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$EVW U DF W � :H VKR Z KR Z WR F R QVWUXF W PR GH OV R I WKH WH UP VWUXF WXUH R I LQWH UH VW
UD WH V LQ Z KLF K WKH H [ SH F WD WLR QV K\ SR WKH VLV KR OGV� 0 F & XOOR F K �� � � � � SUH VH QWV
VXF K D PR GH O� WKH UH E\ F R QWUD GLF WLQJ D Q D VVH UWLR Q E\ & R [ � ,QJ H UVR OO� -U�� D QG
5R VV �� � � � �� EXW KLV H [ D PSOH LV *D XVVLD Q D QG ID OOV R XWVLGH WKH F OD VV R I pQLWH �
GLPH QVLR QD O 0 D UN R Y LD Q PR GH OV� :H J H QH UD OL] H 0 F & XOOR F K
V PR GH O LQ WKUH H Z D \ V�
�L� :H SUR Y LGH D Q D UELWUD J H �IUH H F KD UD F WH UL] D WLR Q R I WKH XQELD VH G H [ SH F WD WLR QV
K\ SR WKH VLV LQ WH UPV R I IR UZ D UG UD WH V� �LL� Z H H [ WH QG WKLV F KD UD F WH UL] D WLR Q WR
D Z KR OH F OD VV R I H [ SH F WD WLR QV K\ SR WKH VH V� D QG �LLL� Z H VKR Z KR Z WR F R QVWUXF W
pQLWH �GLPH QVLR QD O 0 D UN R Y LD Q D QG QR Q�*D XVVLD Q H [ D PSOH V�

,QW U RGXF W LRQ

,Q RQH IRUP RU DQRWKHU� WKH H[SHFWDWLRQV K\SRWKHVLV KDV SOD\HG D FHQWUDO UROH
LQ WKH DQDO\VLV RI WKH WHUP VWUXFWXUH RI LQWHUHVW UDWHV� 3HUKDSV WKH PRVW FRPPRQ
IRUP RI WKH H[SHFWDWLRQV K\SRWKHVLV LV WKH VR�FDOOHG XQELDVHG H[SHFWDWLRQV K\SRWK�
HVLV �8^(+� WKDW DVVHUWV WKDW IRUZDUG UDWHV HTXDO WKH FRQGLWLRQDO H[SHFWDWLRQV RI
IXWXUH VSRW UDWHV� EXW RWKHU IRUPV H[LVW DV ZHOO� &R[� ,QJHUVROO� -U�� DQG 5RVV ������
&,5� FKDUDFWHUL]H D QXPEHU RI PXWXDOO\ LQFRPSDWLEOH IRUPV RI WKH H[SHFWDWLRQV
K\SRWKHVLV EHVLGHV WKH 8^(+� LQFOXGLQJ WKH ORFDO H[SHFWDWLRQV K\SRWKHVLV �/^(+��
XQGHU ZKLFK WKH H[SHFWHG UDWH RI UHWXUQ RQ DOO ]HUR�FRXSRQ ERQGV_RQ DOO DVVHWV� LQ
IDFW_HTXDOV WKH VKRUW�WHUP ULVN�IUHH UDWH�� 2I WKH YDULRXV H[SHFWDWLRQV K\SRWKHVHV
WKH\ FRQVLGHU� &,5 FODLP WKDW RQO\ WKH /^(+ LV FRQVLVWHQW ZLWK JHQHUDO HTXLOLE�
ULXP LQ FRQWLQXRXV�WLPH PRGHOV �DV ZHOO DV LQ GLVFUHWH�WLPH PRGHOV ZLWK FRQWLQXRXV
FRPSRXQGLQJ RI \LHOGV��
0F&XOORFK ������ SURYLGHV D FRXQWHU�H[DPSOH WR &,5
V FODLP� +LV H[DPSOH LV LQ

WKH VSLULW RI +HDWK� -DUURZ� DQG 0RUWRQ ������ +-0�� LQ WKH VHQVH WKDW LW GRHV QRW
DGPLW D UHSUHVHQWDWLRQ LQ WHUPV RI D pQLWH QXPEHU RI 0DUNRYLDQ VWDWH YDULDEOHV� WKH
VHWWLQJ LQ &,5� ,QGHHG� 0F&XOORFK VXJJHVWV WKDW &,5
V FODLP PD\ EH WUXH ZLWKLQ
WKHLU VHWWLQJ� $V ZH VKRZ� LW LV QRW�

'DWH� 5H Y LVH G $ XJ XVW � � � � � $ Q H D UOLH U Y H UVLR Q �0 D \ � � � � � LV D Y D LOD EOH D V ) LQD QF LD O D QG (F R QR PLF V
' LVF XVVLR Q 6H ULH V � � ^ � � � ) H GH UD O 5H VH UY H %R D UG� :D VKLQJ WR Q ' & �
-( / & ODV V LpFDWLRQ� *� � �
.H\ ZRUGV DQG SKUDV HV � ([ SH F WD WLR QV K\ SR WKH VLV� WH UP VWUXF WXUH R I LQWH UH VW UD WH V� IR UZ D UG UD WH V�
7 KH Y LH Z V H [ SUH VVH G KH UH LQ D UH WKH D XWKR UV
 D QG GR QR W QH F H VVD ULO\ UH qH F W WKR VH R I WKH %R D UG
R I *R Y H UQR UV R U WKH ) H GH UD O 5H VH UY H 6\ VWH P� :H WKD QN *UH J ' XoH H D QG + XVWR Q 0 F & XOOR F K IR U
H [ WH QVLY H F R PPH QWV� D QG D Q D QR Q\ PR XV UH IH UH H IR U VXJ J H VWLQJ LPSUR Y H PH QWV LQ WKH H [ SR VLWLR Q�
�6H H -D UUR Z �� � � � � IR U D VLPLOD U D QD O\ VLV�
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7KHUH LV D ZHDN YHUVLRQ RI WKH 8^(+ DFFRUGLQJ WR ZKLFK IRUZDUG UDWHV DUH ELDVHG
SUHGLFWRUV RI IXWXUH VSRW UDWHV� EXW WKH ELDV� RU WHUP SUHPLXP� LV D FRQVWDQW WKDW
RQO\ GHSHQGV RQ WKH IRUHFDVW KRUL]RQ� $ UHJUHVVLRQ RI IXWXUH VSRW UDWHV RQ FXUUHQW
IRUZDUG UDWHV SURGXFHV D VORSH FRHrFLHQW HTXDO WR XQLW\ XQGHU ERWK YHUVLRQV� EXW
WKH LQWHUFHSW� ZKLFK HTXDOV ]HUR XQGHU WKH VWURQJ YHUVLRQ� LV XQUHVWULFWHG XQGHU WKH
ZHDN YHUVLRQ�� 7R FRQVWUXFW DQ DUELWUDJH�IUHH PRGHO RI WKH \LHOG FXUYH LQ ZKLFK WKH
ZHDN 8^(+ KROGV� LW LV VXrFLHQW WR OHW DOO YRODWLOLWLHV EH FRQVWDQW_WKH *DXVVLDQ
FDVH�� %\ FRQWUDVW� RXU REMHFWLYH LV �LQ SDUW� WR FRQVWUXFW PRGHOV RI WKH VWURQJ
YHUVLRQ� ,Q WKH SURFHVV� ZH VKRZ WKDW WKH 8^(+ GRHV QRW UHTXLUH WKH *DXVVLDQ
DVVXPSWLRQ�
$ VWDWHPHQW RI WKH FHQWUDO LGHD RI WKH SDSHU PD\ EH XVHIXO DW WKLV SRLQW� EHFDXVH

WHFKQLFDO GHWDLOV VRPHWLPHV VWDQG LQ WKH ZD\ RI WKH LQWXLWLRQ� 7KH GLoHUHQFH EHWZHHQ
D IRUZDUG UDWH DQG WKH H[SHFWHG IXWXUH VKRUW UDWH DW WKH FRUUHVSRQGLQJ KRUL]RQ LV
WKH VXP RI D ULVN SUHPLXP DQG D -HQVHQ LQHTXDOLW\ WHUP� DOVR FDOOHG D FRQYH[LW\
SUHPLXP� )RU WKH 8^(+_RU DQ\ RWKHU YHUVLRQ RI WKH H[SHFWDWLRQV K\SRWKHVLV_WR
KROG� WKHVH WZR SUHPLD PXVW EDODQFH HDFK RWKHU LQ MXVW WKH ULJKW ZD\ DW DOO KRUL]RQV�
7R FKRUHRJUDSK WKH VWHSV WKDW HDFK WHUP LV DOORZHG WR WDNH� ZH LQWURGXFH D YHFWRU�
YDOXHG IXQFWLRQ ��W� 7 �� ZKHUH W LV WKH FXUUHQW WLPH DQG 7 LV WKH PDWXULW\ GDWH �VR
WKDW � � 7 b W LV WKH KRUL]RQ�� WKLV IXQFWLRQ LQYROYHV ERWK WKH PDUNHW SULFH RI ULVN
DQG ERQG SULFH YRODWLOLW\� $V ORQJ DV� IRU DQ\ p[HG W� ��W� 7 � OLHV RQ D VSKHUH� WKH
EDODQFH EHWZHHQ WKH ULVN DQG WKH FRQYH[LW\ SUHPLD LV DFKLHYHG DQG WKH H[SHFWDWLRQV
K\SRWKHVLV KROGV� ,I� LQ DGGLWLRQ� WKH RUELW RI ��W� W � �� LV D FLUFOH RQ WKH VSKHUH
DURXQG ZKLFK ��W� W���� FRQVLGHUHG DV D IXQFWLRQ RI � � SURFHHGV DW D FRQVWDQW VSHHG�
WKHQ WKH PRGHO LV 0DUNRYLDQ�
:H VWDUW LQ 6HFWLRQ , ZLWK DQ H[DPSOH RI D JHQHUDO�HTXLOLEULXP SURGXFWLRQ HFRQ�

RP\ WKDW pWV LQ WKH FODVV DQDO\]HG LQ &,5 ������� ,Q WKLV HFRQRP\� DOWKRXJK WKH
8^(+ KROGV� WKH IDFW LV QRW REYLRXV� 7KH UHPDLQGHU RI WKH SDSHU LV GHYRWHG WR
VKRZLQJ ZKDW PDNHV WKLV H[DPSOH ZRUN DQG KRZ WR FRQVWUXFW RWKHUV� ,Q 6HFWLRQ ,,�
ZH JHQHUDOL]H 0F&XOORFK
V H[DPSOH E\ SXWWLQJ WKH 8^(+ H[SOLFLWO\ LQWR WKH +-0
IUDPHZRUN� IRFXVLQJ RQ DEVHQFH�RI�DUELWUDJH FRQGLWLRQV UDWKHU WKDQ EXLOGLQJ IURP D
JHQHUDO HTXLOLEULXP PRGHO� 7KHQ� LQ 6HFWLRQ ,,,� ZH H[WHQG WKH DQDO\VLV WR D FODVV
RI H[SHFWDWLRQV K\SRWKHVHV WKDW LQFOXGHV DV VSHFLDO FDVHV WKRVH FRQVLGHUHG E\ &,5
������� )LQDOO\� LQ 6HFWLRQ ,9� ZH SURYLGH D PHWKRG WR FRQVWUXFW H[DPSOHV LQ ZKLFK
WKHUH LV D pQLWH�GLPHQVLRQDO 0DUNRY VWDWH YHFWRU �VR�FDOOHG IDFWRU PRGHOV�� :H VKRZ
WKDW WKHUH H[LVWV RQO\ RQH WZR�IDFWRU PRGHO WKDW LV *DXVVLDQ� %XW� DV ZH DOVR VKRZ�
WKHUH H[LVW PDQ\ RWKHU PRGHOV WKDW KDYH HLWKHU UDQGRP YRODWLOLWLHV RU PRUH WKDQ
WZR IDFWRUV� DQG ZH SURYLGH VRPH H[DPSOHV� 6RPH RI WKHVH PRGHOV DUH PHPEHUV RI
WKH H[SRQHQWLDO�DrQH FODVV RI WHUP VWUXFWXUH PRGHOV FKDUDFWHUL]HG E\ 'XrH DQG
.DQ �������

� & D PSEH OO D QG 6KLOOH U �� � � � �� IR U H [ D PSOH � WH VW� D QG UH MH F W� WKH Z H D N Y H UVLR Q R I WKH 8 ^ (+ �
�6H H & D PSEH OO �� � � � � IR U D J H QH UD O�H T XLOLEULXP H [ D PSOH �
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�� $ JHQHU DO �HTXLO LEU LXP H[DP SO H RI W KH 8̂ (+

,Q WKH VHWWLQJ DQDO\]HG LQ &,5 ������� ZHDOWK DQG D pQLWH QXPEHU RI 0DUNRY
IDFWRUV VXPPDUL]H WKH VWDWH RI WKH HFRQRP\� 7KHVH IDFWRUV IROORZ FRQWLQXRXV�WLPH
GLoXVLRQ SURFHVVHV� 7KH SDUW RI ZHDOWK WKDW LV QRW FRQVXPHG LV UHLQYHVWHG LQ D pQLWH
QXPEHU RI VWRFKDVWLF DQG OLQHDU WHFKQRORJLHV WR SURYLGH IRU IXWXUH FRQVXPSWLRQ�
$ UHSUHVHQWDWLYH FRQVXPHU ZLWK LQLWLDO ZHDOWK N��� FKRRVHV WKH FRQVXPSWLRQ DQG
LQYHVWPHQW SODQ WR PD[LPL]H WKH H[SHFWHG YDOXH RI WKH qRZ RI XWLOLW\�
,Q RXU H[DPSOH� LQVWDQWDQHRXV XWLOLW\ LV ORJDULWKPLF DQG WKH GLVFRXQW UDWH LV

FRQVWDQW� VR WKDW WKH FRQVXPHU PD[LPL]HV
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7KHUH DUH WZR IDFWRUV� U�W� DQG [�W�� WZR VRXUFHV RI ULVN UHSUHVHQWHG E\ WZR RUWKR�
QRUPDO %URZQLDQ PRWLRQV� �:��W��:��W��� DQG D VLQJOH WHFKQRORJ\� 7KH WHFKQRORJ\
LV GHVFULEHG E\ D YDULDEOH Q�W� ZKLFK FDQ EH LQWHUSUHWHG DV WKH YDOXH DW WLPH W
RI RQH XQLW RI FRQVXPSWLRQ LQYHVWHG LQ WKH WHFKQRORJ\ DW WLPH � DQG FRQWLQXRXVO\
UHLQYHVWHG� $VVXPH WKDW WKH ODZ RI PRWLRQ IRU Q�W� LV

GQ�W�

Q�W�
 �U�W� � T� t��W�� GW� T t�W�G:��W��

$V VKRZQ LQ &,5 ������� LQ WKLV ORJDULWKPLF HFRQRP\ WKH ODZ RI PRWLRQ IRU PDUJLQDO
XWLOLW\�P�W� � H[S>b~ W@ F�W�� LV WKH VDPH DV WKDW IRU Qb��W�� 7KHUHIRUH� ,WR
V OHPPD
LPSOLHV WKDW

GP�W�

P�W�
 bU�W� GWb T t�W�G:��W��

,Q WKLV UHSUHVHQWDWLYH�DJHQW HFRQRP\� PDUJLQDO XWLOLW\ LV WKH VWDWH�SULFH GHqDWRU� VR
WKDW WKH VKRUW ULVN�IUHH UDWH LV U�W� DQG WKH PDUNHW SULFH RI ULVN YHFWRU �RQH SULFH
SHU VRXUFH RI ULVN� LV y�W�  �Tt�W�� ���� )LQDOO\� DVVXPH WKDW WKH ODZV RI PRWLRQ IRU
WKH IDFWRUV DUH

GU�W�  [�W� GW� � t�W� G:��W� �����

DQG
G[�W�  \�W� GWb �� t�W� G:��W�� �����

7KH SURFHVVHV ����� DQG ����� DUH VSHFLpHG LQ JUHDWHU JHQHUDOLW\ WKDQ QHHGHG KHUH�
EHFDXVH WKH\ ZLOO VHUYH DV WKH EDVLV IRU RWKHU H[DPSOHV� ,Q WKH SUHVHQW FRQWH[W� OHW
t�W� � ] DQG \�W� � �zU b U�W��� DQG OHW T� ]� �� DQG zU EH FRQVWDQW�
,W PD\ QRW EH REYLRXV� EXW WKH 8^(+ KROGV LQ WKLV HFRQRP\ ZKHQ T  �� 5DWKHU

WKDQ SURYLQJ WKLV VWDWHPHQW IRU RXU VSHFLDO FDVH RQO\� ZH FRQGXFW D JHQHUDO DQDO\VLV
RI YDULRXV YHUVLRQV RI WKH H[SHFWDWLRQV K\SRWKHVLV� LQFOXGLQJ WKH 8^(+� 7KLV DQDO\VLV
EHJLQV ZLWKLQ WKH IUDPHZRUN RI +HDWK� -DUURZ� DQG 0RUWRQ ������� ZKLFK GRHV QRW
LQYROYH 0DUNRY IDFWRUV DQG IRFXVHV RQ WKH FRQGLWLRQV IRU DEVHQFH RI DUELWUDJH UDWKHU
WKDQ RQ WKRVH IRU HTXLOLEULXP� $IWHU REWDLQLQJ D FULWHULRQ IRU WKH H[SHFWDWLRQV
K\SRWKHVLV LQ D PRGHO RI WKH +-0 W\SH� ZH IRFXV RQ WKH FRQGLWLRQV WKDW VXFK D

�6H H ' XrH �� � � � � IR U D GLVF XVVLR Q R I WKH VWD WH �SULF H GH qD WR U D QG LWV UH OD WLR QVKLS WR PD UJ LQD O XWLOLW\ �
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PRGHO PXVW VDWLVI\ WR DGPLW D &,5 0DUNRY UHSUHVHQWDWLRQ� 7KHQ ZH VLPSO\ YHULI\
WKDW WKHVH FRQGLWLRQV KROG LQ WKH IRUHJRLQJ H[DPSOH�

�� 7 KH 8̂ (+ LQ DQ +-0 VHW W LQJ

,Q WKLV VHFWLRQ� ZH JHQHUDOL]H 0F&XOORFK
V H[DPSOH E\ FKDUDFWHUL]LQJ WKH 8^(+
LQ WHUPV RI WKH +-0 DEVHQFH�RI�DUELWUDJH UHVWULFWLRQ� :H VWDUW ZLWK VRPH QRWDWLRQ�
/HW 3 �W� 7 � GHQRWH WKH SULFH DW WLPH W RI D GHIDXOW�IUHH ]HUR�FRXSRQ ERQG WKDW SD\V

RQH XQLW RI DFFRXQW DW WLPH 7 � $VVXPH WKDW� DW DQ\ WLPH W� 3 �W� 7 � LV D GLoHUHQWLDEOH
IXQFWLRQ RI 7 � DQG GHpQH I�W� 7 � � b #

# 7 ORJ>3 �W� 7 �@� WKH LQVWDQWDQHRXV IRUZDUG
UDWH IRU KRUL]RQ 7 � WKLV GHpQLWLRQ� RI FRXUVH� LPSOLHV

ORJ>3 �W� 7 �@  b
= 7

V W
I�W� V� GV� �����

)ROORZLQJ &,5� GHpQH WKH XQELDVHG H[SHFWDWLRQV K\SRWKHVLV DV WKH SURSRVLWLRQ WKDW
IRUZDUG UDWHV DUH WKH FRQGLWLRQDO H[SHFWDWLRQ RI IXWXUH VSRW UDWHV� WKDW LV� I�W� 7 �  
(W>U�7 �@� ZKHUH� E\ GHpQLWLRQ� WKH VKRUW UDWH DW WLPH W LV U�W� � OLP7�W I�W� 7 �� DQG
(W> c @ GHQRWHV FRQGLWLRQDO H[SHFWDWLRQ�
,Q WKH +-0 DSSURDFK WR PRGHOLQJ WKH WHUP VWUXFWXUH� WKH SULPLWLYHV DUH �L� DQ

LQLWLDO IRUZDUG FXUYH II��� W� M W ! �J� �LL� WKH SURFHVV IRU WKH PDUNHW SULFH RI ULVN
y�W�� DQG �LLL� WKH YRODWLOLW\ RI IRUZDUG UDWHV� :H UHVWULFW DWWHQWLRQ WR HFRQRPLHV LQ
ZKLFK IRUZDUG UDWHV DUH GLoXVLRQV GULYHQ E\ D G�GLPHQVLRQDO YHFWRU: �W� RI VWDQGDUG
%URZQLDQ PRWLRQV� /HW WKH SURFHVV IRU IRUZDUG UDWHV EH

GI�W� 7 �  zI �W� 7 � GW� �I �W� 7 �
! G: �W�� �����

ZKHUH �I �W� 7 � LV D G�GLPHQVLRQDO YHFWRU RI IRUZDUG�UDWH YRODWLOLWLHV� 1RWH WKDW WKH
PDUNHW SULFH RI ULVN� y�W�� LV DOVR D G�GLPHQVLRQDO YHFWRU� DQG WKDW LW FRXOG EH D
UDQGRP SURFHVV� DV FRXOG zI �W� 7 � DQG �I �W� 7 ��
7R VWXG\ FRQGLWLRQV XQGHU ZKLFK WKH 8^(+ KROGV� ZH QHHG WKH UHODWLRQVKLS

EHWZHHQ IXWXUH VKRUW UDWHV DQG FXUUHQW IRUZDUG UDWHV� 6LQFH U�7 �  I�7� 7 �  

I�W� 7 � �
5 7
V W GI�V� 7 �� ZH FDQ ZULWH

(W>U�7 �@  I�W� 7 � �

= 7

V W
(W>GI�V� 7 �@  I�W� 7 � �

= 7

V W
(W>zI �V� 7 �@ GV�

'HpQH WKH IRUZDUG UDWH SUHPLXP DV IROORZV�

��W� 7 � � I�W� 7 �b(W>U�7 �@  

= 7

V W
(W>bzI �V� 7 �@ GV� �����

(TXDWLRQ ����� FOHDUO\ LPSOLHV WKDW LI IRUZDUG UDWHV DUH XQELDVHG SUHGLFWRUV RI IXWXUH
VSRW UDWHV� WKHQ IRUZDUG UDWHV DUH PDUWLQJDOHV� zI �W� 7 � u �� ,I� LQ DGGLWLRQ� WKH
HUJRGLF GLVWULEXWLRQ RI U�W� H[LVWV DQG KDV D PHDQ� WKHQ WKH DYHUDJH \LHOG FXUYH
LV qDW� %\ FRQWUDVW� DQ XSZDUG VORSLQJ DYHUDJH \LHOG FXUYH UHTXLUHV DQ H[SHFWHG
GHFUHDVH LQ IRUZDUG UDWHV RQ DYHUDJH�
,W PLJKW VHHP HDV\� WKHQ� WR FRQVWUXFW H[DPSOHV RI WKH 8^(+ E\ FKRRVLQJ SURFHVVHV

IRU IRUZDUG UDWHV ����� ZLWK zI �W� 7 � u �� 7KH SUREOHP LV WKDW GRLQJ VR DUELWUDULO\
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PLJKW LQWURGXFH DUELWUDJH RSSRUWXQLWLHV� 7KH FRQGLWLRQ IRU DEVHQFH RI DUELWUDJH LQ
WKH +-0 VHWWLQJ VSHFLpHV WKH GULIW RI IRUZDUG UDWHV DV�

zI �W� 7 �  �I �W� 7 �
!
v
y�W� �

= 7

V W
�I �W� V� GV

w
�����

IRU DOO � x W x 7 � (TXDWLRQ ����� VKRZV WKDW ZH PXVW EH DEOH WR ZULWH IRUZDUG
UDWH GULIWV LQ WHUPV RI WKHLU YRODWLOLWLHV DQG WKH PDUNHW SULFH RI ULVN IRU ERQG SULFHV
WR EH IUHH RI DUELWUDJH RSSRUWXQLWLHV� 6LQFH WKH 8^(+ UHTXLUHV IRUZDUG UDWHV WR EH
PDUWLQJDOHV� WKH +-0 FKDUDFWHUL]DWLRQ RI WKLV K\SRWKHVLV LV

�I �W� 7 �
!
v
y�W� �

= 7

V W
�I �W� V� GV

w
 �� �����

7KH PRGHOLQJ FKDOOHQJH� WKHQ� LV WR pQG SURFHVVHV Iy�W�� �I �W� 7 �J WKDW VDWLVI\ ������
7R PHHW WKLV FKDOOHQJH� LW LV FRQYHQLHQW WR GHpQH

��W� 7 � � y�W� �

= 7

V W
�I �W� V� GV� �����

1RWH WKDW ���W� 7 �  �I �W� 7 �� ZKHUH ZH GHpQH )
��W� 7 � � #

#7 ) �W� 7 � IRU DQ\ IXQFWLRQ
) � c � c �� 8VLQJ ������ ZH FDQ ZULWH ����� DV

���W� 7 �!��W� 7 �  �� �����

$Q\ IXQFWLRQ ��W� 7 � WKDW VDWLVpHV ����� KDV FRQVWDQW OHQJWK� N��W� 7 �N  N��W� W�N�
7ZR FRPPHQWV DUH LQ RUGHU� )LUVW� QRWH WKDW ZKHQ G  �� WKLV FRQGLWLRQ FDQ EH
VDWLVpHG RQO\ LI ��W� 7 � LV D FRQVWDQW IXQFWLRQ RI LWV VHFRQG DUJXPHQW� LQ ZKLFK
FDVH �I �W� 7 � u �� ZKLFK PHDQV WKHUH LV QR XQFHUWDLQW\� 7KXV LQ RUGHU IRU �����
WR KROG ZKHQ LQWHUHVW UDWHV DUH VWRFKDVWLF� WKHUH PXVW EH DW OHDVW WZR %URZQLDQV�
6HFRQG� QRWH WKDW ����� GRHV QRW UHVWULFW KRZ ��W� 7 � EHKDYHV DV D IXQFWLRQ RI LWV
pUVW DUJXPHQW� ,Q SDUWLFXODU� ��W� 7 � FDQ EH D VWRFKDVWLF SURFHVV�
:H FDQ UHVWDWH WKH NH\ UHODWLRQVKLS EHWZHHQ ��W� 7 � DQG WKH 8^(+ DV IROORZV�

,I ��W� 7 � LV D URWDWLRQ RI ��W� W�� WKHQ WKH 8^(+ LV VDWLVpHG LQ DQ DUELWUDJH�
IUHH ZD\�

7KLV VWDWHPHQW \LHOGV D VLPSOH UHFLSH IRU FRQVWUXFWLQJ DUELWUDJH�IUHH PRGHOV RI WKH
8^(+� �L� FKRRVH ��W� 7 � VXFK WKDW ��W� W� LV VRPH UDQGRP SURFHVV DQG ��W� 7 �� IRU
7 ! W� LV D URWDWLRQ RI ��W� W�� �LL� VHW y�W�  ��W� W�� DQG �LLL� VHW �I �W� 7 �  ���W� 7 ��
0F&XOORFK ������ FRQVWUXFWV DQ HFRQRP\ LQ ZKLFK WKH 8^(+ KROGV�� ,Q 0F&XO�

ORFK
V H[DPSOH WKHUH DUH WZR VRXUFHV RI ULVN� VR WKDW G  �� +H FKRRVHV�

��W� W� ��  D
tS

� Hb� b Hb�� � �b Hb�
u!

�

� 7 KLV Z D V pUVW VKR Z Q E\ + -0 � VH H D OVR ' XrH �� � � � �� S� � � � R U + XOO �� � � � �� S� � � � ^ � � � � 7 KH IR UP
R I R XU UH VWULF WLR Q GLoH UV IUR P WKH IR UP WKD W ' XrH D QG + XOO J LY H EH F D XVH LQ WKH LU SUH VH QWD WLR QV
zI �W� 7 � LV ULVN D GMXVWH G� Z KLOH KH UH LW LV QR W�
� ) UD F KR W D QG /H VQH �� � � � � QR WH WKD W VXF K D Q H [ D PSOH F R XOG EH F R QVWUXF WH G H D VLO\ E\ H [ SOR LWLQJ
H T XD WLR Q �� �� ��
�:H UH Y H UVH WKH R UGH U R I 0 F & XOOR F K
V %UR Z QLD Q PR WLR QV IR U F R PSD ULVR Q Z LWK Z KD W IR OOR Z V� 1 R WH
WKD W D  u

S
J� LQ KLV QR WD WLR Q�
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1RWH WKDW N��W� W � ��N  N��W� W�N  D� &OHDUO\� DV � LQFUHDVHV� ��W� W � �� WXUQV
FRQWLQXRXVO\ IURP ��W� W�  �D� ��! WR ��W� W � ��  ��� D�!� JRLQJ D TXDUWHU RI
WKH ZD\ DURXQG WKH FLUFOH RYHU WKH LQpQLWH KRUL]RQ� )LQDOO\ QRWH WKDW 0F&XOORFK
V
H[DPSOH LV *DXVVLDQ VLQFH ��W� 7 � LV GHWHUPLQLVWLF�

�� $ F O DVV RI H[SHF W DW LRQV K\SRW KHVHV

:H QRZ JHQHUDOL]H WKH UHVXOWV IURP WKH SUHYLRXV VHFWLRQ WR HQFRPSDVV DQ HQWLUH
FODVV RI H[SHFWDWLRQV K\SRWKHVHV� )RU WKLV SXUSRVH� ZH ZLOO QHHG WR UHIHU WR WKH
SURFHVV IRU ]HUR�FRXSRQ ERQGV�

G3 �W� 7 �

3 �W� 7 �
 z3 �W� 7 � GW� �3 �W� 7 �

!G: �W�� �����

)URP ������ QRWH WKH IROORZLQJ UHODWLRQ EHWZHHQ WKH YRODWLOLW\ RI ERQG SULFHV DQG
WKDW RI IRUZDUG UDWHV

�3 �W� 7 �  b
= 7

V W
�I �W� V� GV� �����

&,5 FKDUDFWHUL]H IRXU YHUVLRQV RI WKH H[SHFWDWLRQV K\SRWKHVHV� WKH 8^(+� WKH /^
(+� WKH <LHOG�WR�0DWXULW\ ([SHFWDWLRQV +\SRWKHVLV �<70^(+�� DQG WKH 5HWXUQ�
WR�0DWXULW\ ([SHFWDWLRQV +\SRWKHVLV �570^(+�� 7KH\ VKRZ WKDW WKH 8^(+ DQG
WKH <70^(+ DUH LGHQWLFDO LQ FRQWLQXRXV WLPH� DQG WKDW_DIWHU LPSRVLQJ DEVHQFH�
RI�DUELWUDJH FRQGLWLRQV_WKH WKUHH LQGHSHQGHQW H[SHFWDWLRQV K\SRWKHVHV FRXOG EH
FKDUDFWHUL]HG LQ WKH IROORZLQJ ZD\�

�3 �W� 7 �
!y�W�  

T

�
N�3 �W� 7 �N�� �����

ZKHUH

T  

�!�
!�
� XQGHU /^(+�

� XQGHU <70�8^(+� DQG

� XQGHU 570^(+�

(TXDWLRQ ����� SURYLGHV D FKDUDFWHUL]DWLRQ RI WKH WKUHH H[SHFWDWLRQV K\SRWKHVHV�
0RUHRYHU� LW VKRZV WKDW WKH\ DUH PXWXDOO\ LQFRQVLVWHQW XQOHVV �3 �W� 7 � u �� $O�
WKRXJK &,5 RQO\ FRQVLGHU T � I�� �� �J� ZH DOORZ T WR EH DQ DUELWUDU\ UHDO QXPEHU�
DQG ZH UHIHU WR ����� DV WKH T^H[SHFWDWLRQV K\SRWKHVLV �T^(+�� &,5 UHIHU WR �����
LQ PDNLQJ WKHLU FODLP WKDW RQO\ WKH /^(+ FRXOG KROG LQ D FRQWLQXRXV�WLPH JHQHUDO
HTXLOLEULXP PRGHO� &OHDUO\� WKH /^(+ KDV D VSHFLDO VWDWXV� VLQFH T  � LPSOLHV
y�W� LV RUWKRJRQDO WR �3 �W� 7 � EXW LPSRVHV QR RWKHU UHVWULFWLRQ� ZLWK y�W� u �� IRU
H[DPSOH� WKH /^(+ LV DOZD\V VDWLVpHG DQG �3 �W� 7 � LV XQUHVWULFWHG� )RU DQ\ RWKHU
YDOXH RI T� E\ FRQWUDVW� LI y�W� LV RUWKRJRQDO WR �3 �W� 7 �� WKHQ �3 �W� 7 �  ��
7KH OHIW VLGH RI HTXDWLRQ ����� LV WKH H[FHVV H[SHFWHG UDWH RI UHWXUQ RYHU WKH QH[W

LQVWDQW RI WLPH DVVRFLDWHG ZLWK KROGLQJ WKH GLVFRXQW ERQG PDWXULQJ DW 7 � DQG LW LV
WKHUHIRUH D ULVN SUHPLXP� :LWK T  �� WKH ULJKW VLGH LV D -HQVHQ
V HTXDOLW\ WHUP� RU
FRQYH[LW\ SUHPLXP� WKDW SXOOV WKH \LHOG EHORZ WKH FRUUHVSRQGLQJ H[SHFWHG IXWXUH
VKRUW UDWH� :KHQ WKH WZR WHUPV H[DFWO\ HTXDO HDFK RWKHU� WKH WZR SUHPLD H[DFWO\
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RoVHW HDFK RWKHU� DQG WKH 8^(+ KROGV� (YHQ ZLWK T � �� WKH T^(+ K\SRWKHVLV
UHTXLUHV D EDODQFH EHWZHHQ WKH WZR SUHPLD� DOWKRXJK QRW HTXDOLW\�
:H FDQ UHFDVW ����� LQ WHUPV RI IRUZDUG UDWHV E\ GLoHUHQWLDWLQJ ERWK VLGHV ZLWK

UHVSHFW WR 7 � XVLQJ ������ DQG UHDUUDQJLQJ�

�I �W� 7 �
!
v
y�W� � T

= 7

V W
�I �W� V� GV

w
 �� �����

:H VHH WKDW ����� LV D VSHFLDO FDVH RI ����� ZLWK T  �� ,W LV FRQYHQLHQW WR JHQHUDOL]H
WKH GHpQLWLRQ RI ��W� 7 �� 'HpQH ��W� 7 � LPSOLFLWO\ E\

y�W�  T ��W� W� �����

DQG
�I �W� 7 �  ���W� 7 �� �����

VR WKDW T ��W� 7 �  y�W� � T
5 7
V W �I �W� V� GV�

8VLQJ ����� DQG ������ ZH FDQ ZULWH ����� DV

T ���W� 7 �!��W� 7 �  �� �����

(TXDWLRQ ����� LV VDWLVpHG DXWRPDWLFDOO\ LI T  �� ,I T � �� ����� UHGXFHV WR ������ LQ
ZKLFK FDVH WKH FRPPHQWV WKDW IROORZ ����� DSSO\ KHUH WR WKH JHQHUDOL]HG GHpQLWLRQ
RI ��W� 7 ��
7KH UHFLSH IRU FRQVWUXFWLQJ DUELWUDJH�IUHH PRGHOV RI WKH T^(+ LV WKLV� �L� FKRRVH

��W� 7 � VXFK WKDW ��W� W� LV VRPH UDQGRP SURFHVV DQG ��W� 7 �� IRU 7 ! W� LV D URWDWLRQ
RI ��W� W�� �LL� GHpQH y�W�  T ��W� W�� DQG �LLL� GHpQH �I �W� 7 �  ���W� 7 �� )RU H[DPSOH�
ZLWK 0F&XOORFK
V ��W� 7 �� ZH FRXOG FKRRVH y�W�  T ��W� W� IRU DQ\ T�
)LQDOO\� QRWH WKDW ZH FDQ UHVWDWH WKH T^(+ LQ WHUPV RI HLWKHU IRUZDUG UDWH GULIWV

RU WHUP SUHPLD� 8VLQJ ����� DQG ������ ZH FDQ UHZULWH WKH QR�DUELWUDJH FRQGLWLRQ
����� DV

zI �W� 7 �  ���W� 7 �!
t
�T b ����W� W� � ��W� 7 �

u
�

)RU T � �� ����� LPSOLHV WKH IROORZLQJ FKDUDFWHUL]DWLRQ LQ WHUPV RI GULIWV�
zI �W� 7 �  �T b �����W� 7 �!��W� W�� �����

,Q YLHZ RI ������ WKLV HTXDWLRQ KROGV LI DQG RQO\ LI

��W� 7 �  ��b T�

= 7

V W
(W>�

��V� 7 �!��V� V�@ GV� �����

ZKLFK LV D FKDUDFWHUL]DWLRQ RI WKH T^(+ LQ WHUPV RI WKH WHUP SUHPLXP� ,Q ZKDW
IROORZV� ZH DVVXPH IRU FRQYHQLHQFH WKDW ������ ������ DQG ����� KROG HYHQ ZKHQ T  ��

�� 0 DU N RYLDQ P RGHO V

0F&XOORFK ������ HVWDEOLVKHV GHFLVLYHO\ WKDW WKH XQELDVHG H[SHFWDWLRQV K\SRWK�
HVLV LV FRQVLVWHQW ZLWK JHQHUDO HTXLOLEULXP� EXW KH OHDYHV RSHQ WKH SRVVLELOLW\ WKDW
H[SHFWDWLRQV K\SRWKHVHV PD\ EH LQFRQVLVWHQW ZLWK JHQHUDO HTXLOLEULXP LQ WKH pQLWH�
VWDWH 0DUNRYLDQ ZRUOG DQDO\]HG E\ &,5� :H VHWWOH WKLV LVVXH E\ H[KLELWLQJ 0DUNRY
HFRQRPLHV ZLWK WZR DQG WKUHH IDFWRUV� 7KH FRQVWUXFWLRQ DOORZV IRU WKH YRODWLOLW\ RI
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ERQG SULFHV WR EH VWRFKDVWLF� 7KH WULFN LV WR PDNH ��W� 7 � SURFHHG DURXQG D FLUFOH
DW D FRQVWDQW SDFH� SURGXFLQJ DQ LQpQLWH QXPEHU RI F\FOHV�
,Q DOO RI WKH H[DPSOHV ZH GHYHORS EHORZ� WKH SURFHVVHV IRU WKH VKRUW UDWH U�W� DQG

LWV GULIW [�W� VKDUH WKH VWUXFWXUH VHW RXW LQ ����� DQG ���� IRU YDULRXV VSHFLpFDWLRQV
RI t�W� DQG \�W��
7R IDFLOLWDWH WKH DQDO\VLV RI WKH H[DPSOHV� ZH GHpQH D SDLU RI IXQFWLRQV WKDW ZH

ZLOO XVH UHSHDWHGO\ DQG IRU ZKLFK �T� �� zU� ]� LV D YHFWRU RI p[HG SDUDPHWHUV�

< �U� t� � ��
b
zU b U � �T b �� b]� b t�

cc
DQG

)T�U� [� �� � zU � �U b zU� FRV>� � @ � [
VLQ>� � @

�
� �T b �� ]� ��b FRV>� � @��

$ WZR�IDFWRU PRGHO� &RQVLGHU WKH IROORZLQJ H[DPSOH� ZKHUH G  � DQG ��W� 7 �
KDV FRQVWDQW QRUP ] DQG WXUQV DW FRQVWDQW DQJXODU YHORFLW\ ��

��W� W� ��  ] &��� �� � �����

ZKHUH

&��� ��  

v
FRV>� � @
VLQ>� � @

w
�

:H SURYH LQ 3URSRVLWLRQ � EHORZ WKDW WKLV FKRLFH IRU ��W� 7 � OHDGV WR SURFHVVHV IRU
WKH VKRUW UDWH U�W� DQG LWV GULIW [�W� RI WKH IRUP ����� DQG ������ ZKHUH t�W�  ] DQG

\�W�  < �U�W�� ]�  �� �zU b U�W���

,Q WKLV PRGHO RI WKH \LHOG FXUYH� WKH ELYDULDWH SURFHVV IRU WKH WZR IDFWRUV� U�W� DQG
[�W�� LV 0DUNRYLDQ� 7KH VKRUW UDWH LV VWDWLRQDU\� ZLWK DQ XQFRQGLWLRQDO PHDQ HTXDO
WR zU� ZKLOH LWV GULIW [�W� LV DOVR VWDWLRQDU\� ZLWK DQ XQFRQGLWLRQDO PHDQ HTXDO WR
]HUR� ERWK XQFRQGLWLRQDO YDULDQFHV DUH LQpQLWH� 9RODWLOLWLHV DUH FRQVWDQW� VR WKDW WKH
PRGHO LV *DXVVLDQ� )LQDOO\� WKH PDUNHW SULFH RI ULVN LV

y�W�  T ��W� W�  

v
T ]
�

w
�

:LWK OLQHDU GULIWV� FRQVWDQW YRODWLOLWLHV� DQG D FRQVWDQW SULFH RI ULVN� WKH PRGHO
EHORQJV WR WKH H[SRQHQWLDO�DrQH FODVV LQWURGXFHG E\ 'XrH DQG .DQ ������� 7KH
VROXWLRQ IRU IRUZDUG UDWHV LV

I�W� W� ��  )T�U�W�� [�W�� ��� �����

$W DQ\ WLPH W� WKHQ� WKH IRUZDUG FXUYH LV D VLQH ZDYH ZLWK p[HG DQJXODU IUHTXHQF\
�� $W KRUL]RQ �  �� LWV OHYHO LV U�W� DQG LWV VORSH LV [�W�� ERWK UDQGRP YDULDEOHV� VR
WKDW WKH IRUZDUG FXUYH KDV UDQGRP DPSOLWXGH DQG SKDVH VKLIW� 8VLQJ WKH PHWKRGV
GHVFULEHG LQ )LVKHU DQG *LOOHV ������� LW LV SRVVLEOH WR YHULI\ WKDW WKH FRQGLWLRQDO
H[SHFWDWLRQ RI WKH VKRUW UDWH LV

(W>U�W� ��@  )��U�W�� [�W�� ��� �����

ZKLOH WKH FRQGLWLRQDO YDULDQFH LV 9DUW>U�W � ��@  �� ]� � � FRQYHUJLQJ OLQHDUO\ WR
LQpQLW\� WKH YDULDQFH RI WKH HUJRGLF GLVWULEXWLRQ� &OHDUO\� WKH FRQGLWLRQDO PHDQ DQG
YDULDQFH RI U�W� DUH LQGHSHQGHQW RI WKH YDOXH RI T� DV WKH\ PXVW EH VLQFH WKH SURFHVV
IRU �U�W�� [�W�� LV LQGHSHQGHQW RI T� %XW WKH YDOXH RI T DoHFWV WKH PDUNHW SULFH RI
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ULVN� DQG WKHUHIRUH WKH VKDSH RI WKH \LHOG FXUYH JLYHQ LQ ������ 7KHVH HTXDWLRQV�
LPSO\ WKDW WKH WHUP SUHPLXP LV

��W� W� �� � I�W� W� ��b(W>U�W� ��@  �T b �� ]� ��b FRV>� ���@��
ZKLFK DJUHHV ZLWK WKH WHUP SUHPLXP XQGHU WKH T^(+ DV JLYHQ LQ HTXDWLRQ ������
,Q SDUWLFXODU� XQGHU WKH XQELDVHG H[SHFWDWLRQV K\SRWKHVLV �T  �� DOO WHUP SUHPLD
YDQLVK�
:H FDQ QRZ UHWXUQ WR WKH JHQHUDO�HTXLOLEULXP HFRQRP\ RI 6HFWLRQ �� 7KH PDUNHW

SULFH RI ULVN LV y�W�  T�]� �� ZKLOH WKH VKRUW UDWH LV U�W�� 7KH \LHOG FXUYH LV WKHUHIRUH
H[DFWO\ WKDW RI WKH H[DPSOH LQ WKLV VHFWLRQ� LPSO\LQJ WKDW WKH T^(+ K\SRWKHVLV KROGV
LQ WKDW HFRQRP\� LQ SDUWLFXODU� WKH 8^(+ KROGV LI T  ��

7KH H[DPSOH LV WKH FDQRQLFDO *DXVVLDQ PRGHO� ,Q WKH IRUHJRLQJ H[DPSOH�
WKH IDFWRUV KDYH GHWHUPLQLVWLF YRODWLOLWLHV_WKH *DXVVLDQ FDVH� )URP DQ HPSLULFDO
VWDQGSRLQW� 1RQ�*DXVVLDQ PRGHOV DUH PRUH LQWHUHVWLQJ� EHFDXVH WKH\ DORQH LPSO\
WKDW WHUP SUHPLD qXFWXDWH UDQGRPO\� %HORZ� ZH FRQVWUXFW VXFK H[DPSOHV E\ JHQ�
HUDOL]LQJ WKH FDQRQLFDO H[DPSOH�
%HIRUH WXUQLQJ WR WKH LVVXH RI QRQ�*DXVVLDQ PRGHOV� KRZHYHU� ZH SURYH WZR UHVXOWV

DERXW WKH FDQRQLFDO H[DPSOH� ZKLFK FOHDUO\ VKRZ WKDW LW LV WKH QDWXUDO SODFH WR VWDUW
JHQHUDOL]LQJ IURP� )LUVW� ZH VKRZ WKDW WKHUH H[LVWV QR RQH�IDFWRU PRGHO RI WKH T^(+�
*DXVVLDQ RU QRW� 7KLV LV VLPSO\ EHFDXVH� XQGHU WKH T^(+� WKH XQLYDULDWH SURFHVV
IRU WKH VKRUW UDWH FDQQRW EH 0DUNRYLDQ �DOO SURRIV DSSHDU LQ WKH DSSHQGL[��

3URSRVLWLRQ �� ,I WKH T^(+ KROGV DQG WKH VKRUW UDWH U�W� LV QRW GHWHUPLQLVWLF� WKHQ
LWV XQLYDULDWH SURFHVV LV QRW 0DUNRYLDQ�

6HFRQG� ZH VKRZ WKDW DQ\ WZR�IDFWRU *DXVVLDQ PRGHO RI WKH T^(+ LV D UHQRUPDO�
L]DWLRQ RI WKH FDQRQLFDO H[DPSOH�

3URSRVLWLRQ �� 6XSSRVH WKDW WKH T^(+ KROGV LQ D PRGHO ZLWK WZR 0DUNRYLDQ VWDWH
YDULDEOHV VXFK WKDW ERQG SULFHV KDYH GHWHUPLQLVWLF YRODWLOLWLHV� 7KHQ WKHUH H[LVW
FRQVWDQW VFDODUV zU� �� DQG ] VXFK WKDW� SHUKDSV DIWHU FKDQJLQJ WKH EDVLV IRU WKH
YHFWRU RI %URZQLDQ PRWLRQV �WKXV DoHFWLQJ WKH UHSUHVHQWDWLRQ RI WKH SURFHVVHV� EXW
QRW WKH IRUP RI WKH \LHOG FXUYH��

s ��W� 7 � KDV WKH IRUP VKRZQ LQ ������
s WKH SURFHVVHV IRU WKH VKRUW UDWH DQG LWV GULIW KDYH WKH IRUP VKRZQ LQ HTXDWLRQV
����� DQG ������ ZLWK t�W�  ] DQG \�W�  < �U�W�� ]��

s DQG WKH LQLWLDO IRUZDUG FXUYH KDV WKH IRUP

I��� ��  )T�U���� [���� ��� �����

3URSRVLWLRQ � DVVHUWV WKDW LQ D *DXVVLDQ DQG 0DUNRYLDQ HFRQRP\ �ZLWK WZR IDF�
WRUV�� WKH T^(+ LPSOLHV WKDW ��W� 7 � NHHSV WXUQLQJ DURXQG WKH FLUFOH DW FRQVWDQW
DQJXODU YHORFLW\� �� ,W DOVR VSHFLpHV WKH %URZQLDQ PRWLRQ GULYLQJ [�W�� WKH GULIW
RI U�W�� DV RUWKRJRQDO WR WKDW GULYLQJ U�W�� DQG LW VSHFLpHV \�W�� WKH GULIW RI [�W��
DV D WUDQVODWLRQ RI U�W� DQG LQGHSHQGHQW RI WKH YDOXH RI [�W� LWVHOI� 7KH VKRUW UDWH
LV VWDWLRQDU\ ZLWK XQFRQGLWLRQDO PHDQ HTXDO WR zU� ZKLOH LWV GULIW LV DOVR VWDWLRQDU\
ZLWK XQFRQGLWLRQDO PHDQ HTXDO WR ]HUR�
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%HFDXVH WKH PRGHO LV 0DUNRYLDQ� WKH LQLWLDO WLPH KDV QR SDUWLFXODU VLJQLpFDQFH�
DQG HTXDWLRQ ����� IRU WKH LQLWLDO IRUZDUG FXUYH GHOLYHUV WKH IRUP RI WKH JHQHULF
IRUZDUG FXUYH� ������ WKDW IROORZV IURP VROYLQJ D 'XrH�.DQ PRGHO� %XW ZKLOH WKH
'XrH�.DQ PHWKRG UHTXLUHV VROYLQJ D VLPXOWDQHRXV V\VWHP RI WKUHH 5LFDWWL GLoHU�
HQWLDO HTXDWLRQV� ZH REWDLQ WKH LQLWLDO IRUZDUG FXUYH LQ WKH SURRI RI 3URSRVLWLRQ �
E\ VROYLQJ D VLQJOH VHFRQG�RUGHU GLoHUHQWLDO HTXDWLRQ�
&OHDUO\� IRUZDUG FXUYHV FDQ EH qDW� LQ IDFW WKH IRUZDUG FXUYH LV qDW LI DQG RQO\

LI U�W�  zU � �T b �� ]� DQG [�W�  �� EHFDXVH WKHQ )T�zU � �T b �� ]�� �� ��  
zU� �T b �� ]�� 7KH VKRUW UDWH DQG LWV GULIW KDYH DQ HUJRGLF GLVWULEXWLRQ� ZLWK PHDQ
zU DQG ]HUR� 6LQFH )T LV OLQHDU LQ WKHVH WZR YDULDEOHV� WKH ZKROH IRUZDUG FXUYH KDV
DQ HUJRGLF GLVWULEXWLRQ� DQG LWV DYHUDJH LV REWDLQHG E\ VHWWLQJ U�W� DQG [�W� DW WKHLU
XQFRQGLWLRQDO PHDQV� zU DQG ��

)T�zU� �� ��  zU � �T b �� ]� ��b FRV>� � @��

7KH DYHUDJH IRUZDUG FXUYH LV WKXV WKH VDPH DV WKH qDW IRUZDUG FXUYH XQGHU WKH
8^(+ �T  ��� EXW LQ RWKHU FDVHV LW LV D VLQH ZDYH�

1RQ�*DXVVLDQ PRGHOV� :H QRZ WXUQ WR WKH QRQ�*DXVVLDQ FDVH� 7KH VLPSOHVW
ZD\ WR JHQHUDOL]H WKH FDQRQLFDO *DXVVLDQ H[DPSOH LV WR VXSSRVH WKDW ��W� W�_ZKLFK
LV SURSRUWLRQDO WR WKH PDUNHW SULFH RI ULVN y�W�_LV DQ ,WR SURFHVV� 7R GR WKLV ZLWKRXW
LQFUHDVLQJ WKH QXPEHU RI IDFWRUV� UHSODFH HTXDWLRQ ����� E\ ��W� W� ��  t�W�&��� ��
ZKHUH t�W� LV VRPH IXQFWLRQ RI U�W� DQG [�W�� $V VKRZQ LQ 3URSRVLWLRQ �� WKH UHVXOW
LV D QRQ�*DXVVLDQ WZR�IDFWRU 0DUNRY PRGHO RI WKH \LHOG FXUYH LQ ZKLFK WKH T^
(+ KROGV� $OWKRXJK WKLV DSSURDFK GHOLYHU FORVHG�IRUP H[SUHVVLRQV IRU ERQG SULFHV�
FKHFNLQJ WKDW WKH T�K\SRWKHVLV KROGV PD\ QRW EH HDV\ LQ SUDFWLFH� EHFDXVH ZH GR
QRW KDYH FORVHG�IRUP H[SUHVVLRQV IRU WKH FRQGLWLRQDO IRUHFDVWV RI WKH IDFWRUV� )RU
WKLV UHDVRQ� ZH DOVR LQWURGXFH LQ 3URSRVLWLRQ � D QRQ�*DXVVLDQ WKUHH�IDFWRU PRGHO�
LQ ZKLFK ZH NQRZ KRZ WR FRPSXWH ERWK ERQG SULFHV DQG FRQGLWLRQDO IRUHFDVWV�

3URSRVLWLRQ �� /HW ��W� W � ��  t�W�&��� ��� ZKHUH &��� �� LV DV LQ ����� DQG
t�W�  t�U�W�� [�W��� IRU DQ\ IXQFWLRQ t�c� c� �ZLWK WKH UHVWULFWLRQ WKDW WKH LPSOLHG
VWRFKDVWLF SURFHVVHV IRU U�W� DQG [�W� KDYH D VROXWLRQ�� 6XSSRVH DOVR WKDW t��W� KDV
DQ XQFRQGLWLRQDO PHDQ ]�� 3LFN D FRQVWDQW zU DQG LQLWLDO FRQGLWLRQV U��� DQG [����
DQG FKRRVH WKH IROORZLQJ LQLWLDO IRUZDUG FXUYH

I��� ��  )T�U���� [���� ���

7KHQ�

s WKH UHVXOWLQJ \LHOG FXUYH PRGHO LV 0DUNRYLDQ ZLWK WZR IDFWRUV� �U�W�� [�W��� DV
ZHOO DV QRQ�*DXVVLDQ LI t�W� LV UDQGRP� DQG LW VDWLVpHV WKH T�H[SHFWDWLRQV
K\SRWKHVLV�

s WKH SURFHVVHV IRU WKH WZR IDFWRUV KDYH WKH IRUP VKRZQ LQ HTXDWLRQV ����� DQG
������ ZLWK \�W�  < �U�W�� t�W���

s DW DQ\ WLPH W� WKH IRUZDUG FXUYH LV

I�W� W� ��  )T�U�W�� [�W�� ��� �����
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:H VHH WKDW ERQG SULFHV DUH LQGHSHQGHQW RI t�W� DQG GHSHQG RQ WKH RWKHU WZR
IDFWRUV� U�W� DQG [�W�� H[DFWO\ DV WKH\ GR LQ WKH FRUUHVSRQGLQJ *DXVVLDQ PRGHO� 7KH
RQO\ GLoHUHQFH EHWZHHQ WKH *DXVVLDQ DQG WKH QRQ�*DXVVLDQ PRGHOV LV WKH GLVWULEX�
WLRQ RI WKHVH IDFWRUV� WKHUHIRUH \LHOG FXUYHV RI D JLYHQ VKDSH GR QRW RFFXU ZLWK WKH
VDPH IUHTXHQF\ LQ ERWK PRGHOV�
,Q WKH QRQ�*DXVVLDQ PRGHO� WKH GULIW RI [�W� GHSHQGV RQ t��W� �H[FHSW ZKHQ T  ���

ZKLFK FRPSOLFDWHV WKH WDVN RI PDNLQJ FRQGLWLRQDO IRUHFDVWV� ,I t��W� ZHUH D OLQHDU
IXQFWLRQ RI [�W� DQG U�W�� WKHQ WKH PRGHO ZRXOG EH LQ WKH H[SRQHQWLDO�DrQH FODVV�
DQG ZH ZRXOG NQRZ KRZ WR FRPSXWH FRQGLWLRQDO IRUHFDVWV� 8QIRUWXQDWHO\� LQ RXU
WZR�IDFWRU PRGHO WKHUH LV QR JXDUDQWHH WKDW HLWKHU WKH LQWHUHVW UDWH RU LWV GULIW FDQ
VWD\ SRVLWLYH �LQ IDFW� WKH PHDQ RI [�W� HTXDOV ]HUR�� DQG QR OLQHDU FRPELQDWLRQ RI
WKHVH YDULDEOHV LV JXDUDQWHHG WR VWD\ SRVLWLYH� 7KHUHIRUH� t��W� FDQQRW EH D OLQHDU
IXQFWLRQ RI �U�W�� [�W��� :H FDQ JHW DURXQG WKLV SUREOHP E\ WUHDWLQJ t��W� DV D WKLUG�
LQGHSHQGHQW IDFWRU�
7KH IROORZLQJ WKUHH�IDFWRU PRGHO EHORQJV WR WKH H[SRQHQWLDO�DrQH FODVV�

3URSRVLWLRQ �� 6HW G  �� /HW ��W� W� ��  t�W�&e��� ��� ZKHUH &e LV WKH PRGLp�
FDWLRQ RI WKH IXQFWLRQ & JLYHQ LQ ����� REWDLQHG E\ DGGLQJ D WKLUG FRPSRQHQW ZKLFK
LGHQWLFDOO\ HTXDOV ]HUR� OHW WKH SURFHVV IRU t��W� VDWLVI\

Gt��W�  N �]� b t��W�� GW� t�W� G:��W��

DQG OHW I��� ��  )T�U���� [���� ��� VR WKDW WKH LQLWLDO IRUZDUG FXUYH LV DV LQ 3URSRVL�
WLRQ �� 7KHQ WKH FRQFOXVLRQV RI 3URSRVLWLRQ ��� KROG� ZLWK WKH REYLRXV PRGLpFDWLRQ
WKDW WKH VWDWH LV WKH WKUHH�GLPHQVLRQDO YHFWRU �U�W�� [�W�� t��W���

7KH ERQG SULFH IRUPXODV LQ WKH WZR� DQG WKUHH�IDFWRU PRGHOV DUH LGHQWLFDO� 7KH
RQO\ GLoHUHQFH LV WKDW� EHFDXVH WKH ODWWHU PRGHO EHORQJV WR WKH H[SRQHQWLDO�DrQH
FODVV� LW LV SRVVLEOH WR REWDLQ FORVHG�IRUP VROXWLRQV IRU WKH pUVW WZR FRQGLWLRQDO
PRPHQWV RI DOO IDFWRUV� 7KH PHDQ RI WKH VKRUW UDWH� LQ SDUWLFXODU� VDWLVpHV

(W>U�W� ��@  )��U�W�� [�W�� �� �

��b T���

N� � ��

t
t��W�b ]�

uv
HbN� b FRV>�� @ � N VLQ>�� @

�

w
�

6XEWUDFWLQJ WKH ULJKW VLGH IURP )T SURGXFHV WKH IRUZDUG SUHPLXP ��

��W� W� ��  �T b ��
~
]���b FRV>�� @�b$

v
HbN� b FRV>�� @ � N VLQ>�� @

�

w�
�

ZKHUH $ � ���t��W�b ]�� �N� � ���� ,W FDQ EH IXUWKHU YHULpHG WKDW� EHFDXVH

(W>t�W� V��@  ]� � HbNV
b
t�W�� b ]�

c
�

WKH DERYH H[SUHVVLRQ IRU WKH WHUP SUHPLXP DJUHHV ZLWK ������ ZKLFK LQ WKH SUHVHQW
FDVH UHGXFHV WR

��W� W� ��  �T b ���
= �

V �
(W>t

��W� V�@ VLQ>��� b V�@ GV�
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:H KDYH VKRZQ WKDW WKH H[SHFWDWLRQV K\SRWKHVLV LV FRPSDWLEOH ZLWK JHQHUDO HTXL�
OLEULXP HYHQ LQ pQLWH�GLPHQVLRQDO 0DUNRYLDQ VHWWLQJV� 7KH PRGHOV ZH KDYH EHHQ
DEOH WR FRQVWUXFW� KRZHYHU� ZLOO QRW KHOS WR UHKDELOLWDWH WKH H[SHFWDWLRQV K\SRWK�
HVLV� 5DWKHU� WKH\ VKRZ KRZ LPSODXVLEOH WKH K\SRWKHVLV LV� EHFDXVH RXU H[DPSOHV
DOO VKDUH WKH VDPH SURFHVV IRU WKH VKRUW UDWH� ZKLFK LPSOLHV WKDW WKH IRUHFDVW RI
WKH VKRUW UDWH SDWK LV D VLQH ZDYH ZLWK QRQGDPSHQLQJ DPSOLWXGH� 0RUHRYHU� WKH
XQFRQGLWLRQDO YDULDQFH RI WKH VKRUW UDWH LV LQpQLWH� DQ XQGHVLUDEOH IHDWXUH IURP DQ
HFRQRPHWULF VWDQGSRLQW�
,Q WKH +-0 VHWWLQJ� \LHOG FXUYHV DQG FRQGLWLRQDO PRPHQWV IRU WKH VKRUW UDWH FDQ

ORRN PRUH UHDVRQDEOH� 7KH VKRUW UDWH LQ 0F&XOORFK
V H[DPSOH� IRU LQVWDQFH� KDV
pQLWH YDULDQFH� ZKLOH LWV IRUHFDVW �JLYHQ E\ WKH FXUUHQW IRUZDUG FXUYH� FDQ KDYH DQ\
VKDSH� 1RWH WKDW 0F&XOORFK GLG QRW H[KLELW D \LHOG FXUYH� ,Q IDFW� LQ WKH +-0
VHWWLQJ� WKH LQLWLDO IRUZDUG FXUYH� ZKLFK 0F&XOORFK GLG QRW VSHFLI\� FDQ EH FKRVHQ
DUELWUDULO\� DOWKRXJK LW DoHFWV WKH IRUP RI WKH \LHOG FXUYH IRU DOO WLPH WR FRPH��

7KH H[SHFWDWLRQV K\SRWKHVLV LPSRVHV UHVWULFWLRQV RQO\ RQ WKH G\QDPLFV RI WKH \LHOG
FXUYH� *LYHQ WKH LQLWLDO IRUZDUG FXUYH DQG LWV G\QDPLFV� LW LV LQ SULQFLSOH SRVVLEOH
WR UHFRQVWUXFW IXWXUH \LHOG FXUYHV IRU DQ\ SDWK RI WKH VHW RI %URZQLDQ PRWLRQV� %XW
EHFDXVH QR pQLWH VHW RI YDULDEOHV VXPPDUL]HV WKH VWDWH RI WKH HFRQRP\� WKH SUREOHP
RI NHHSLQJ WUDFN RI WKH ZKROH KLVWRU\ EHFRPHV XQZLHOG\ YHU\ TXLFNO\� DQG ZH FDQQRW
VD\ ZKDW D W\SLFDO IRUZDUG FXUYH ORRNV OLNH LQ 0F&XOORFK
V H[DPSOH�
$W pUVW EOXVK� LW PD\ VHHP WKDW WKH PRGHOV H[KLELWHG KHUH KDYH WKH SRWHQWLDO WR

UHSUHVHQW WKH F\FOLFDO EHKDYLRU RI LQWHUHVW UDWHV SULRU WR WKH H[LVWHQFH RI WKH )HGHUDO
5HVHUYH� 8QIRUWXQDWHO\� WKH PRGHOV FDQQRW EH PDGH WR UHDVRQDEO\ DSSUR[LPDWH
WKDW VRUW RI F\FOLFDO EHKDYLRU� 7KH SUREOHP LV WKDW WKH SUH�)HG F\FOHV DUH VHDVRQDO�
VR WKDW WKHLU SKDVH LV GHWHUPLQLVWLF� ZKLOH WKH F\FOHV LQ RXU PRGHOV DUH VXEMHFW WR
UDQGRP SKDVH VKLIWV� ,Q RWKHU ZRUGV� WKHUH LV QR ZD\ WR PDNH VXPPHU �IRU H[DPSOH�
EH D KLJK�UDWH VHDVRQ RQ DYHUDJH�
$V D pQDO REVHUYDWLRQ� ZH VXVSHFW WKDW QR HTXLOLEULXP PRGHO RI WKH H[SHFWDWLRQV

K\SRWKHVLV� 0DUNRYLDQ RU QRQ�0DUNRYLDQ� FDQ JXDUDQWHH WKH QRQ�QHJDWLYLW\ RI WKH
VKRUW UDWH� 7KLV LV FHUWDLQO\ WUXH LQ 0F&XOORFK
V H[DPSOH DQG DOO RI RXU H[DPSOHV�
6XFK D IHDWXUH PDNHV WKH H[SHFWDWLRQV K\SRWKHVLV D SRRU EHQFKPDUN IRU QRPLQDO
UDWHV� 7KH UHDVRQ IRU WKH LQDELOLW\ WR NHHS WKH VKRUW UDWH SRVLWLYH LV VLPSOH� ,I WKH
VKRUW UDWH LV WR VWD\ SRVLWLYH� LWV YRODWLOLW\ PXVW EH VPDOO HQRXJK DQG LWV GULIW PXVW
EH SRVLWLYH ZKHQHYHU LWV OHYHO LV FORVH WR ]HUR� %XW LQ DOO RXU H[DPSOHV� WKH GULIW RI
WKH VKRUW UDWH LV LQGHSHQGHQW RI WKH VKRUW UDWH LWVHOI� DQG WKHUHIRUH ZLOO QRW DOZD\V
SRLQW LQ WKH ULJKW GLUHFWLRQ ZKHQ WKH UDWH LV VPDOO�

$SSHQGL[ $� 3U RRI V RI 3U RSRVLW LRQV

3UHOLPLQDULHV� 7R SURYH WKH SURSRVLWLRQV� ZH QHHG WKH SURFHVV IRU WKH VKRUW UDWH
XQGHU WKH T^(+� ,Q WKH +-0 IUDPHZRUN� WKH WKUHH PRGHO SULPLWLYHV_WKH LQLWLDO
IRUZDUG FXUYH� WKH PDUNHW SULFH RI ULVN DQG WKH YRODWLOLW\ RI IRUZDUG UDWHV_DUH

�,QLWLD O IR UZ D UG F XUY H V LQ R XU H [ D PSOH V D UH GH WH UPLQH G R QO\ E\ WKH F R QGLWLR Q WKD W WKH PR GH O LV
0 D UN R Y LD Q� D V WKH SUR R IV R I WKH SUR SR VLWLR QV PD N H F OH D U�
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JXDUDQWHHG WR GHOLYHU DQ DUELWUDJH�IUHH PRGHO RI WKH WHUP VWUXFWXUH� 7KH VKRUW UDWH
LV JLYHQ E\

U�W�  I�W� W�  I��� W� �

= W

V �
zI �V� W� GV�

= W

V �
�I �V� W�

!G: �V�� �$���

ZKHUH zI �W� 7 � LV JLYHQ E\ HTXDWLRQ ������ 8VLQJ ����� DQG LPSRVLQJ WKH T^(+
FRQGLWLRQ ������ HTXDWLRQ �$��� EHFRPHV

U�W�  I��� W� � �T b ��
= W

V �
���V� W�!��V� V� GV�

= W

V �
���V� W�!G: �V�� �$���

IURP ZKLFK LW IROORZV WKDW WKH SURFHVV IRU WKH VKRUW UDWH REH\V

GU�W�  [�W� GW� ���W� W�!G: �W�� �$���

ZKHUH

[�W�  I ���� W� � �T b ��
= W

V �
����V� W�!��V� V� GV�

= W

V �
����V� W�!G: �V�� �$���

)URP WKLV GHpQLWLRQ� WKH SURFHVV IRU [�W� FOHDUO\ REH\V

G[�W�  \�W� GW� ����W� W�!G: �W�� �$���

ZKHUH

\�W�  I ����� W� � �T b ������W� W�!��W� W� �

�T b ��
= W

V �
�����V� W�!��V� V� GV�

= W

V �
�����V� W�!G: �V�� �$���

3URRI RI 3URSRVLWLRQ �� ,I U�W� LV 0DUNRYLDQ� WKHQ LWV GULIW [�W� PXVW EH D IXQFWLRQ
RI U�W�� VD\ [�W�  J�U�W��� IRU VRPH FRQWLQXRXV IXQFWLRQ J� c �� )L[ D WLPH V DQG
FRQVLGHU D GLVWXUEDQFH LQ WKH SDWK RI : �W� E\ c: �V�� )RU VLPSOLFLW\� ZH DVVXPH J
WR EH GLoHUHQWLDEOH� 7KHQ IURP HTXDWLRQV �$��� DQG �$���� ZH VHH WKDW WKH FKDQJHV
DW WLPH V LQ WKH VKRUW UDWH DQG LWV GULIW DUH

cU�V�  ���V� V�!c: �V�� DQG c[�V�  ����V� V�!c: �V��

%XW IRU c: �V� VPDOO HQRXJK� ZH PXVW DOVR KDYH c[�V�  J��U�V��cU�V�� 7KLV
HTXDWLRQ PXVW EH VDWLVpHG IRU DQ\ YDOXH RI U�V�� VR WKDW

����V� V�  J��U�V�����V� V� IRU DOO V x W�

6LQFH J� LV D VFDODU� WKLV HTXDWLRQ LPSOLHV WKDW ����V� V� LV SURSRUWLRQDO WR ���V� V��
8QOHVV ��  ���  �� ZKLFK LV WKH GHWHUPLQLVWLF FDVH� ��� FDQQRW EH SURSRUWLRQDO WR
�� EHFDXVH WKH\ PXVW EH RUWKRJRQDO IRU � WR VWD\ RQ WKH FLUFOH� 4� (� '�
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3URRI RI 3URSRVLWLRQ �� ,Q D WZR�IDFWRU PRGHO� ZH FDQ VHW G  �� 7KH XQLYDULDWH
SURFHVV IRU WKH VKRUW UDWH U�W� LV QRW 0DUNRYLDQ EHFDXVH LWV GULIW [�W� FDQQRW EH D
IXQFWLRQ RI U�W�� %XW LQ D WZR�IDFWRU PRGHO� WKH YHFWRU �U�W�� [�W�� PXVW EH 0DUNRYLDQ
LWVHOI� 7KXV� ZH PD\ WDNH U�W� DQG [�W� DV WKH WZR IDFWRUV� 7KLV UHTXLUHV \�W��
WKH GULIW RI [�W�� EH D IXQFWLRQ RI U�W� DQG [�W�� VD\ \�W�  J�U�W�� [�W�� IRU VRPH
FRQWLQXRXV IXQFWLRQ J�
:H DVVXPH ZLWKRXW ORVV RI JHQHUDOLW\ WKDW ��W� W� KDV D QRQ�]HUR HQWU\ �LI DQ\�

RQO\ LQ LWV pUVW FRPSRQHQW� DQG ZH ZULWH ��W� W�  �t�W�� ��� 7KHUH LV QR ORVV RI
JHQHUDOLW\ EHFDXVH� LI ��W� W� � �� WKHQ ZH FDQ FKDQJH WKH RUWKRQRUPDO EDVLV RI
%URZQLDQ PRWLRQV WR %�W�  �%��W�� %��W��� ZKHUH %��W�  ��W� W�!: �W� N��W� W�N�
7KLV SURFHGXUH DPRXQWV WR FKRRVLQJ D SDUWLFXODU &KROHVNL GHFRPSRVLWLRQ RI WKH
QRLVH LQ WKH HFRQRP\� )URP QRZ RQ� ZH DVVXPH WKDW : �W� LV FKRVHQ WR VWDUW ZLWK
WR FRLQFLGH ZLWK WKH EDVLV %�W��
%HIRUH SURFHHGLQJ IXUWKHU� ZH UH�SDUDPHWHUL]H WKH IXQFWLRQ � XVLQJ SRODU FRRU�

GLQDWHV WR HQIRUFH WKH UHVWULFWLRQV WKDW ��W� W�  �t�W�� �� DQG WKDW ��W� 7 � OLHV RQ D
FLUFOH� :ULWH

��W� 7 �  t�W�

v
FRV>v�W� 7 �@
VLQ>v�W� 7 �@

w
�

ZKHUH v�W� 7 �� WKH DQJOH GHWHUPLQLQJ WKH SRVLWLRQ RI ��W� 7 � RQ WKH FLUFOH� VDWLVpHV
v�W� W�  �� &OHDUO\� N��W� 7 �N  N��W� W�N  Mt�W�M� %\ GLoHUHQWLDWLRQ� ZH JHW

���W� 7 �  t�W� v��W� 7 �
vb VLQ>v�W� 7 �@

FRV>v�W� 7 �@

w
� �$���

����W� W�  t�W�

~
v���W� 7 �

vb VLQ>v�W� 7 �@
FRV>v�W� 7 �@

w
b v��W� 7 ��

v
FRV>v�W� 7 �@
VLQ>v�W� 7 �@

w�
� �$���

DQG

�����W� 7 �  t�W�

�
v����W� 7 �

vb VLQ>v�W� 7 �@
FRV>v�W� 7 �@

w
b � v���W� 7 � v��W� 7 �

v
FRV>v�W� 7 �@
VLQ>v�W� 7 �@

w

b v��W� 7 ��
vb VLQ>v�W� 7 �@

FRV>v�W� 7 �@

w�
� �$���

1RWH WKDW ��W� 7 � LV GHWHUPLQLVWLF� WKLV IROORZV GLUHFWO\ IURP �$��� EHFDXVH ERQG
SULFHV KDYH QRQ�UDQGRP YRODWLOLWLHV E\ DVVXPSWLRQ� VR WKDW ���W� 7 �  �I �W� 7 � LV
GHWHUPLQLVWLF� :H QRZ WXUQ WR WKH LPSOLFDWLRQV RI WKH T^(+ IRU WKH IRUP RI J DQG
��W� 7 �� $VVXPH WKDW J LV GLoHUHQWLDEOH �ZLWK WKLV DVVXPSWLRQ� ZH pQG WKDW LW LV
LQ IDFW OLQHDU�� DQG GHQRWH E\ J� DQG J� LWV SDUWLDO GHULYDWLYHV ZLWK UHVSHFW WR U�W�
DQG [�W�� :H XVH WKH YDULDWLRQ PHWKRG XVHG LQ WKH SUHYLRXV SURRI� p[ D WLPH W DQG
GLVWXUE WKH SDWK RI I: �V� M V ! �J DW VRPH SRLQW LQ WKH SDVW � � W� 6LQFH ��W� 7 �
LV GHWHUPLQLVWLF� LW LV XQDoHFWHG E\ WKLV FKDQJH� DV D UHVXOW� WKH VKRUW UDWH U�W�� LWV
GULIW [�W�� DQG \�W�� WKH GULIW RI [�W�� FKDQJH E\ WKH DPRXQWV

cU�W�  ����� W�c: ����

c[�W�  ������ W�c: ����

DQG
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c\�W�  ������� W�c: ����

%XW ZH PXVW KDYH DOVR �IRU LQpQLWHVLPDO FKDQJHV�

c\�W�  J��U�W�� [�W��cU�W� � J��U�W�� [�W��c[�W�� �$����

7KLV PXVW KROG IRU DQ\ YDOXH RI �U�W�� [�W��� DQG DQ\ � � +HQFH� J� DQG J� PXVW EH
FRQVWDQW� VR WKDW IRU VRPH VFDODUV D� E DQG F� ZH KDYH

\�W�  J�U�W�� [�W��  D� E U�W� � F [�W�� �$����

1RZ� JLYHQ WKH IRUPV RI cU�W�� c[�W� DQG c\�W�� HTXDWLRQ �$���� KROGV LI DQG RQO\
LI

�����W� 7 �  E ���W� 7 � � F ����W� 7 �� �$����

6XEVWLWXWLQJ �$��^$��� LQWR HTXDWLRQ �$���� DOORZV XV WR FRQFOXGH WKDW WKDW UH�
VWULFWLRQ ZLOO EH YLRODWHG XQOHVV� IRU VRPH FRQVWDQW ��

v��W� 7 �  � � E  b��� DQG F  ��

6LQFH v�W� W�  �� WKH IDFW WKDW v�  � LPSOLHV v�W� 7 �  ��7 b W�� 6LQFH t�W� LV
QRW VWRFKDVWLF� LW PXVW EH FRQVWDQW �RWKHUZLVH� DEVROXWH WLPH ZRXOG HQWHU DV DQ
LQGHSHQGHQW DUJXPHQW RI J� VR WKDW� VWULFWO\ VSHDNLQJ� �U�W�� [�W�� ZRXOG QRW EH
0DUNRYLDQ�� OHW ] GHQRWH WKH FRQVWDQW YDOXH RI t�W�� 7KLV HVWDEOLVKHV WKH pUVW WZR
SDUWV RI WKH SURSRVLWLRQ� 7KH FRQVWDQW D LQ �$���� LV DUELWUDU\� VR WKDW WKH GULIW
RI [�W� LV \�W�  J�U�W�� [�W��  D b �� U�W�� EXW ZH OHW D  zU ��� DQG FKRRVH WR
SDUDPHWHUL]H J LQ WHUPV RI zU DQG �� UDWKHU WKDQ D DQG ��
7R pQLVK WKH SURRI� ZH QHHG WR pQG WKH IRUP RI WKH LQLWLDO IRUZDUG FXUYH� *LYHQ

WKH IRUP RI ��W� 7 �� HTXDWLRQV �$��� DQG �$��� LPSO\ WKDW

\�W�  I ����� W� � ��
t
I��� W�b U�W�b �T b ��]�

u
�

IURP ZKLFK ZH FRQFOXGH WKDW

D  zU ��  I ����� W�b �T b ���� ]� � �� I��� W�� �$����

7KLV LV D VHFRQG RUGHU RUGLQDU\ GLoHUHQWLDO HTXDWLRQ� D VROXWLRQ RI ZKLFK UHTXLUHV
WZR ERXQGDU\ FRQGLWLRQV� 7KHVH FRQGLWLRQV FRPH IURP WKH LQLWLDO FRQGLWLRQV IRU WKH
VWDWH RI WKH V\VWHP� U��� DQG [���� &OHDUO\� I��� W�  U��� DQG IURP HTXDWLRQ �$����
ZH VHH WKDW I ���� W�  [���� 7KH XQLTXH VROXWLRQ WR �$���� VXEMHFW WR WKHVH LQLWLDO
FRQGLWLRQV LV ������ 4� (� '�

3URRI RI 3URSRVLWLRQ �� :H VWDUW E\ SURYLQJ WKH VHFRQG VWDWHPHQW DERXW WKH
SURFHVVHV RI U�W� DQG [�W�� 7KH GULIW RI U�W� LV [�W� E\ GHpQLWLRQ� *LYHQ WKH DVVXPHG
IRUP RI ��W� 7 �� WKH YRODWLOLWLHV RI U�W� DQG [�W� DUH ��� � t�W�� DQG �b�� t�W�� ��� DV
VWDWHG� 7KH GULIW RI [�W�� \�W�� FDQ EH FDOFXODWHG IURP �$���� *LYHQ �$��� DQG WKH

IRUP RI ��W� 7 �� ZH VHH WKDW \�W�  I ����� W�b ��
t
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VWDWHG UHVXOW IROORZV IURP WKH IRUP RI WKH LQLWLDO IRUZDUG FXUYH� ZKLFK LPSOLHV WKDW
I ����� W� � ��I��� W�  ���zU � �T b �� ]���
:H QRZ WXUQ WR WKH pUVW DQG WKLUG VWDWHPHQWV� 7KH IDFW WKDW WKH PRGHO VDWLVpHV

WKH T�H[SHFWDWLRQV K\SRWKHVLV LV EXLOW LQWR WKH IRUP RI ��W� 7 �� 7KH IRUP RI WKH
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SURFHVVHV IRU WKH VKRUW UDWH DQG LWV GULIW FOHDUO\ VKRZ WKDW �U�W�� [�W�� LV D 0DUNRYLDQ
YHFWRU� VLQFH t�W� LV DVVXPHG WR EH D GHWHUPLQLVWLF IXQFWLRQ RI WKLV YHFWRU� ,I WKH
PRGHO RI WKH \LHOG FXUYH LV 0DUNRYLDQ� WKHQ JLYHQ WKH IDFWRU YDOXHV� LW VKRXOG QRW
LQGHSHQGHQWO\ PDWWHU ZKDW YDOXH WKH WLPH LQGH[ W KDV� ,Q SDUWLFXODU� HTXDWLRQ �$���
PXVW VWLOO KROG IRU DQ\ UHIHUHQFH GDWH W UHSODFLQJ GDWH � �DQG W�� UHSODFLQJ W�� 7KLV
LPSOLHV WKDW IRU DQ\ W� I ���W� W � �� � ��I�W� W � ��  ���zU � �T b ��]��� 7KH RQO\
VROXWLRQ RI WKLV GLoHUHQWLDO HTXDWLRQ �ZKHUH W LV p[HG DQG WKH YDULDEOH LV �� VDWLVI\LQJ
WKH ERXQGDU\ FRQGLWLRQV I�W� W�  U�W� DQG I ��W� W�  [�W� LV
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3URRI RI 3URSRVLWLRQ �� 7KH SURRI LV LGHQWLFDO WR WKDW RI WKH SUHYLRXV SURSRVLWLRQ�
4� (� '�

5HI HU HQF HV

&DPSEHOO� -� <� ������� $ GHIHQVH RI WUDGLWLRQDO K\SRWKHVHV DERXW WKH WHUP VWUXF�
WXUH RI LQWHUHVW UDWHV� -RXUQDO RI )LQDQFH ��� ���^����

&DPSEHOO� -� <� DQG 5� -� 6KLOOHU ������� <LHOG VSUHDGV DQG LQWHUHVW UDWH PRYH�
PHQWV� $ ELUG
V H\H YLHZ� 5HYLHZ RI (FRQRPLF 6WXGLHV ��� ���^����

&R[� -� &�� -� (� ,QJHUVROO� -U�� DQG 6� $� 5RVV ������� $ UHH[DPLQDWLRQ RI WUD�
GLWLRQDO K\SRWKHVHV DERXW WKH WHUP VWUXFWXUH RI LQWHUHVW UDWHV� -RXUQDO RI )L�
QDQFH ��� ���^����

&R[� -� &�� -� (� ,QJHUVROO� -U�� DQG 6� $� 5RVV ������� $ WKHRU\ RI WKH WHUP
VWUXFWXUH RI LQWHUHVW UDWHV� (FRQRPHWULFD �� ���� ���^����

'XrH� '� ������� '\QDPLF $VVHW 3ULFLQJ 7KHRU\ �VHFRQG HG��� 3ULQFHWRQ� 1HZ
-HUVH\� 3ULQFHWRQ 8QLYHUVLW\ 3UHVV�

'XrH� '� DQG 5� .DQ ������� $ \LHOG�IDFWRU PRGHO RI LQWHUHVW UDWHV� :RUNLQJ SD�
SHU� *UDGXDWH 6FKRRO RI %XVLQHVV� 6WDQIRUG 8QLYHUVLW\� )RUWKFRPPLQJ� 0DWK�
HPDWLFDO )LQDQFH�

)LVKHU� 0� DQG &� *LOOHV ������� (VWLPDWLQJ H[SRQHQWLDO�DrQH PRGHOV RI WKH WHUP
VWUXFWXUH� :RUNLQJ SDSHU� %RDUG RI *RYHUQRUV RI WKH )HGHUDO 5HVHUYH 6\VWHP�
:DVKLQJWRQ� '&�

)UDFKRW� $� DQG -��3� /HVQH ������� ([SHFWDWLRQV K\SRWKHVHV DQG VWRFKDVWLF
YRODWLOLWLHV� :RUNLQJ SDSHU� %DQTXH GH )UDQFH�

+HDWK� '�� 5� -DUURZ� DQG $� 0RUWRQ ������� %RQG SULFLQJ DQG WKH WHUP VWUXFWXUH
RI LQWHUHVW UDWHV� $ QHZ PHWKRGRORJ\� (FRQRPHWULFD ��� ��^����

+XOO� -� &� ������� 2SWLRQV� )XWXUHV� DQG RWKHU 'HULYDWLYH 6HFXULWLHV �VHFRQG HG���
(QJOHZRRG &OLoV� 1-� 3UHQWLFH�+DOO�

-DUURZ� 5� $� ������� /LTXLGLW\ SUHPLXPV DQG WKH H[SHFWDWLRQV K\SRWKHVLV� -RXU�
QDO RI %DQNLQJ DQG )LQDQFH �� ���^����

0F&XOORFK� -� +� ������� $ UHH[DPLQDWLRQ RI WUDGLWLRQDO K\SRWKHVHV DERXW WKH
WHUP VWUXFWXUH RI LQWHUHVW UDWHV� $ FRPPHQW� -RXUQDO RI )LQDQFH �� ���� ���^
����



5HIHU HQ FHV ��

�0 D UN ) LVKH U� 5HVHDU F K DQG 6W DW LVW LF V� %RDU G RI * RYHU QRU V RI W KH ) HGHU DO 5HVHU YH
6\VW HP � : DVKLQJW RQ� '& � � � � �

( �PDLO DGGUHV V � PILVKHU#IUE�JRY

�& KULVWLD Q *LOOH V� 0 RQHW DU \ $I I DLU V� %RDU G RI * RYHU QRU V RI W KH ) HGHU DO 5HVHU YH
6\VW HP � : DVKLQJW RQ� '& � � � � �

( �PDLO DGGUHV V � FJLOOHV#IUE�JRY


