQG FRQGLWLRQDO
PRPHQWV IRU DrQH VWDWH�YDULDEOHV� 7KH VROXWLRQV DUH JHQHUDO DQG GR QRW GHSHQG
RQ GLDJRQDOL]DELOLW\ DV LQ 'XDQ DQG 6LPRPDWR ������� :H VKRZ WKH VLPSOLpFDWLRQV
WKDW GLDJRQDOL]DELOLW\ GHOLYHUV� DQG ZH GLVFXVV WUHQG�VWDWLRQDULW\ DQG FRLQWHJUDWLRQ�

*HQHUDO IRUP RI WKH pUVW WZR FRQGLWLRQDO PRPHQWV� 'HpQH WKH FRQGLWLRQDO
H[SHFWDWLRQ RI ;�7 � DV

A;�W� 7 � � (>;�7 �M;�W�@�
)RU QRWDWLRQDO FRQYHQLHQFH GHpQH A; ��W� 7 � � # A;�W� 7 � # 7 � )URP ������ ZH KDYH D
V\VWHP RI RUGLQDU\ GLoHUHQWLDO HTXDWLRQV IRU WKH FRQGLWLRQDO H[SHFWDWLRQ IRU p[HG W�

A; ��W� 7 �  D� E A;�W� 7 � �����

ZLWK WKH LQLWLDO FRQGLWLRQ
A;�W� W�  ;�W��

/HW�

j��� � HE � �����

DQG

'��� � 
= �

�
j�V� GV� �����

7KH VROXWLRQ WR WKH V\VWHP ����� LV

A;�W� 7 �  j�7 b W�;�W� �'�7 b W� D� �����

$SSO\LQJ ,WR
V OHPPD WR ����� IRU p[HG 7 � WKH G\QDPLFV RI WKH FRQGLWLRQDO H[SHF�
WDWLRQ DUH JLYHQ E\

G A;�W� 7 �  A�;�W� 7 �
!G: �W�� �����

ZKHUH

A�;�W� 7 � � �;�;�W��j�7 b W�!�

� j ��� LV F D OOH G WKH IXQGD PH QWD O PD WUL[ �
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/HW 9W>< @ GHQRWH WKH FRQGLWLRQDO YDULDQFH RI < � DQG OHW Y�W� 7 � � 9W>;�7 �@� :H
FDQ GHULYH DQ H[SUHVVLRQ IRU Y�W� 7 � IURP ����� DV IROORZV� 1RWH WKDW

;�7 �  A;�W� 7 � �

= 7

V W
G A;�V� 7 �  A;�W� 7 � �

= 7

V W
A�;�V� 7 �

!G: �V��

7KXV

Y�W� 7 �  9W

x= 7

V W
A�;�V� 7 �

!G: �V�
y
 (W

x= 7

V W
A�;�V� 7 �

!A�;�V� 7 � GV
y
� �����

ZKHUH WKH VHFRQG HTXDOLW\ LV VKRZQ LQ 'XrH �������� 8VLQJ ������ ZH FDQ ZULWH

(W

K
A�;�V� 7 �

!A�;�V� 7 �
L
 j�7 b V�) �W� V�j�7 b V�!�

ZKHUH�

) �W� V�  $�
G;

C �

%C
A;C�W� V�� �����

7KHUHIRUH� ZH FDQ ZULWH

Y�W� 7 �  

= 7

W
j�7 b V�) �W� V�j�7 b V�! GV� �����

'LDJRQDOL]DELOLW\� :KHQ E LV GLDJRQDOL]DEOH� ZH FDQ ZULWH E  4x4b�� ZKHUH
x LV D GLDJRQDO G d G PDWUL[ ZKRVH GLDJRQDO HOHPHQWV� xL� DUH WKH HLJHQYDOXHV RI E
DQG 4 LV DQ LQYHUWLEOH G d G PDWUL[ ZKRVH FROXPQV DUH WKH HLJHQYHFWRUV RI E� ,Q
WKLV FDVH j���  4Hx � 4b�� DQG '���  4

5 �
� Hx V GV4b�� 1RWH WKDW ZKHQ QR

HOHPHQW RQ WKH GLDJRQDO RI x LV ]HUR �L�H� xL � � IRU L  � WR G�� ZH FDQ ZULWH5 �
� Hx V GV  xb� �Hx � b ,��
:KHQ E LV GLDJRQDOL]DEOH� ZH FDQ ZULWH

Y�W� W� ��  4

~= �

�
Hbx ��bV�)�W� V� Hbx ��bV� GV

�
4!� �����

ZKHUH )�W� V� � 4b� ) �W� V� �4b��!� /HW S�W� �� GHQRWH WKH PDWUL[ LQ FXUO\ EUDFNHWV
LQ ������ 1RWH WKDW WKH �L� M��WK HOHPHQW RI S�W� �� LV JLYHQ E\

SLM�W� ��  

= �

�
Hb�xL�xM� ��bV�)LM�W� V� GV� ������

/HW S�W��� � OLP
��� S�W� ��� ,Q WKH $SSHQGL[ ZH VKRZ WKDW ZKHQ DOO WKH HLJHQYDOXHV

DUH UHDO DQG QHJDWLYH �L�H�� xL � � IRU L  � WR G�� ZH FDQ ZULWH

SLM�W���  �

xL � xM

�
b z$LM �

G;
P �

pP
LM zDP

xP

�
�

�(T XD WLR Q �� �� � LV D J H QH UD OL] D WLR Q R I ' XrH 
V H T XD WLR Q �� � R Q SD J H � � � + H F LWH V 3UR WWH U IR U D SUR R I�
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ZKHUH

zDP  �4
b� D�P

z$LM  �4
b�$ �4b��!�LM

DQG

pP
LM  

G;
C �

�4b�%C �4
b��!�LM 4CP�

7KXV ZH KDYH D FORVHG�IRUP VROXWLRQ IRU WKH XQFRQGLWLRQDO YDULDQFH Y�W� W ��� LQ
WKLV FDVH�

(TXLOLEULXP SRLQWV DQG WUHQG�VWDWLRQDULW\� $Q HTXLOLEULXP SRLQW� v� IRU V\V�
WHP ����� LV RQH ZKHUH A; ��W� W���  � IRU DOO � y �� )URP ����� ZH VHH WKDW ZH PXVW
KDYH bE v  D� ,I E KDV IXOO UDQN� WKHQ WKH XQLTXH HTXLOLEULXP SRLQW LV JLYHQ E\ v  
bEb� D� :KHQ DQ HTXLOLEULXP SRLQW H[LVWV� ZH FDQ ZULWH z;�;�W��  . �v b;�W���
ZKHUH .  bE�
6LQFH A;�W� W�  ;�W�� DW DQ HTXLOLEULXP SRLQW ZH KDYH ;�W�  v� :H FDQ VXEVWL�

WXWH ;�W�  A;�W� W� ��  v LQWR VROXWLRQ ����� DQG ZULWH�t
, bj���

u
v  '��� D� ������

7KXV XVLQJ ������ ZH FDQ ZULWH ����� DV

A;�W� W� ��  v �j���
t
;�W�b v

u
� ������

(TXDWLRQ ������ LV WKH VWDQGDUG ZD\ LQ ZKLFK WKH FRQGLWLRQDO H[SHFWDWLRQ LV ZULWWHQ
LQ &,5 DQG 9DVLFHN�
&RQVLGHU WKH ZD\ LQ ZKLFK D FKDQJH LQ WKH FXUUHQW YDOXH RI RQH RI WKH VWDWH

YDULDEOHV DoHFWV WKH FRQGLWLRQDO H[SHFWDWLRQ RI LWVHOI RU DQRWKHU VWDWH YDULDEOH� )URP
VROXWLRQ ����� ZH KDYH

G A;L�W� W� ��

G;M�W�
 jLM����

'HpQH

j���  OLP
���j���� ������

,Q QR VWDWH�YDULDEOH LV WR DoHFW WKH H[SHFWDWLRQ RI LWVHOI RU DQ\ RWKHU VWDWH YDULDEOH
DW WKH LQpQLWH KRUL]RQ� WKHQ ZH PXVW KDYH

j���  �� ������

:H VD\ WKDW WKH V\VWHP RI VWDWH YDULDEOHV LV WUHQG�VWDWLRQDU\ ZKHQ FRQGLWLRQ ������
KROGV� 1RWH WKDW LI FRQGLWLRQ ������ KROGV DQG E KDV IXOO UDQN� WKHQ ZH KDYH� XVLQJ

������� A;�W� W���  v��

%\ FRQWUDVW� LI VRPH HOHPHQW RI j��� LV QRW ]HUR� WKHQ WKH V\VWHP RI VWDWH YDUL�
DEOHV LV QRW WUHQG VWDWLRQDU\� ,Q WKLV FDVH WKHUH LV QR XQFRQGLWLRQDO H[SHFWDWLRQ� $V

� 7 KH VH WZ R F R QGLWLR QV QH H G QR W J R WR J H WKH U� KR Z H Y H U� 6H H ) LVKH U D QG *LOOH V �� � � � ��
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DQ H[DPSOH� VXSSRVH WKDW E LV GLDJRQDOL]DEOH� 7KHQ j���  � LI DQG RQO\ LI xL � �
IRU L  � WR G�

�� 7 HU P SU HP LD

*HRPHWULF ]HUR�FRXSRQ ERQG UHWXUQV� )URP HTXDWLRQ ������ ,WR
V /HPPD JLYHV
WKH SURFHVV IRU WKH ORJ RI ERQG SULFHV�

G ORJ>3 �;�W�� ��@  az3 �;�W�� 7 b W� GW� �3 �;�W�� 7 b W�!G: �W�

ZKHUH

az3 �;�W�� �� � b%���!z;�;�W�� �$���� �%����!;�W�
DQG

�3 �;�W�� �� � b��;�W��%����

8VLQJ ����� ZH FDQ ZULWH

az3 �;�W�� ��  )�;�W�� ��b%���!z;�;�W��
 )�v� �� �+�7 b W�!�;�W�b v�� �����

ZKHUH

+���  %����b E!%����

,Q WKH 9DVLFHN PRGHO� +��� u ��
&RQVWDQWLQLGHV ������ FDOOV az3 �;�W�� �� WKH JHRPHWULF H[SHFWHG ERQG UHWXUQ�

+HUH ZH JHQHUDOL]H D pQGLQJ RI KLV� *LYHQ (>z;�;�W��@  �� WKHQ_WDNLQJ XQ�
FRQGLWLRQDO H[SHFWDWLRQV RI �����_ZH KDYH

(>az3 �;�W�� ��@  )�v� ���

+HQFH� WKH XQFRQGLWLRQDO JHRPHWULF UHWXUQ HTXDOV WKH XQFRQGLWLRQDO IRUZDUG UDWH
IRU WKH PDWFKLQJ PDWXULW\�
%HIRUH SURFHHGLQJ� QRWH WKDW GHULYLQJ WKH SURFHVV IRU �WKH ORJ RI� ERQG SULFHV ZH

KDYH DOORZHG WKH PDWXULW\ RI WKH ERQG WR GHFUHDVH DV WLPH SDVVHV� 7KXV ZH KDYH
WKH ZULWWHQ WKH SURFHVV IRU D JLYHQ ]HUR�FRXSRQ ERQG� ,Q FRQWUDVW� RQH FDQ GHULYH
WKH SURFHVV IRU p[HG�PDWXULW\ ?ERQG� SULFHV� ,WR
V /HPPD JLYHV

G ORJ>3 �;�W�� ��@  b%���!G;�W�
 b%���!z;�;�W�� GWb%���!��;�W��!G: �W��

7KXV WKH GLoHUHQFH EHWZHHQ WKH WZR SURFHVVHV LV WKH IRUZDUG UDWH�

)RUZDUG UDWHV�
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7KH SURFHVV IRU IRUZDUG UDWHV� *LYHQ ������ WKH SURFHVV IRU IRUZDUG UDWHV FDQ EH
ZULWWHQ DV

GI�W� 7 �  zI �;�W�� 7 b W� GW� �I �;�W�� 7 b W�!G: �W��

ZKHUH

zI �;�W�� ��  b# az3 �;�W�� ��

# �

 b# )�;�W�� ��
# �

�%����!z;�;�W��

 b# )�v� ��
# �

b+ ����!�;�W�b v� �����

DQG

�I �;�W�� ��  b# �3 �;�W�� ��

# �
 �;�;�W��%

�����

1RWLFH WKDW WKH HUJRGLF IRUZDUG�UDWH GULIW HTXDOV PLQXV WKH VORSH RI WKH HUJRGLF
IRUZDUG UDWH FXUYH�

zI �v� ��  b# )�v� ��
# �

�

1RWH WKDW LI ZH ZHUH KROGLQJ WKH PDWXULW\ � p[HG �UDWKHU WKDQ KROGLQJ WKH PDWXULW\
GDWH 7 p[HG�� ZH ZRXOG KDYH GI�;�W�� ��  b%����!G;�W�� WKH GULIW RI ZKLFK LV
GLoHUHQW IURP ����� E\ WKH VORSH RI WKH IRUZDUG UDWH FXUYH�

)RUZDUG UDWH SUHPLXP� 'HpQH WKH IRUZDUG UDWH SUHPLXP DV

kI �W� 7 � � I�W� 7 �b(W>U�7 �@�

)RU WKH H[SRQHQWLDO�DrQH FODVV� ZH FDQ ZULWH

kI �W� W� ��  
t
$���� �%����!;�W�

u
b
t
$���� �%����!(W>;�W� ��@

u
�

8VLQJ ������ ZH FDQ ZULWH WKH IRUZDUG SUHPLXP DV WKH HUJRGLF SUHPLXP SOXV D
WHUP WKDW GHSHQGV RQ WKH GHYLDWLRQV RI WKH VWDWH YDULDEOHV IURP WKHLU PHDQV�

kI �W� W� ��  )�v� ��b5�v� �*���!�;�W�b v�� �����

ZKHUH

*��� � %����b j���!%�����

LV WKH YHFWRU RI IDFWRU ORDGLQJV IRU WKH IRUZDUG UDWH SUHPLXP�
)RU WKH 9DVLFHN PRGHO� *��� u �� DQG WKH IRUZDUG SUHPLXP LV QRQ�UDQGRP DQG

GHSHQGV RQO\ RQ PDWXULW\�� )RU WKH &,5 PRGHO� KRZHYHU� WKH L�WK IDFWRU ORDGLQJ LV
JLYHQ E\

*L���  HbNL � b � q�L H
qL �t

�qL � �xL � yL � qL��HqL � b ��
u� �

� & D PSEH OO �� � � � � GH ULY H G WKLV UH VXOW LQ D J H QH UD O H T XLOLEULXP VH WWLQJ �
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7KXV IRU &,5 WKH IRUZDUG SUHPLXP LV UDQGRP� LQ WKDW LW GHSHQGV RQ WKH VWDWH
YDULDEOHV ZKLFK DUH WKHPVHOYHV UDQGRP� ,Q WKH QH[W VHFWLRQ ZH ZLOO VHH KRZ WKLV
UDQGRPQHVV KHOSV H[SODLQ VRPH UHJUHVVLRQ UHVXOWV�

7KH ]HUR�FRXSRQ \LHOG SUHPLXP� ,Q WKLV VHFWLRQ� ZH GHULYH WKH H[SUHVVLRQ IRU
WKH ]HUR�FRXSRQ \LHOG SUHPLXP�

k]�W� 7 � � \�W� 7 �b �

7 b W

= 7

W
(W>5�;Y�@ GY� �����

:H FDQ ZULWH WKH ]HUR�FRXSRQ \LHOG DV

\�W� W� ��  
�

�
�$��� �%���!;�W��

 <�v� �� � �
�
%���!�;�W�b v�� �����

1H[W� ZH FDQ ZULWH WKH DYHUDJH H[SHFWHG IXWXUH VKRUW UDWH FRQGLWLRQDO RQ LQIRUPDWLRQ
DW WLPH W�

�

7 b W

= 7

W
(W>5�;�Y��@ GY  

�

7 b W

= 7

W

Q
$���� �%����!(W>;�Y�@

R
GY

 5�v� �

v
�

7 b W

w
%����!'�7 b W� �;�W�b v�������

8VLQJ HTXDWLRQV ����� DQG ������ ZH FDQ ZULWH WKH ]HUR�FRXSRQ \LHOG SUHPLXP DV

k]�W� 7 �  <�v� 7 b W�b5�v� � ��7 b W�!�;�W�b v��

ZKHUH

���� � 
�

�

t
%���b'���!%����

u
�

7KH UHODWLRQVKLS EHWZHHQ WKH IDFWRU ORDGLQJV IRU WKH ]HUR�FRXSRQ \LHOG SUHPLXP DQG
WKH IDFWRU ORDGLQJV IRU WKH IRUZDUG SUHPLXP LV JLYHQ E\

#

# �

t
� d ����

u
 *����

)LQDOO\� QRWLFH WKDW k] LV VWRFKDVWLF XQOHVV �  �� 1RW VXUSULVLQJO\� LQ WKH 9DVLFHN
PRGHO �  �� ZKLOH LQ WKH &,5 PRGHO � � ��
$ GHFRPSRVLWLRQ RI WKH \LHOG SUHPLXP� 1RWH WKDW ORJ�3 �7� 7 ��  ORJ�3 �W� 7 �� �5 7
V W G ORJ�3 �V� 7 �� DQG ORJ�3 �7� 7 ��  � LPSO\ WKDW

\�W� 7 �  
�

7 b W

= 7

V W
G ORJ�3 �V� 7 ���

7KXV� WDNLQJ FRQGLWLRQDO H[SHFWDWLRQV RI ERWK VLGHV�

\�W� 7 �  
�

7 b W

= 7

Y W
(W>az3 �Y� 7 �@ GY�

$V D UHVXOW� ZH KDYH

k]�W� 7 �  
�

7 b W

= 7

Y W
(W

x
�3 �Y� 7 �

!y�Y�b �

�
N�3 �Y� 7 �N�

y
GY
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ZKLFK ZH FDQ GHFRPSRVH LQWR D ULVN SUHPLXP DQG D FRQYH[LW\ SUHPLXP�

k]�W� 7 �  / \�W� 7 � � -\�W� 7 ��

ZKHUH

/ \�W� 7 �  
�

7 b W

= 7

Y W
(W

K
�3 �Y� 7 �

!y�Y�
L
GY

DQG

-\�W� 7 �  
�

7 b W

= 7

Y W
(W

x
b�
�
N�3 �Y� 7 �N�

y
GY�

7KLV GHFRPSRVLWLRQ FDQ EH FRPSXWHG WKH IROORZLQJ ZD\� /HW \��W� 7 � EH WKH ]HUR�
FRXSRQ \LHOG ZKHUH y�W�  � EXW DOO RWKHU SDUDPHWHUV DUH WKH VDPH DV IRU \�W� 7 ��
7KHQ / \�W� 7 �  \�W� 7 �b \��W� 7 � DQG -\�W� 7 �  k]�;�W�� 7 b W�b / \�W� 7 ��

�

�� & DP SEHO O �6KLO O HU U HJU HVVLRQV

&DPSEHOO DQG 6KLOOHU ������ HVWLPDWHG WZR VHWV RI UHJUHVVLRQV LQYROYLQJ WKH \LHOG
VSUHDGV� 7KH H[SRVLWLRQ UHOLHV RQ WKH H[LVWHQFH RI XQFRQGLWLRQDO YDULDQFH DQG FR�
YDULDQFHV�� ,Q SDUWLFXODU� OHW 9 >< @ GHQRWH WKH XQFRQGLWLRQDO YDULDQFH RI < DQG OHW
&><�=@ GHQRWH WKH XQFRQGLWLRQDO FRYDULDQFH RI < DQG =��

7KH pUVW VHW RI UHJUHVVLRQV� /HW p���b W� 7 b W� DQG p���b W� 7 b W� EH UHJUHVVLRQ
FRHrFLHQWV LQGH[HG E\ � b W DQG 7 b W IRU W � � � 7 � ,Q WKH pUVW VHW RI UHJUHVVLRQV�
WKH FKDQJH LQ D ]HUR FRXSRQ \LHOG LV UHJUHVVHG RQ WKH VORSH RI WKH \LHOG FXUYH�

\��� 7 �b \�W� 7 �  p��� b W� 7 b W� � p��� b W� 7 b W� V�W� �� 7 � � {�W� �� 7 �������

ZKHUH

V�W� �� 7 � � 

v
� b W

7 b �

wt
\�W� 7 �b \�W� ��

u
LV WKH �ZHLJKWHG� VORSH RI WKH \LHOG FXUYH DQG { LV DQ HUURU VXFK &>V� {@  �� ,Q WKLV
VHFWLRQ ZH GHULYH WKH WKHRUHWLFDO UHJUHVVLRQ FRHrFLHQWV_DVVXPLQJ SULFLQJ HTXDWLRQ
����� KROGV_IRU WKH UHJUHVVLRQV WKDW &DPSEHOO DQG 6KLOOHU ������ HVWLPDWHG��

:H VWDUW E\ GHFRPSRVLQJ WKH IXWXUH \LHOG RQ D ]HUR�FRXSRQ ERQG LQWR DQ XQ�
ELDVHG IRUHFDVW DQG D IRUHFDVW HUURU WKDW LV XQFRUUHODWHG ZLWK FXUUHQWO\�DYDLODEOH
LQIRUPDWLRQ�

\��� 7 �  (W >\��� 7 �@ � s�W� �� 7 �� �����

7KH QH[W LQJUHGLHQW LV WKH IRUZDUG UDWH� /HW WKH IRUZDUG SULFH RI D ]HUR�FRXSRQ
ERQG EH

) �W� �� 7 � � 
3 �W� 7 �

3 �W� ��
�

� 7 KH VD PH VR UW R I GH F R PSR VLWLR Q F D Q EH D SSOLH G WR WKH IR UZ D UG UD WH SUH PLXP�
� $ IXWXUH Y H UVLR Q Z LOO D OOR Z IR U F R LQWH J UD WH G VSUH D GV�
�5H F D OO WKD W WKH XQF R QGLWLR QD O Y D ULD QF H R I WKH VWD WH Y D ULD EOH V LV J LY H Q E\ 9 >;@  AY�W� W� � ��
�6H H ) UD F KR W D QG /H VQH �� � � � � IR U UH OD WH G Z R UN �
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DQG OHW WKH DVVRFLDWHG IRUZDUG UDWH EH

I�W� �� 7 � � b ORJ>) �W� �� 7 �@
7 b �

 

v
7 b W

7 b �

w
\�W� 7 �b

v
� b W

7 b �

w
\�W� ��� �����

1RZ DGG DQG VXEWUDFW WKH IRUZDUG UDWH IURP WKH ULJKW�KDQG VLGH RI ������

\��� 7 �  I�W� �� 7 � � ��W� �� 7 � � s�W� �� 7 �� �����

ZKHUH

��W� �� 7 � � (W >\��� 7 �@b I�W� �� 7 � �����

LV WKH IRUZDUG�UDWH IRUHFDVW HUURU� &OHDUO\ WKH IRUZDUG UDWH IRUHFDVW HUURU LV UHODWHG
WR WKH IRUZDUG WHUP SUHPLXP��� 1RZ VXEWUDFW \�W� 7 � IURP ERWK VLGHV RI ������
SURGXFLQJ�

\��� 7 �b \�W� 7 �  
t
I�W� �� 7 �b \�W� 7 �

u
�
t
��W� �� 7 � � s�W� �� 7 �

u
�

5HZULWH WKLV HTXDWLRQ DV IROORZV�

\��� 7 �b \�W� 7 �  V�W� �� 7 � � u�W� �� 7 �� �����

ZKHUH DQG

u�W� �� 7 � � ��W� �� 7 � � s�W� �� 7 ��

LV DQ HUURU WHUP FRPSRVHG RI WKH IRUZDUG UDWH IRUHFDVW HUURU DQG WKH IXWXUH VSRW
IRUHFDVW HUURU�
'HFRPSRVH WKH IRUZDUG UDWH IRUHFDVW HUURU LQWR WZR RUWKRJRQDO SDUWV E\ UHJUHVVLQJ

� RQ V�

��W� �� 7 �  E� � E� V�W� �� 7 � � |�W� �� 7 �� �����

ZKHUH

E��� b W� 7 b ��  
&>V�W� �� 7 �� ��W� �� 7 �@

9 >V�W� �� 7 �@

DQG
E��W� �� 7 �  (>��W� �� 7 �@b E�(>V�W� �� 7 �@�

1RZ ZH FDQ VXEVWLWXWH ����� LQWR ����� WR REWDLQ WKH &DPSEHOO�6KLOOHU UHJUHVVLRQ�

\��� 7 �b \�W� 7 �  E� � �� � E�� V�W� �� 7 � �
t
|�W� �� 7 � � s�W� �� 7 �

u
� �����

&RPSDULQJ ����� DQG ������ ZH VHH WKDW p�  E�� p�  � � E�� DQG {  | � s�
&DPSEHOO DQG 6KLOOHU SRLQW RXW WKDW LI WKH �\LHOG�WR�PDWXULW\ YHUVLRQ RI WKH�

H[SHFWDWLRQV K\SRWKHVLV KHOG� WKHQ p�  � IRU DOO W � � � 7 � :H VHH WKDW WKH H[SHF�
WDWLRQV K\SRWKHVLV LV DQ DVVHUWLRQ WKDW WKH IRUZDUG UDWH IRUHFDVW HUURU LV XQFRUUHODWHG
ZLWK WKH VORSH RI WKH \LHOG FXUYH���

��6H H EH OR Z IR U WKH H [ SOLF LW UH OD WLR QVKLS�
�� 8 QGH U WKH < 7 0 �(+ � az3 �;�W�� 7 b W�  5�;�W��� & ,5 �� � � � � SR LQWH G R XW WKD W WKLV F R QGLWLR Q
F D QQR W EH PH W LQ WKH D rQH �H [ SR QH QWLD O IUD PH Z R UN �
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,Q RXU VWDWH�YDULDEOH IUDPHZRUN� ZH FDQ GHULYH H[SUHVVLRQV IRU WKH UHJUHVVLRQ
FRHrFLHQWV� /HW

V�W� �� 7 �  ~��� b W� 7 b W� � ~��� b W� 7 b W�!;�W�
DQG

��W� �� 7 �  }��� b W� 7 b W� � }��� b W� 7 b W�!;�W��

ZKHUH ~� DQG }� DUH WKH IDFWRU ORDGLQJV LQ V DQG � UHVSHFWLYHO\� 7KHQ ZH FDQ ZULWH

E�  
&>V� �@

9 >V@
 

&>~�;� }�;@

9 >~�;@
 

~� 9 >;@}�
~� 9 >;@ ~�

�����

DQG
E�  }� b E� ~� � �}� b E� ~�� v�

ZKHUH 9 >;@ LV JLYHQ LQ HTXDWLRQ �$���� 1RWH WKDW VLQFH 9 >V@ ! �� ~� � �� 7KXV WKH
NH\ HOHPHQW LV }�� WKH IDFWRU ORDGLQJV LQ WKH IRUZDUG UDWH IRUHFDVW HUURU� ��
7KH IDFWRU ORDGLQJV IRU V�W� �� 7 � DUH IRXQG E\ VXEVWLWXWLQJ WKH IDFWRU UHSUHVHQWD�

WLRQ RI WKH ]HUR�FRXSRQ \LHOGV LQWR WKH GHpQLWLRQ RI V�W� �� 7 � DQG FROOHFWLQJ WHUPV�

~��� b W� 7 b W�  

v
�

7 b �

wvv
� b W

7 b W

w
$�7 b W�b$�� b W�

w
DQG

~��� b W� 7 b W�  

v
�

7 b �

wvv
� b W

7 b W

w
%�7 b W�b%�� b W�

w
�

7KH IDFWRU ORDGLQJV IRU ��W� �� 7 � DUH IRXQG E\ VXEVWLWXWLQJ WKH IDFWRU UHSUHVHQWDWLRQV
RI (W�\��� 7 �� DQG I�W� �� 7 � LQWR WKH GHpQLWLRQ RI ��W� �� 7 � DQG FROOHFWLQJ WHUPV�

}��� b W� 7 b W�  

v
�

7 b �

wt
$�7 b �� �$�� b W�b$�7 b W�

� %�7 b ��!�, b j�� b W�� v
u

DQG

}��� b W� 7 b W�  

v
�

7 b �

wt
j�� b W�!%�7 b �� �%�� b W�b%�7 b W�

u
�

,W FDQ EH YHULpHG WKDW IRU WKH 9DVLFHN PRGHO� }� u �� WKHUHIRUH E�  � DQG p�  ��
,Q WKH &,5 PRGHO� KRZHYHU� }� � � DQG WKHUH LV D ELDV LQ JHQHUDO�
1RWH WKDW WKH UHODWLRQVKLS EHWZHHQ WKH IDFWRU ORDGLQJV IRU WKH IRUZDUG WHUP SUH�

PLXP DQG IRU WKH IRUZDUG UDWH IRUHFDVW HUURU IDFWRU LV JLYHQ E\

*�7 b W�  b
#
t
�7 b ��d }��� b W� 7 b W�

u
# 7

pppppp
� 7

�

7KH VHFRQG VHW RI UHJUHVVLRQV� ,Q WKH VHFRQG VHW RI UHJUHVVLRQV� &DPSEHOO DQG
6KLOOHU XVH ZKDW WKH\ FDOO WKH SHUIHFW IRUHVLJKW VSUHDG DV WKH GHSHQGHQW YDULDEOH� /HW
c � �7 b W� Q DQG GHpQH WKH VSUHDG DV

6�;�W��c� 7 b W� � 

v
� b W

7 b �

w
V�;�W��c� 7 b W��
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7KHQ WKH SHUIHFW�IRUHVLJKW VSUHDG LV GHpQHG DV

6e�W� 7�c� � 
�

Q

Qb�;
L �

t
\�;W�L c �c�b \�;�W��c�

u
� ������

7KH VHFRQG VHW RI UHJUHVVLRQV KDYH WKLV IRUP�

6e  q� � q� 6 � �� ������

ZKHUH WKH DUJXPHQWV KDYH EHHQ VXSSUHVVHG IRU QRWDWLRQDO FODULW\�
$V DERYH� ZH EHJLQ E\ GHFRPSRVLQJ 6e�W� 7�c� LQWR D FRQGLWLRQDO H[SHFWDWLRQ

DQG D IRUHFDVW HUURU�

6e�W� 7�c�  (W>6
e�W� 7�c�@ � ��W� 7�c�� ������

1H[W ZH DGG DQG VXEWUDFW WKH VSUHDG� 6� RQ WKH ULJKW�KDQG VLGH RI �������

6e�W� 7�c�  6�;�W��c� 7 b W� � ��W� 7�c� � ��W� 7�c�� ������

ZKHUH ��W� 7�c� � (W>6
e�W� 7�c�@ b 6�;�W��c� 7 b W�� 2QFH DJDLQ� ZH FDQ WXUQ

������ LQWR D UHJUHVVLRQ E\ GHFRPSRVLQJ � LQWR �  G��G� 6��� ZKHUH &>6��@  ��
7KHQ ZH FDQ UHZULWH ������ DV

6e  G� � �� � G��6 � �� � ��� ������

&RPSDULQJ ������ ZLWK ������� ZH VHH WKDW q�  � � G� DQG q�  G�� 1RWLQJ WKDW
&>6� �@  &>6�(W>6

e@ b 6@  &>6�(W>6
e@@ b 9 >6@ DQG (>�@  (>(W>6

e@@ b (>6@  
b(>6@� ZH FDQ ZULWH

q�  � � G�  
&>6�(W>6

e@@
9 >6@

�

DQG

q�  G�  (>�@b G�(>6@  bq�(>6@�

:H FDQ pQG DQ H[SUHVVLRQ IRU (W>6
e�W� 7�c�@ E\ pUVW QRWLQJ WKDW

(W>\�;W�L c �c�@  
�

c

t
$�c� �%�c�(W>;W�L c @

u
 
�

c

t
$�c� �%�c� �v �j�Lc� �;�W�b v��

u
�

VR WKDW

(W>\�;W�L c �c�@b \�;�W��c�  
�

c
%�c� �j�Lc�b ,� �;�W�b v��

7KHQ ZH FDQ ZULWH

(W>6
e�W� 7�c�@  

�

Qc

Qb�;
L �

%�c� �j�Lc�b ,� �;�W�b v�

 
�

7 b W
%�c�4

��
Qb�;
L �

Hbx L c

�
b �Qb �� ,

�
4b� �;�W�b v��������

ZKHUH Hbx L c LV D GLDJRQDO PDWUL[ DQG , LV WKH LGHQWLW\ PDWUL[�
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(TXDWLRQ ������ JLYHV WKH IDFWRU ORDGLQJV IRU ;�W� LQ (W>6
e@� ZKLFK ZH GHQRWH

���c� 7 b W�� 7KH IDFWRU ORDGLQJV IRU ;�W� LQ 6 DUH JLYHQ E\ a~�  %�7 b W� �7 b
W�b%�c� c� 8VLQJ WKHVH IDFWRU ORDGLQJV� ZH FDQ ZULWH

q�  
&>6�(W>6

e@@
9 >6@
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