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$EVW U DF W � :KH Q SUH IH UH QF H V D UH KR PR WKH WLF � XWLOLW\ F D Q EH H [ SUH VVH G LQ WH UPV
R I F XUUH QW F R QVXPSWLR Q D QG D Y D ULD EOH WKD W F D SWXUH V D OO LQIR UPD WLR Q D ER XW IXWXUH
R SSR UWXQLWLH V� :H XVH WKLV R EVH UY D WLR Q WR H [ SUH VV WKH GLoH UH QWLD O H T XD WLR Q WKD W
F KD UD F WH UL] H V XWLOLW\ D V D UH VWULF WLR Q R Q WKH LQIR UPD WLR Q Y D ULD EOH LQ WH UPV R I WKH
G\ QD PLF V R I F R QVXPSWLR Q� :H GH ULY H WKH VXSSR UWLQJ SULF H V\ VWH P D QG UH WXUQV
SUR F H VV D QG WKH UH E\ F KD UD F WH UL] H R SWLPD O F R QVXPSWLR Q D QG SR UWIR OLR GH F LVLR QV�
:H SUR Y LGH D ID VW D QG D F F XUD WH QXPH ULF D O VR OXWLR Q PH WKR G D QG LOOXVWUD WH LWV XVH
Z LWK D QXPEH U R I 0 D UN R Y LD Q PR GH OV� ,Q D GGLWLR Q� Z H SUR Y LGH LQVLJ KW E\ F KD QJ LQJ
WKH QXPH UD LUH IUR P XQLWV R I F R QVXPSWLR Q WR XQLWV R I WKH F R QVXPSWLR Q SUR F H VV� ,Q
WH UPV R I WKH QH Z XQLWV� WKH Z H D OWK^ F R QVXPSWLR Q UD WLR �Z KLF K LV F OR VH O\ UH OD WH G
WR WKH LQIR UPD WLR Q Y D ULD EOH � LV WKH Y D OXH R I D F R XSR Q ER QG D QG WKH H [ LVWH QF H R I
D Q LQpQLWH �KR UL] R Q VR OXWLR Q GH SH QGV R Q WKH SR VLWLY LW\ R I WKH D V\ PSWR WLF IR UZ D UG
UD WH �

�� ,QW U RGXF W LRQ

:H VROYH IRU WKH G\QDPLFV RI FRQVXPSWLRQ� LQYHVWPHQW� DQG DVVHW SULFHV LQ D
JHQHUDO�HTXLOLEULXP� FRQWLQXRXV�WLPH VWRFKDVWLF PRGHO ZLWK D UHSUHVHQWDWLYH DJHQW
ZKR KDV UHFXUVLYH SUHIHUHQFHV� 7KH VHWWLQJ YDULHV DQG GHWHUPLQHV WKH SUREOHP WKDW
ZH VROYH� ,Q DQ HQGRZPHQW HFRQRP\� WKH G\QDPLFV RI FRQVXPSWLRQ LV JLYHQ DQG
ZH VROYH IRU DVVHW SULFHV �WKH H[FKDQJH SUREOHP�� LQ D SDUWLDO HTXLOLEULXP VHWWLQJ�
SULFHV DUH JLYHQ DQG ZH VROYH IRU WKH RSWLPDO FRQVXPSWLRQ DQG LQYHVWPHQW SODQ �WKH
SODQQLQJ SUREOHP�� LQ D SURGXFWLRQ HFRQRP\� D VHW RI OLQHDU WHFKQRORJLHV LV JLYHQ DQG
ZH VROYH IRU FRQVXPSWLRQ� LQYHVWPHQW DQG DVVHW SULFHV �WKH SURGXFWLRQ SUREOHP�� %\
IRFXVLQJ RQ WKH FRQVXPSWLRQ^ZHDOWK UDWLR� ZH pQG WKDW WKHVH WKUHH SUREOHPV DUH
HVVHQWLDOO\ HTXLYDOHQW� DQG ZH SURYLGH D XQLpHG IUDPHZRUN IRU VROYLQJ WKHP�
7KH UHFXUVLYH XWLOLW\ IUDPHZRUN JHQHUDOL]HV WKH VWDQGDUG WLPH�VHSDUDEOH SRZHU

XWLOLW\ PRGHO� DOORZLQJ WKH VHSDUDWLRQ RI ULVN DYHUVLRQ DQG LQWHUWHPSRUDO VXEVWL�
WXWLRQ� 7KLV IUDPHZRUN ZDV LQWURGXFHG E\ (SVWHLQ DQG =LQ ������� ZKR DQDO\]H

'DWH� -XQH � � � � � � �
-( / & ODV V LpFDWLRQ� *� � �
.H\ ZRUGV DQG SKUDV HV � 5H F XUVLY H SUH IH UH QF H V� VWR F KD VWLF GLoH UH QWLD O XWLOLW\ � J H QH UD O H T XLOLEULXP�
R SWLPD O F R QVXPSWLR Q� R SWLPD O SR UWIR OLR � H T XLW\ SUH PLXP� WH UP VWUXF WXUH R I LQWH UH VW UD WH V� D VVH W
SULF LQJ �
:H WKD QN *UH J ' XoH H D QG & R VWLV 6N LD GD V IR U XVH IXO F R QY H UVD WLR QV� 7 KH Y LH Z V H [ SUH VVH G KH UH LQ
D UH WKH D XWKR UV
 D QG GR QR W QH F H VVD ULO\ UH qH F W WKR VH R I WKH ) H GH UD O 5H VH UY H %D QN R I $ WOD QWD � WKH
) H GH UD O 5H VH UY H 6\ VWH P� R U %H D U� 6WH D UQV 	 & R � 1 R WH � 7 KLV LV D VXEVWD QWLD OO\ UH Y LVH G Y H UVLR Q R I
? & R QVXPSWLR Q D QG D VVH W SULF H V Z LWK UH F XUVLY H SUH IH UH QF H V� WKD W D SSH D UH G D V D ) H GH UD O 5H VH UY H
%R D UG Z R UN LQJ SD SH U �) (' 6 � � �� � ��
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UHFXUVLYH SUHIHUHQFHV LQ D GLVFUHWH�WLPH VHWWLQJ� DQG 'XrH DQG (SVWHLQ �����E��
ZKR GHYHORS D FRQWLQXRXV�WLPH IRUPXODWLRQ RI (SVWHLQ DQG =LQ
V FODVV RI UHFXUVLYH
XWLOLW\ FDOOHG VWRFKDVWLF GLoHUHQWLDO XWLOLW\� :H XVH D PDUWLQJDOH DSSURDFK WR VROYH
IRU WKH HTXLOLEULXP� DORQJ WKH OLQHV RI 'XrH DQG 6NLDGDV ������� ZKR VKRZ WKDW WKH
pUVW�RUGHU FRQGLWLRQ IRU RSWLPDOLW\ LV HTXLYDOHQW WR WKH DEVHQFH�RI�DUELWUDJH FRQGL�
WLRQV IRU DVVHW SULFHV_QDPHO\� WKDW DVVHW SULFHV GHqDWHG E\ WKH VWDWH�SULFH GHqDWRU
DUH PDUWLQJDOHV� ,Q DGGLWLRQ� WKH\ SURYLGH D UHSUHVHQWDWLRQ IRU WKH VWDWH�SULFH GHqD�
WRU IRU WKH .UHSV^3RUWHXV VWRFKDVWLF GLoHUHQWLDO XWLOLW\ �.^3 6'8� WKDW ZH DGRSW
KHUH�
:H H[SUHVV XWLOLW\ LQ WHUPV RI WZR VWDWH YDULDEOHV� FXUUHQW FRQVXPSWLRQ DQG D

VHFRQG YDULDEOH �WKH LQIRUPDWLRQ YDULDEOH� WKDW FDSWXUHV DOO LQIRUPDWLRQ DERXW IX�
WXUH RSSRUWXQLWLHV� 7KLV UHSUHVHQWDWLRQ RI XWLOLW\ UHOLHV RQ WKH KRPRWKHWLFLW\ RI .^3
6'8� DQG KROGV IRU WKH H[FKDQJH SUREOHP DV ZHOO DV LQ HFRQRPLHV ZLWK OLQHDU LQYHVW�
PHQW RSSRUWXQLWLHV �FRYHULQJ ERWK WKH FDVH RI WKH SODQQLQJ SUREOHP DQG WKDW RI WKH
SURGXFWLRQ SUREOHP�� (TXLOLEULXP LQ WKH PRGHO UHGXFHV WR D FHQWUDO UHVWULFWLRQ RQ
WKH LQIRUPDWLRQ YDULDEOH LQ WHUPV RI WKH G\QDPLFV RI D IRUFLQJ SURFHVV� 7KLV IRUFLQJ
SURFHVV FDQ EH HLWKHU FRQVXPSWLRQ �IRU WKH H[FKDQJH SUREOHP�� WKH UHDO VWDWH^SULFH
GHqDWRU �IRU WKH SODQQLQJ SUREOHP�� WKH UHWXUQ RQ WKH PDUNHW SRUWIROLR �IRU WKH
SURGXFWLRQ SUREOHP�� RU VRPHWKLQJ HQWLUHO\ GLoHUHQW �IRU H[DPSOH� WKH VWDWH�SULFH
GHqDWRU H[SUHVVHG LQ DQ DUELWUDU\ QXPHUDLUH�� 6ROYLQJ WKH PRGHO IRU �L� RSWLPDO
FRQVXPSWLRQ� �LL� WKH RSWLPDO SRUWIROLR� DQG �LLL� DVVHW SULFHV DPRXQWV WR pQGLQJ
WKH SURFHVV IRU WKH JURZWK YDULDEOH WKDW VDWLVpHV WKH FHQWUDO UHVWULFWLRQ�
8QOHVV WKH HODVWLFLW\ RI LQWHUWHPSRUDO VXEVWLWXWLRQ LV XQLW\� ZH FDQ UHSODFH WKH LQ�

IRUPDWLRQ YDULDEOH ZLWK WKH ZHDOWK^FRQVXPSWLRQ UDWLR� 7KH KRPRJHQHLW\ SURSHUWLHV
RI WKH UHSUHVHQWDWLYH DJHQW
V SODQQLQJ SUREOHP �KRPRWKHWLF SUHIHUHQFHV DQG OLQHDU
WHFKQRORJ\� HQVXUH WKDW RSWLPDO FRQVXPSWLRQ LV SURSRUWLRQDO WR ZHDOWK� :H VKRZ
WKDW WKH RSWLPDO ZHDOWK^FRQVXPSWLRQ UDWLR LV WKH YDOXH RI D FRXSRQ ERQG ZKHQ WKH
QXPHUDLUH KDV EHHQ FKDQJHG IURP XQLWV RI WKH FRQVXPSWLRQ JRRG WR VKDUHV LQ WKH
FRQVXPSWLRQ SURFHVV �L�H�� WKH GLYLGHQG SURFHVV�� 7KXV� WKH ZHDOWK�FRQVXPSWLRQ
UDWLR LV WKH YDOXH RI DQ DVVHW� $V VXFK� LW PXVW REH\ D VWDQGDUG DEVHQFH�RI�DUELWUDJH
FRQGLWLRQ�
$V D SUDFWLFDO PDWWHU� WKH PRGHO LV VROYHG ZKHQ ZH NQRZ KRZ WR REWDLQ� DQDO\W�

LFDOO\ RU QXPHULFDOO\� DQ H[SUHVVLRQ IRU WKH FRQVXPSWLRQ�ZHDOWK UDWLR WKDW VDWLVpHV
WKLV FRQGLWLRQ� ,W LV WKHQ VWUDLJKWIRUZDUG WR REWDLQ H[SUHVVLRQV IRU WKH UDWH RI LQWHU�
HVW DQG WKH SULFH RI ULVN_GHWHUPLQHG E\ WKH G\QDPLFV RI WKH VR�FDOOHG VWDWH�SULFH
GHqDWRU_DQG RWKHU YDULDEOHV RI LQWHUHVW� ,Q RUGHU WR IRFXV RQ WKH UROH RI SUHIHU�
HQFHV� LW LV FRQYHQLHQW� LQ WKH VSLULW RI /XFDV ������ �DV ZHOO DV 0HKUD DQG 3UHVFRWW
������ DQG :HLO �������� WR VWDUW ZLWK WKH H[FKDQJH SUREOHP� LQ ZKLFK WKH IRUFLQJ
SURFHVV LV FRQVXPSWLRQ DQG ZH VROYH IRU WKH VXSSRUWLQJ SULFHV� L�H�� WKH VWDWH�SULFH
GHqDWRU� )RU WKH SODQQLQJ SUREOHP� ZH UHYHUVH WKH SURFHVV� VROYLQJ IRU WKH RSWL�
PDO FRQVXPSWLRQ DQG LQYHVWPHQW SODQV XVLQJ WKH VWDWH�SULFH GHqDWRU DV WKH IRUFLQJ
SURFHVV� )LQDOO\� LQ WKH VSLULW RI &R[� ,QJHUVROO� -U�� DQG 5RVV �����D� DQG &DPSEHOO
������� ZH PRGHO WHFKQRORJ\� ZKLFK ZH LQWHUSUHW DV WKH UHWXUQ RQ WKH RSWLPDOO\
LQYHVWHG ZHDOWK RI WKH UHSUHVHQWDWLYH FRQVXPHU� )RU WKLV SURGXFWLRQ SUREOHP� WKHQ�
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ZH VROYH IRU FRQVXPSWLRQ DQG SULFHV XVLQJ WKH UHWXUQ RQ WKH PDUNHW SRUWIROLR DV WKH
IRUFLQJ SURFHVV�
,Q D 0DUNRYLDQ VHWWLQJ� WKH G\QDPLFV RI WKH IRUFLQJ SURFHVV DUH GULYHQ E\ D pQLWH

VHW RI 0DUNRYLDQ VWDWH YDULDEOHV� ,Q VXFK D 0DUNRYLDQ VHWWLQJ WKH QR�DUELWUDJH FRQ�
GLWLRQ EHFRPHV D SDUWLDO GLoHUHQWLDO HTXDWLRQ �3'(� WKDW ZH ZLVK WR VROYH IRU WKH
ZHDOWK�FRQVXPSWLRQ UDWLR DV D IXQFWLRQ RI WKH VWDWH YDULDEOHV �DQG WLPH�� %HFDXVH
WKLV UDWLR LV WKH YDOXH RI D GLYLGHQG�GHQRPLQDWHG FRXSRQ ERQG� LW FDQ EH FRPSXWHG
IURP GLYLGHQG�GHQRPLQDWHG ERQG SULFHV� ,Q VRPH FLUFXPVWDQFHV� VWDQGDUG PHWKRGV
GHOLYHU H[DFW VROXWLRQV �QXPHULFDOO\ DW OHDVW DQG VRPHWLPHV HYHQ DQDO\WLFDOO\� WR
WKH ERQG SULFLQJ SUREOHP� DQG ZH JHW WKH ZHDOWK�FRQVXPSWLRQ UDWLR E\ QXPHULFDO
LQWHJUDWLRQ� ,Q DOO RWKHU FDVHV� ZH DWWDFN WKH DQQXLW\ 3'( GLUHFWO\ DQG SURYLGH DQ
DSSUR[LPDWH VROXWLRQ PHWKRG WKDW SURGXFHV IDVW DQG DFFXUDWH QXPHULFDO VROXWLRQV
WKDW FRQYHUJH WR WKH 7D\ORU H[SDQVLRQ RI WKH H[DFW VROXWLRQ� 0XFK OLNH VWDQGDUG
ERQG SULFLQJ PHWKRGV� RXU VROXWLRQ PHWKRG WUDQVIRUPV WKH 3'( LQWR D VHW RI VLPXO�
WDQHRXV RUGLQDU\ GLoHUHQWLDO HTXDWLRQV �2'(� ZKHQ WKH KRUL]RQ LV pQLWH� $ XQLTXH
VROXWLRQ LV JXDUDQWHHG WR H[LVW� EXW RQO\ IRU KRUL]RQV WKDW DUH VXrFLHQWO\ VKRUW�
:H VROYH WKH LQpQLWH�KRUL]RQ SUREOHP E\ H[WHQGLQJ WKH pQLWH KRUL]RQ DQG WDNLQJ D
OLPLW� 6XFK D OLPLW GRHV QRW QHFHVVDULO\ H[LVW� EXW ZKHQ LW GRHV� LW LV WKH VROXWLRQ RI
D VHW RI DOJHEUDLF HTXDWLRQV� 7KH FRQGLWLRQV IRU WKH H[LVWHQFH RI WKH VROXWLRQ WR WKH
LQpQLWH�KRUL]RQ SUREOHP FDQ EH XQGHUVWRRG LQ WHUPV RI WKH GLYLGHQG�GHQRPLQDWHG
WHUP VWUXFWXUH� 6LQFH WKH ZHDOWK^FRQVXPSWLRQ UDWLR LV WKH YDOXH RI D p[HG�LQFRPH
VHFXULW\� LW ZLOO EH pQLWH LQ WKH OLPLW RQO\ LI WKH DV\PSWRWLF GLYLGHQG�GHQRPLQDWHG
IRUZDUG UDWH LV SRVLWLYH�

5HODWHG ZRUN� $V QRWHG DERYH� 'XrH DQG (SVWHLQ �����E� DQG 'XrH DQG 6NLDGDV
������ OD\ WKH JURXQGZRUN IRU FRQWLQXRXV�WLPH PRGHOLQJ RI UHFXUVLYH SUHIHUHQFHV�
6FKURGHU DQG 6NLDGDV ������ H[WHQG WKH HDUOLHU ZRUN LQ D QXPEHU RI LPSRUWDQW ZD\V�
7KH\ SURYH H[LVWHQFH DQG XQLTXHQHVV RI VROXWLRQV DQG DGGUHVV WKH UHODWLRQ EHWZHHQ
WKH pUVW�RUGHU FRQGLWLRQV DQG RSWLPDOLW\ LQ D PRUH JHQHUDO QRQ�0DUNRYLDQ VHWWLQJ
WKDQ KDV EHHQ WUHDWHG SUHYLRXVO\� DQG ZH UHIHU WKH UHDGHU WR WKHLU SDSHU UHJDUGLQJ
WKHVH LVVXHV� ,Q DGGLWLRQ� WKH\ SURYLGH VRPH FORVHG�IRUP VROXWLRQV WR WKH SODQQLQJ
SUREOHP LQ VSHFLDO FDVHV WKDW ZH DOVR FRQVLGHU EHORZ�
'XrH DQG (SVWHLQ �����D� GHULYH WKH UHSUHVHQWDWLRQ IRU ULVN SUHPLD LQ WKH VHWWLQJ

ZH DGRSW KHUH� %RWK 'XrH DQG (SVWHLQ �����D� DQG 'XrH� 6FKURGHU� DQG 6NLDGDV
������ VROYH RQH�IDFWRU PRGHOV RI WKH WHUP VWUXFWXUH LQ WKH VSHFLDO FDVH ZKHUH WKH
G\QDPLFV RI WKH VWDWH YDULDEOH DUH LQWURGXFHG WKURXJK WKH JURZWK UDWH RI FRQVXPS�
WLRQ� $PRQJ RWKHU WKLQJV� WKHVH SDSHUV DGGUHVV KRZ D FKDQJH LQ WKH FRHrFLHQW RI
UHODWLYH ULVN DYHUVLRQ DoHFWV WKH VKDSH RI WKH \LHOG FXUYH� 'XrH DQG /LRQV ������
DGGUHVV TXHVWLRQV RI H[LVWHQFH DQG XQLTXHQHVV RI VROXWLRQV WR WKH 3'( LQ D VHWWLQJ
VLPLODU WR RXUV�
&DPSEHOO ������ OLQHDUL]HV WKH GLVFUHWH�WLPH PRGHO RI (SVWHLQ DQG =LQ �������

DQG GHULYHV DQ DSSUR[LPDWH VROXWLRQ WR WKH PRGHO LQ WKH KRPRVNHGDVWLF FDVH WKDW
LV H[DFW ZKHQ WKH LQWHUWHPSRUDO UDWH RI VXEVWLWXWLRQ HTXDOV XQLW\� :H GHULYH PRUH
JHQHUDO FRQGLWLRQV XQGHU ZKLFK LPSRUWDQW DVSHFWV RI &DPSEHOO
V VROXWLRQ DUH HVVHQ�
WLDOO\ H[DFW� SURYLGLQJ LQVLJKW LQWR WKH SHUIRUPDQFH RI KLV DSSUR[LPDWH VROXWLRQV�



� 0$ 5. ),6 + ( 5 $ 1 ' & + 5,6 7 ,$ 1 *,//( 6

,Q DGGLWLRQ� ZH H[DPLQH WKH DSSUR[LPDWH UHODWLRQV &DPSEHOO GHVFULEHV EHWZHHQ WKH
YRODWLOLW\ RI D SHUSHWXLW\ DQG WKH SULFH RI ULVN� &DPSEHOO
V PRGHO LV XVHG E\ &DPS�
EHOO DQG 9LFHLUD ������ WR VWXG\ WKH SODQQLQJ SUREOHP�

2XWOLQH� ,Q 6HFWLRQ �� ZH LQWURGXFH WKH XWLOLW\ IXQFWLRQ �.^3 6'8�� IRU ZKLFK ZH
GHULYH D WZR�VWDWH�YDULDEOH UHSUHVHQWDWLRQ LQ WKH FRQWH[W RI WKH H[FKDQJH SUREOHP�
WKHUHE\ VLPSOLI\LQJ WKH PRGHO
V FHQWUDO UHVWULFWLRQ� 7KH VWDWH YDULDEOHV LQGHSHQ�
GHQWO\ FDSWXUH WKH OHYHO DQG JURZWK IHDWXUHV RI WKH HQGRZPHQW SURFHVV�
,Q 6HFWLRQ �� ZH GHULYH WKH UHWXUQV SURFHVV WKDW VXSSRUWV WKH HQGRZPHQW DQG

ZH VKRZ WKDW WKH ZHDOWK^FRQVXPSWLRQ UDWLR GHSHQGV RQO\ RQ WKH LQIRUPDWLRQ YDUL�
DEOH� 1H[W� ZH FKDQJH SHUVSHFWLYH DQG FKDUDFWHUL]H WKH VROXWLRQ RI WKH RSWLPDO
FRQVXPSWLRQ DQG RSWLPDO SRUWIROLR SUREOHPV�
,Q 6HFWLRQ �� ZH VKRZ WKDW WKH ZHDOWK^FRQVXPSWLRQ UDWLR LV WKH YDOXH RI D FRXSRQ

ERQG DIWHU WKH QXPHUDLUH KDV EHHQ FKDQJHG IURP XQLWV RI FRQVXPSWLRQ JRRG WR VKDUHV
LQ WKH HQGRZPHQW LWVHOI �L�H�� WKH GLYLGHQG�� 1H[W ZH VKRZ KRZ WR VROYH WKH PRGHO
ZKHQ WKH GLYLGHQG�GHQRPLQDWHG LQWHUHVW UDWH LV GHWHUPLQLVWLF RU *DXVVLDQ� ,Q WKH
FDVH RI XQLW HODVWLFLW\ RI LQWHUWHPSRUDO VXEVWLWXWLRQ FRPELQHG ZLWK KRPRVNHGDVWLFLW\�
ZH VKRZ WKDW WKH JURZWK YDULDEOH LV D ZHLJKWHG DYHUDJH RI H[SHFWHG IXWXUH JURZWK
UDWHV RI WKH IRUFLQJ YDULDEOH� :H VKRZ WKDW WKH ZHDN IRUP RI WKH H[SHFWDWLRQV
K\SRWKHVLV DV DSSOLHG WR WKH HQGRZPHQW WHUP VWUXFWXUH GHOLYHUV XVHIXO UHVXOWV� ,Q
DGGLWLRQ ZH VKRZ KRZ WR LGHQWLI\ WKH ERXQGDU\ EHWZHHQ UHJLRQV RI FRQYHUJHQFH
DQG QRQFRQYHUJHQFH WR DQ LQpQLWH�KRUL]RQ VROXWLRQ XVLQJ WKH DV\PSWRWLF GLYLGHQG�
GHQRPLQDWHG IRUZDUG UDWH� )LQDOO\� ZH H[DPLQH D QXPEHU RI OLPLWLQJ FDVHV UHJDUGLQJ
WKH SUHIHUHQFH SDUDPHWHUV�
,Q 6HFWLRQ �� ZH LQWURGXFH D 0DUNRYLDQ VWUXFWXUH WKDW WXUQV WKH FHQWUDO UHVWULFWLRQ

LQWR D SDUWLDO GLoHUHQWLDO HTXDWLRQ �3'(�� DQG ZH SUHVHQW VRPH LOOXVWUDWLRQV� ,Q
6HFWLRQ �� ZH SUHVHQW RXU QXPHULFDO VROXWLRQ PHWKRG DQG LOOXVWUDWH LW ZLWK VRPH
H[DPSOHV�

�� +RP RW KHW LF 6'8

:H QRZ LQWURGXFH WKH SUHIHUHQFHV RI WKH UHSUHVHQWDWLYH DJHQW� IRU ZKLFK ZH DGRSW
.UHSV^3RUWHXV VWRFKDVWLF GLoHUHQWLDO XWLOLW\ �6'8�� :H DGRSW WKH VWRFKDVWLF IUDPH�
ZRUN VWXGLHG LQ 'XrH ������� WR ZKLFK ZH UHIHU WKH UHDGHU IRU DOO RPLWWHG GHWDLOV�
:H UHVWULFW DWWHQWLRQ WR D %URZQLDQ HQYLURQPHQW� E\ ZKLFK ZH PHDQ WKDW ZH DUH
JLYHQ D O�GLPHQVLRQDO YHFWRU RI RUWKRQRUPDO %URZQLDQ PRWLRQV� : �W�� GHpQHG RQ D
p[HG SUREDELOLW\ VSDFH� DQG WKH pOWUDWLRQ LV WKDW JHQHUDWHG E\: �W�� ,Q RWKHU ZRUGV�
WKH LQIRUPDWLRQ WKDW DJHQWV KDYH DW WLPH W LV WKDW FRQWDLQHG LQ WKH SDWK RI : �V�
IRU V � W�
:H SUHVHQW D YDOXH IXQFWLRQ IRU .UHSV^3RUWHXV 6'8 WKDW LV YDOLG IRU WKH HQWLUH

SDUDPHWHU VSDFH� 8VLQJ WKLV YDOXH IXQFWLRQ DQG WKH JHQHUDO UHSUHVHQWDWLRQ IRU WKH
6'8 JUDGLHQW JLYHQ E\ 'XrH DQG 6NLDGDV ������� ZH REWDLQ DQ H[SOLFLW UHSUHVHQWD�
WLRQ IRU WKH VWDWH�SULFH GHqDWRU� :H GHULYH H[SUHVVLRQV IRU WKH LQWHUHVW UDWH DQG WKH
SULFH RI ULVN LQ WHUPV RI WKLV UHSUHVHQWDWLRQ�
$V H[SODLQHG E\ 'XrH DQG (SVWHLQ �����D� DQG 'XrH DQG (SVWHLQ �����E�� 6'8

�QRW MXVW WKH .UHSV^3RUWHXV VSHFLpFDWLRQ� FDQ EH UHSUHVHQWHG E\ D SDLU RI IXQFWLRQV
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�I�$� FDOOHG DQ DJJUHJDWRU� 7KH IXQFWLRQV I DQG $ FDQ EH LQWHUSUHWHG DV FDSWXULQJ
VHSDUDWHO\ DWWLWXGHV WRZDUG LQWHUWHPSRUDO VXEVWLWXWLRQ DQG DWWLWXGHV WRZDUG ULVN
LQ WKH IROORZLQJ VHQVH� )LUVW� LQ D GHWHUPLQLVWLF VHWWLQJ� $ SOD\V QR UROH� 6HFRQG�
K\SRWKHWLFDO H[SHULPHQWV FDQ EH FRQGXFWHG� IRU H[DPSOH� E\ p[LQJ I DQG YDU\LQJ
$ WR VWXG\ WKH HoHFW RI ULVN DYHUVLRQ� $VVRFLDWHG ZLWK WKH DJJUHJDWRU� WKHUH LV D
SURFHVV 9 �W�� FDOOHG FRQWLQXDWLRQ XWLOLW\� VXFK WKDW WKH YDOXH RI WKH FRQVXPSWLRQ
SODQ IFJ  IF�W� M W y �J� DQ ,WR SURFHVV� LV 8�IFJ�  9 ���� &RQWLQXDWLRQ XWLOLW\ LV
DOVR DQ ,WAR SURFHVV� DQG ZH FDQ ZULWH LWV G\QDPLFV DV

G9 �W�  z9 �W� GW� �9 �W�
!G: �W��

&RQWLQXDWLRQ XWLOLW\ KDV WKH IROORZLQJ UHSUHVHQWDWLRQ�

9 �W�  (W

x= 7

V W
I�F�V�� 9 �V�� �$�9 �V��

�

�
N�9 �V�N� GV�*�7 �

y
� �����

ZKHUH *�7 � LV D WHUPLQDO UHZDUG DQG (W> c @ GHQRWHV WKH H[SHFWDWLRQ JLYHQ LQIRUPD�
WLRQ DYDLODEOH DW WLPH W� (TXDWLRQ ����� FDQ UHSUHVHQW HLWKHU pQLWH� RU LQpQLWH�KRUL]RQ
XWLOLW\� GHSHQGLQJ RQ KRZ WKH WHUPLQDO UHZDUG LV PRGHOHG�� $SSO\LQJ ,WAR
V OHPPD
WR ����� SURGXFHV DQ HTXLYDOHQW FKDUDFWHUL]DWLRQ RI 9 �

z9 �W�  bI�F�W�� 9 �W��b$�9 �W��
�

�
N�9 �W�N�� VXEMHFW WR 9 �7 �  *�7 �� �����

:H DGRSW WKH IROORZLQJ VWDQGLQJ DVVXPSWLRQ� WKH FRQVXPSWLRQ SURFHVV LV SRVLWLYH�
LWV G\QDPLFV DUH JLYHQ E\�

G ORJ�F�W��  HzF�W� GW� �F�W�
!G: �W�� �����

%\ GHpQLWLRQ� SUHIHUHQFHV DUH KRPRWKHWLF LI 8�IF�J� y 8�IFJ� �� 8�Iy F�J� y
8�Iy FJ� IRU y ! �� ,I SUHIHUHQFHV DUH KRPRWKHWLF� WKHUH LV D PRQRWRQLF WUDQVIRU�
PDWLRQ RI 8�IFJ� WKDW LV OLQHDUO\ KRPRJHQHRXV LQ FRQVXPSWLRQ� 'XrH DQG (SVWHLQ
�����E� VKRZ WKDW 9 ���  8�IFJ� LV OLQHDUO\ KRPRJHQHRXV LQ FRQVXPSWLRQ LI DQG
RQO\ LI WKH DJJUHJDWRU �I�$� VDWLVpHV �L� I LV KRPRJHQHRXV RI GHJUHH � DQG �LL� $ LV
OLQHDUO\ KRPRJHQHRXV RI GHJUHH b� �LQ ZKLFK FDVH 9 �W� LV OLQHDUO\ KRPRJHQHRXV IRU
DQ\ W�� 7KHLU SURRI UHOLHG RQ WKH WHUPLQDO FRQGLWLRQ *�7 �  � EXW LV HTXDOO\ YDOLG
IRU WKH OLQHDUO\ KRPRJHQHRXV WHUPLQDO FRQGLWLRQ *�7 �  t F�7 �� ZKHUH t y � LV

�6H H WKH D SSH QGL[ LQ ' XrH D QG (SVWH LQ �� � � � E� IR U D IR UPD O WUH D WPH QW R I H [ WH QGLQJ pQLWH �KR UL] R Q
6' 8 WR WKH LQpQLWH �KR UL] R Q F D VH �
�:H XVH WKH IR OOR Z LQJ QR WD WLR QD O F R QY H QWLR Q� ,I ]�W� LV H [ SOLF LWO\ VWULF WO\ SR VLWLY H � WKH Q z]� Hz] D QG
�] UH IH U WR WKH T XD QWLWLH V LPSOLF LWO\ GH pQH G LQ G]�W� ]�W�  z]�W� GW��]�W�

!G: �W� D QG G OR J �]�W��  Hz]�W� GW � �]�W�
!G: �W�� LPSO\ LQJ Hz]�W� � z]�W� b �

�
N �]�W�N �� 7 KH UH D UH WZ R QR WD EOH H [ F H SWLR QV�

2QH LV F R QWLQXD WLR Q XWLOLW\ � 9 �W�� 7 KH R WKH U LV WKH VWD WH Y D ULD EOH V ;�W� �LQWUR GXF H G EH OR Z �� Z KLF K
D UH QR W QH F H VVD ULO\ SR VLWLY H � ) R U WKH VH Y D ULD EOH V� Z H Z ULWH G;�W�  z;�W� GW��;�W�

!G: �W�� VR WKD W
z;�W� UH IH UV WR WKH GULIW R I ; �LQ OH Y H O� D QG �; WR LWV Y R OD WLOLW\ �
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FRQVWDQW�� :H DGRSW WKLV WHUPLQDO UHZDUG DQG ZLOO UHIHU WR t DV WKH EHTXHVW�PRWLYH
FRHrFLHQW�

.UHSV^3RUWHXV 6'8� 7KH KRPRJHQHLW\ FRQGLWLRQV RQ I DQG $ LPSO\ WKDW ZH
FDQ ZULWH

I�F� Y�  Y ) �F Y� DQG $�Y�  bq Y� �����

IRU VRPH IXQFWLRQ ) DQG VRPH FRQVWDQW q� ,W FDQ EH VKRZQ WKDW q LV WKH FRHrFLHQW
RI UHODWLYH ULVN DYHUVLRQ IRU VWDWLF ZHDOWK JDPEOHV�� :H UHVWULFW RXU DWWHQWLRQ WR
q y �� 7KH IRUP RI ) GHWHUPLQHV WKH UDWH RI WLPH SUHIHUHQFH DQG WKH HODVWLFLW\ RI
LQWHUWHPSRUDO VXEVWLWXWLRQ� /HW p ! � GHQRWH WKH UDWH RI WLPH SUHIHUHQFH DQG OHW
u y � GHQRWH WKH HODVWLFLW\ RI LQWHUWHPSRUDO VXEVWLWXWLRQ� :H ZLOO pQG WKH IROORZLQJ
UHSDUDPHWUL]DWLRQ RI u DQG q XVHIXO�

~ � �b � u x � DQG o � �b q x �� �����

$V ZH ZLOO VHH EHORZ �ZKHQ ZH FRPSXWH WKH LQWHUHVW UDWH IURP WKH XWLOLW\ JUDGLHQW��

p  [) ��[�b ) �[� ~ DQG ~  � �
[) ���[�
) ��[�

� �����

5HTXLULQJ p DQG ~ �RU u� WR EH FRQVWDQW DQG ) �[� WR EH FRQWLQXRXV LQ ~ SURGXFHV�

) �[�  p X�[� ZKHUH X�[�  

�
�[~ b �� ~ IRU ~ � �
ORJ�[� IRU ~  ��

�����

$V VKRZQ E\ 'XrH DQG (SVWHLQ �����D�� WKHVH SUHIHUHQFHV DOORZ D GLVHQWDQJOLQJ
RI DWWLWXGHV WRZDUG ULVN IURP DWWLWXGHV WRZDUG LQWHUWHPSRUDO VXEVWLWXWLRQ� 7KH
SUHIHUHQFH IRU HDUO\ YHUVXV ODWH UHVROXWLRQ RI XQFHUWDLQW\ LV FKDUDFWHUL]HG E\ WKH
VLJQ RI o b ~� )RU o b ~  �� .UHSV^3RUWHXV 6'8 VSHFLDOL]HV WR WLPH�VHSDUDEOH
SUHIHUHQFHV ZLWK SRZHU XWLOLW\� IRU ZKLFK WKH FRQVXPHU LV LQGLoHUHQW WRZDUG WKH
WLPLQJ RI UHVROXWLRQ RI XQFHUWDLQW\� 7KLV ORFXV LV VKRZQ DV WKH UHFWDQJXODU K\SHUEROD
u q  � LQ )LJXUH � �ZKHUH q LV SORWWHG RQ WKH YHUWLFDO D[LV DJDLQVW u RQ WKH KRUL]RQWDO
D[LV�� )RU o b ~ � � �RU u q ! ��� WKH FRQVXPHU SUHIHUV HDUO\ UHVROXWLRQ� ZKLOH IRU
ob ~ ! � �RU u q � ��� ODWH UHVROXWLRQ� :H ZLOO GLVFXVV WKH RWKHU ORFL EHORZ�
7R VXP XS� RXU KRPRWKHWLF 6'8 SUHIHUHQFHV DUH FKDUDFWHUL]HG E\ WKH YHFWRU RI

IRXU SDUDPHWHUV �p� u� q� t�� RU� HTXLYDOHQWO\� �p� ~� o� t��

� 7 KH H [ LVWLQJ OLWH UD WXUH KD V E\ D QG OD UJ H O\ D GR SWH G WKH WH UPLQD O UH Z D UG t  � � $ Q H [ F H SWLR Q LV
6F KUR GH U D QG 6N LD GD V �� � � � � Z KR SUR Y LGH D EULH I GLVF XVVLR Q R I QR Q�] H UR WH UPLQD O UH Z D UGV LQ J H QH UD O
D QG D Q H [ D PSOH XVLQJ t  � IR U q  � � $ V Z H VKR Z LQ $ SSH QGL[ & � D ] H UR WH UPLQD O UH Z D UG LPSOLH V
WKD W WKH UH LV QR VR OXWLR Q Z KH Q ~  � � $ VWD QGD UG p[ LV WR D GR SW WKH LQKR PR J H QH R XV WH UPLQD O
UH Z D UG *�7 �  | ! � � EXW LQ WKLV F D VH WKH UH LV QR VLQJ OH WUD QVIR UPD WLR Q i �c� VXF K WKD W i �9 �W�� LV
OLQH D UO\ KR PR J H QH R XV LQ I F�V� M V y WJ VLPXOWD QH R XVO\ IR U D OO W�
�6H H (SVWH LQ �� � � � � IR U D GLVF XVVLR Q R I WKH UH OD WLR Q EH WZ H H Q WKH SUR SH UWLH V R I D F H UWD LQW\ H T XLY D OH QW
LQ D G\ QD PLF VH WWLQJ D QG ULVN D Y H UVLR Q LQ D VWD WLF VH WWLQJ �
� 7 KLV VSH F LpF D WLR Q D SSH D UV LQ ' XrH D QG (SVWH LQ �� � � � D � S� � � � �� 6F KUR GH U D QG 6N LD GD V �� � � � �
D GR SW D GLoH UH QW SD UD PH WH UL] D WLR Q� WKH LU q LV ~� D QG WKH LU o LV �o ~� b � LI ~ � � D QG R WKH UZ LVH
WKH LU o LV o�
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) LJXU H � � 7KH FRHrFLHQW RI UHODWLYH ULVN DYHUVLRQ� q� YHUVXV WKH
HODVWLFLW\ RI LQWHUWHPSRUDO VXEVWLWXWLRQ� u� 7KH VKDGHG DUHDV VKRZ
ZKHUH o ~ � ��

1 2
η

1

2

γ

7KH FHQWUDO UHVWULFWLRQ IRU KRPRJHQHRXV 6'8� 7KH OLQHDU KRPRJHQHLW\ RI
FRQWLQXDWLRQ XWLOLW\ LQ FRQVXPSWLRQ LPSOLHV 9 �W�  F�W���W� IRU VRPH SURFHVV I�J�
WKH WHUPLQDO UHZDUG LPSOLHV ��7 �  t� )RU VWULFWO\ SRVLWLYH DQG pQLWH ��� ZH FDQ
ZULWH

G ORJ���W��  Hz��W� GW� ���W�
!G: �W��

,WR
V OHPPD DSSOLHG WR 9 �W�  F�W���W� \LHOGV

z9  9

vHzF � Hz� � �
�
N�F � ��N�

w
DQG �9  9 ��F � ����

7KXV ZH FDQ ZULWH ����� DV

HzF � Hz� � o
�

�
N�F � ��N� � p X�� ��  �� VXEMHFW WR ��7 �  t� �����

)RU D JLYHQ SURFHVV F� LI WKH SURFHVV � VROYHV ������ WKHQ WKH SURFHVV F � LV FRQWLQXD�

WLRQ XWLOLW\� SURYLGHG
5 W
V � �9 �V�

!G: �V� LV D PDUWLQJDOH�� 7KXV� ZKHQHYHU D VROXWLRQ
� $ V Z H GLVF XVV EH OR Z � Z H F D Q D Y R LG WH F KQLF D O SUR EOH PV D W WKH ER XQGD U\ � Z KH UH �  � R U �  �
PD \ R F F XU� Z LWK D F KD QJ H R I Y D ULD EOH V�
�6H H 3UR SR VLWLR Q � LQ 6F KUR GH U D QG 6N LD GD V �� � � � ��
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WR WKH XQGHUO\LQJ SUREOHP H[LVWV� WKH VROXWLRQ WR ����� SURYLGHV LW� +RZHYHU� WKH
VROXWLRQ WR ����� GRHV QRW SURYLGH WKH VROXWLRQ WR WKH XQGHUO\LQJ SUREOHP XQOHVV WKH
YRODWLOLW\ RI F � LV ZHOO EHKDYHG�
,Q JHQHUDO� �F� �� LV QRW MRLQWO\ 0DUNRYLDQ� ,Q D 0DUNRYLDQ VHWWLQJ�� ZH KDYH

��W�  k�;�W�� W� IRU VRPH IXQFWLRQ k � ZKHUH ; LV D YHFWRU RI 0DUNRYLDQ VWDWH
YDULDEOHV� *LYHQ ������ WKH RQO\ ZD\ IRU WKH VWDWH YDULDEOHV WR DoHFW � LV WKURXJK HzF
DQG �F� ,Q HoHFW� � VXPPDUL]HV DOO LQIRUPDWLRQ DERXW IXWXUH RSSRUWXQLWLHV FRQWDLQHG
LQ WKH G\QDPLFV RI WKH IRUFLQJ YDULDEOH FRQVXPSWLRQ� $V VXFK� ZH UHIHU WR � DV WKH
LQIRUPDWLRQ YDULDEOH�

7KH QRUPDOL]HG DJJUHJDWRU DQG WKH XWLOLW\ JUDGLHQW� +DYLQJ FKDUDFWHUL]HG
WKH XWLOLW\ RI D JLYHQ FRQVXPSWLRQ SURFHVV� ZH QRZ WXUQ WR PDUJLQDO XWLOLW\� ZKLFK
SURYLGHV WKH OLQN WR RSWLPDOLW\� 'XrH DQG 6NLDGDV ������ GHULYH WKH 5LHV] UHS�
UHVHQWDWLRQ RI WKH XWLOLW\ JUDGLHQW IRU D ZLGH FODVV RI G\QDPLF XWLOLWLHV LQFOXGLQJ D
QRUPDOL]HG YHUVLRQ RI .3�6'8��

$V GLVFXVVHG E\ 'XrH DQG (SVWHLQ �����D�� IRU DQ\ 6'8 WKHUH H[LVWV D QRUPDO�
L]HG IRUP � zI� z$� ZKHUH z$ u �� 7KH QRUPDOL]DWLRQ LV DFKLHYHG YLD DQ LQFUHDVLQJ
PRQRWRQLF WUDQVIRUPDWLRQ RI 9 WKDW SURGXFHV D QHZ FRQWLQXDWLRQ XWLOLW\ WKDW LV
RUGLQDOO\ HTXLYDOHQW� 6XSSRVH ZH GHpQH z9 �W� � i �9 �W��� ZKHUH i �[� LV WZLFH�
FRQWLQXRXVO\ GLoHUHQWLDEOH DQG VWULFWO\ LQFUHDVLQJ� (YHQ WKRXJK WKH FKDQJH RI YDUL�
DEOHV KDV QR HoHFW RQ FKRLFHV� LW GRHV FKDQJH WKH IRUP RI WKH DJJUHJDWRU �WKURXJK
,WAR
V OHPPD�� /HW j�[� GHQRWH WKH LQYHUVH IXQFWLRQ RI i �[� VR WKDW j�i �[��  [�
7KHQ WKH DJJUHJDWRU IRU z9 LV � zI� z$�� ZKHUH

zI�F� ]�  I�F� j�]�� j��]� DQG z$�]�  j��]�$�j�]�� � j���]� j��]��

DQG WKH WHUPLQDO UHZDUG LV z*�7 �  i �*�7 ��� ,I i LV FKRVHQ WR VDWLVI\ i ���[� b
$�[�i ��[�  �� WKHQ z$  �� )RU KRPRJHQHRXV 6'8� WKH QRUPDOL]LQJ WUDQVIRUPDWLRQ
LV i �[�  �[o b �� o� VR WKDW j�[�  �� � o[�� o� ZLWK WKH DSSURSULDWH OLPLWV IRU
o  �� )RU o � � DQG ~ � �� WKH QRUPDOL]HG DJJUHJDWRU LV�

zI�F� ]�  �� � o]�
p
tb

F �� � o]�b� o
c~ b �u

~
� �����

)RU WKH OLPLWLQJ FDVHV� ZH KDYH�

zI�F� ]�  

�!�!�
p ��F~ b �� ~b ]� IRU o  ~

�p ~� �F~ Hb~ ] b �� IRU o  �

�� � o ]�p �ORJ�F�b �� o� ORJ�� � o ]�� IRU ~  ��

������

�6H H 6H F WLR Q � �
�6H H ' XrH �� � � � � IR U D GLVF XVVLR Q R I WKH XWLOLW\ J UD GLH QW�
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:H FDQ FRPSXWH WKH SDUWLDO GHULYDWLYHV RI zI�F� z9 � DV GHpQHG LQ ����� DQG H[SUHVV
WKHP LQ WHUPV RI WKH XQ�QRUPDOL]HG FRQWLQXDWLRQ XWLOLW\�

zIF�F� i �9 ��  p X��F 9 �9 ob�

 p Fob� �ob~
�����D�

zIY�F� i �9 ��  bp b �~b o�p X�F 9 �

 bp b �~b o�p X�� ���
�����E�

7KH XWLOLW\ JUDGLHQW LV H[SUHVVHG LQ WHUPV RI WKH *DWHDX[ GHULYDWLYH RI z9 ���� 7KH
*DWHDX[ GHULYDWLYH z9 �W� DW IFJ LQ WKH GLUHFWLRQ RI IAFJ LV GHpQHG E\

U z9 �IFJ� IAFJ� W�  OLP
o��

z9 IF�o AFJ�W�b z9 IFJ�W�
o

�

,W FDQ EH H[SUHVVHG DV

Uz9 �IFJ� IAFJ� W�  (W

x= 7

V W

* �V�
'�W� AF�V� �

* �7 �
'�W� AF�7 �

y
�

ZKHUH

* �W�  '�W� zIF�F�W�� z9 �W��� IRU W � 7 �����D�

* �7 �  '�7 � G
z*�7 �

GF�7 �
� �����E�

DQG

'�W� � H[S
~= W

V �

zIY�F�V�� z9 �V�� GV

�
�

* LV WKH 5LHV] UHSUHVHQWDWLRQ RI WKLV XWLOLW\ JUDGLHQW� 6LQFH z9 LV RUGLQDOO\ HTXLYDOHQW
WR 9 � WKH PDUJLQDO UDWH RI VXEVWLWXWLRQ IRU ERWK z9 DQG 9 EHWZHHQ WLPH W DQG WLPH
V LV JLYHQ E\ * �V� * �W��

6XSSRUWLQJ SULFH V\VWHP� :H QRZ XVH WKH 5LHV] UHSUHVHQWDWLRQ RI WKH XWLOLW\
JUDGLHQW GHULYH WKH SULFH V\VWHP �L�H�� WKH LQWHUHVW UDWH DQG SULFH RI ULVN� WKDW VXS�
SRUWV WKH HQGRZPHQW� 7R VXSSRUW D FRQVXPSWLRQ SODQ WKDW ZH DVVXPH WR EH VWULFWO\
SRVLWLYH �ZH UHVWULFW DWWHQWLRQ WR LQWHULRU VROXWLRQV�� SULFHV PXVW EH DOLJQHG ZLWK PDU�
JLQDO UDWHV RI VXEVWLWXWLRQ� ZKLFK LQ WKH SUHVHQW FRQWH[W PHDQV WKDW WKH VWDWH�SULFH
GHqDWRU PXVW EH FROLQHDU ZLWK * �W�� VR WKDW P�W�  D * �W� IRU VRPH VFDODU D ! ����

:H DVVXPH LQ WKLV SDSHU WKDW WKLV pUVW�RUGHU FRQGLWLRQ LV DOVR VXrFLHQW IRU WKH
RSWLPDOLW\ RI WKH VROXWLRQ���

��6H H $ SSH QGL[ $ IR U D GLVF XVVLR Q R I WKH VWD WH ^ SULF H GH qD WR U�
��6H H 6F KUR GH U D QG 6N LD GD V �� � � � � IR U VR PH UH VXOWV�
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,Q DFFRUG ZLWK �$���� DSSO\LQJ ,WAR
V OHPPD WR D * �W�� ZKHUH * �W� LV JLYHQ E\
������� GHOLYHUV WKH VKRUW UDWH U DQG WKH SULFH RI ULVN y���

U  p � ��b ~� HzF b o �~b o�
�

�
N�F � ��N� b �

�
NyN� �����D�

y  ��b o��F � �~b o���� �����E�

ZKHUH ZH KDYH XVHG ����� WR HOLPLQDWH Hz� � p X�� �� IURP U� 1RWH WKDW �� HQWHUV
WKH SULFH RI ULVN ZLWK D VLJQ WKDW GHSHQGV RQ ZKHWKHU HDUO\ RU ODWH UHVROXWLRQ RI
XQFHUWDLQW\ LV SUHIHUUHG� :H VHH WKDW ~  o GHOLYHUV WKH ZHOO�NQRZQ H[SUHVVLRQV IRU
U DQG y XQGHU WKH &^&$30���

$ UHSUHVHQWDWLRQ ZLWK H[SOLFLW GLVFRXQWLQJ� 'HpQH A9 �W�  X�9 �W��� ,Q WKLV

FDVH j�[�  Xb��[�  �� � ~ [�� ~� 7KH DJJUHJDWRU IRU A9 LV

AI�F� ]�  p �X�F�b ]� DQG A$�]�  
ob ~

� � ~ ]
�

ZKHUH � � ~ ] LV SRVLWLYH� ,W WKHQ IROORZV IURP ����� WKDW��

A9 �W�  (W

�= 7

V W
p Hbp �VbW�

�
X�F�V�� �

�

p

�
ob ~

� � ~ A9 �V�

�
�

�
N�A9 �V�N�

�
GV

� Hbp �7bW� X�*�7 ��

�
� ������

5HFDOO WKDW ZLWK VWDQGDUG SUHIHUHQFHV o b ~  �� DQG WKDW o b ~ � � LV DVVRFLDWHG
ZLWK SUHIHUHQFH IRU HDUO\ UHVROXWLRQ RI XQFHUWDLQW\ ZLWK UHVSHFW WR XWLOLW\� LQ ZKLFK
FDVH XQFHUWDLQW\ DERXW FRQWLQXDWLRQ XWLOLW\ UHGXFHV FXUUHQW XWLOLW\�
8VLQJ A9 �W�  X�F�W���W��� N�A9 �V�N� �� � ~ A9 �V��  9 �V�~ N�9 �V� 9 �V�N�� DQG

X�[� \~ � X�� \�  X�[ \�� ZH FDQ UHZULWH ������ DV

X���W��  (W

x= 7

V W
p Hbp �VbW� X

v
F�V�

F�W�

w
GV� Hbp �7bW� X

v
t
F�7 �

F�W�

wy
� �ob ~�(W

x= 7

V W
Hbp �VbW� ��V�~

�

�
N�F�V� � ���V�N� GV

y
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7KLV SURYLGHV D VHPL�H[SOLFLW UHSUHVHQWDWLRQ IRU WKH LQIRUPDWLRQ YDULDEOH� IRU VWDQ�
GDUG SUHIHUHQFHV �o b ~  ��� WKH UHSUHVHQWDWLRQ LV IXOO\ H[SOLFLW� :H FDQ REWDLQ
D XVHIXO DSSUR[LPDWLRQ IURP ������ QHDU ~  � DV IROORZV� PXOWLSO\ ERWK VLGHV RI

�� 1 R WH WKD W LI F R QVXPSWLR Q J UR Z V D V D F R QVWD QW UD WH �VR WKD W �F  � D QG �9  � �� WKH Q U  
p��� b~� HzF� :KH Q WKH J UR Z WK UD WH LV ] H UR �F R QVWD QW F R QVXPSWLR Q�� WKH LQWH UH VW UD WH H T XD OV p� WKH
UD WH R I WLPH SUH IH UH QF H � 0 R UH R Y H U� VLQF H HzF  �� b~�b� �Ubp�� Z H VH H WKD W GHzF GU  �� b~�b�  u�
WKH H OD VWLF LW\ R I LQWH UWH PSR UD O VXEVWLWXWLR Q�
�� 7 KLV LV F R QVLVWH QW Z LWK 7 KH R UH P � �D � �XQGH U F R QGLWLR Q ,� LQ 6F KUR GH U D QG 6N LD GD V �� � � � ��
��5H OD WH G UH SUH VH QWD WLR QV D SSH D U LQ ' XrH D QG /LR QV �� � � � � D QG 6F KUR GH U D QG 6N LD GD V �� � � � ��
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������ E\ ~� DGG �� DQG HYDOXDWH DW ~  � WR SURGXFH
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w
GV� Hbp �7bW� ORJ

v
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F�W�
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� o(W

x= 7

V W
Hbp �VbW� �

�
N�F�V� � ���V�N� GV

y
�2�~�� ������

5LVN DYHUVLRQ DQG ULVN QHXWUDOLW\� ,Q WKLV VHFWLRQ� ZH HPSKDVL]H WKDW VHWWLQJ
WKH FRHrFLHQW RI ULVN DYHUVLRQ q  � LV QRW VXrFLHQW WR JXDUDQWHH ULVN QHXWUDOLW\�
'XrH DQG (SVWHLQ �����E� GHpQH ULVN DYHUVLRQ IRU 6'8 DV IROORZV� /HW IFJ GHQRWH
DQ DUELWUDU\ FRQVXPSWLRQ SURFHVV WDNHQ IURP VRPH DSSURSULDWH VSDFH� 'HpQH D QHZ
FRQVXPSWLRQ SURFHVV IzFJ ZKHUH zF�W�  (�>F�W�@� $ XWLOLW\ IXQFWLRQ 8�IFJ�  9 IFJ���
LV ULVN DYHUVH LI 8�IFJ� x 8�IzFJ�� :H GHpQH ULVN QHXWUDOLW\ LQ D SDUDOOHO IDVKLRQ�
$ XWLOLW\ IXQFWLRQ LV ULVN�QHXWUDO LI 8�IFJ�  8�IzFJ�� )RU �t� ~� � ��� ��� 9 IFJ���  
F����IFJ���� 7KHUHIRUH LW LV HQRXJK WR FRPSDUH �IFJ��� ZLWK �IzFJ���� :H FDQ XVH
������ WR H[SUHVV

b
�IFJ���

c~
DQG

b
�IzFJ���

c~
��� 0XOWLSO\ ERWK VLGHV RI ������ E\ ~

DQG DGG RQH�t
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x= 7
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u~
 

= 7

V �
p Hbp V

v
(� >F�V�@

F���

w~

GV� Hbp 7

v
t
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F���

w~
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�IzFJ���b �IFJ���  q (�

x= 7

V �
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ZLWK HTXDOLW\ LI q  � �RU LI WKHUH LV QR VWDWH YDULDWLRQ�� )RU o  ~�

8�IzFJ�~ b 8�IFJ�~  
= 7

V �
p Hbp V �(� >F�V�@

~ b(� >F�V�
~@� GV

� t~ Hbp 7 �(� >F�7 �@
~ b(� >F�7 �

~@� � ������

5HJDUGOHVV RI WKH VLJQ RI ~� ������ LPSOLHV 8�IzFJ� b 8�IFJ� y �� ZLWK HTXDOLW\ LI
~  � �RU LI IFJ LV GHWHUPLQLVWLF�� (YLGHQWO\� ULVN�QHXWUDOLW\ UHTXLUHV o  ~  � �L�H��
q  � DQG u  ��� 2I FRXUVH� WKHVH DUH WKH FRQGLWLRQV WKDW HQVXUH WKH SULFH RI
ULVN LV ]HUR� ,Q DGGLWLRQ WKHVH FRQGLWLRQV HQVXUH WKDW WKH LQWHUHVW UDWH LV FRQVWDQW� D
SRLQW PDGH E\ &R[� ,QJHUVROO� -U�� DQG 5RVV ������ LQ D UHODWHG VHWWLQJ�

�� ) R U ~  � � Z H F D Q XVH �� �� � ��
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�� 2SW LP DO F RQVXP SW LRQ DQG SRU W I RO LR

,Q WKLV VHFWLRQ ZH GHULYH WKH VXSSRUWLQJ UHWXUQV SURFHVV DQG WKHQ VROYH IRU RSWLPDO
FRQVXPSWLRQ DQG WKH RSWLPDO SRUWIROLR�

:HDOWK DQG FRQVXPSWLRQ� /HW N GHQRWH ZHDOWK� :HDOWK LV WKH SUHVHQW YDOXH RI
WKH FRQVXPSWLRQ HQGRZPHQW �WKHUH LV QR KDUP LQ LGHQWLI\LQJ WKH VWDWH�SULFH GHqDWRU
ZLWK WKH XWLOLW\ JUDGLHQW� VLQFH WKH\ DUH FROLQHDU��

N�W�  =�W� * �W�� �����

ZKHUH

=�W� � (W

x= 7

V W
* �V� F�V� GV� * �7 � F�7 �

y
� �����

DQG ZKHUH G=  b�* F� GW� z�!
=G: � IRU VRPH z�= � $SSO\LQJ ,WAR
V OHPPD WR N  = *

SURGXFHV

GN  N
G�

�
b F GW� �����

ZKHUH G� �  z� GW� �!
� G: DQG

z�  U � y!�� DQG ��  y� z�= =� �����

7KXV G� � LV WKH VWRFKDVWLF UDWH RI UHWXUQ WKDW VXSSRUWV WKH HQGRZPHQW� 7KH UHVXOWV
LQ WKLV VHFWLRQ VR IDU GR QRW GHSHQG RQ DQ\ VSHFLDO DVVXPSWLRQV DERXW SUHIHUHQFHV�
7R JHW PRUH VSHFLpF UHVXOWV �DQG LQ SDUWLFXODU WR LGHQWLI\ z�= =�� ZH QRZ DVVXPH
KRPRJHQHRXV 6'8�

7KH ZHDOWK^FRQVXPSWLRQ UDWLR� :H QRZ HVWDEOLVK WKH UHODWLRQ EHWZHHQ WKH ZHDOWK^
FRQVXPSWLRQ UDWLR DQG WKH LQIRUPDWLRQ YDULDEOH� 5HDUUDQJLQJ WKH ULJKW�KDQG VLGH
RI ������ ZH FDQ H[SUHVV ZHDOWK DV

N�W�  

t
=�W�

' �W� F�W�
u

t * �W�
' �W�

u F�W�� �����

ZKHUH * �W� '�W�  zIF�F�W�� z9 �W��  p F�W�ob� ��W�ob~ DQG

=�W�

'�W� F�W�  
U z9 �IFJ� IFJ� W�

F�W�
� �����

7KH ULJKW�KDQG VLGH RI ����� LV WKH *DWHDX[ GHULYDWLYH RI z9 �W� HYDOXDWHG DW WKH
HQGRZPHQW� LQ WKH GLUHFWLRQ RI WKH HQGRZPHQW� SHU XQLW RI FXUUHQW FRQVXPSWLRQ� ,W
PHDVXUHV WKH PDUJLQDO �FRQWLQXDWLRQ� XWLOLW\ RI D SHUPDQHQW� SURSRUWLRQDO LQFUHDVH
LQ FRQVXPSWLRQ�

Uz9 �IFJ� IFJ� W�
F�W�

 
# z9 �W�

#F�W�
 

#

#F�W�

�b
F�W���W�

co b �
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�
 F�W�ob� ��W�o� �����
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7KXV ZH FDQ ZULWH ����� DV

N�W�  

v
��W�~

p

w
F�W��

'HQRWLQJ WKH ZHDOWK^FRQVXPSWLRQ UDWLR } � N F� ZH KDYH }  �~ p��� *LYHQ WKH
KRPRWKHWLFLW\ RI XWLOLW\ DQG WKH OLQHDULW\ RI LQYHVWPHQW WHFKQRORJ\ LPSOLFLW LQ WKH
FRQFHSWXDO H[SHULPHQW� WKH ZHDOWK^FRQVXPSWLRQ UDWLR LV VFDOH�IUHH� GHSHQGLQJ RQO\
RQ WKH LQIRUPDWLRQ YDULDEOH�
%HIRUH UHWXUQLQJ WR WKH VXSSRUWLQJ UHWXUQV SURFHVV� ZH QRWH VRPH LPSOLFDWLRQV RI

WKH UHODWLRQ EHWZHHQ WKH ZHDOWK^FRQVXPSWLRQ UDWLR DQG WKH LQIRUPDWLRQ YDULDEOH�
7KH ERXQGDU\ FRQGLWLRQ ��7 �  t LPSOLHV }�7 �  t~ p� )RU ~ � �� }�7 � DQG t DUH
LQYHUVHO\ UHODWHG� LQ SDUWLFXODU� IRU }�7 �  � ZH PXVW KDYH t  ���� )RU ~  ��
}�W�  � p IRU DOO W x 7 � :LWK t  �� WKH WHUPLQDO ZHDOWK^FRQVXPSWLRQ UDWLR LV
� p IRU DOO YDOXHV RI ~� 7KH pUVW�RUGHU DSSUR[LPDWLRQ IRU } DURXQG ~  � FDQ EH
REWDLQHG IURP ������ XVLQJ }  ���~ ORJ���� p�2�~����� :H FDQ WUDQVIRUP ������
LQWR DQ H[SUHVVLRQ IRU WKH ZHDOWK^FRQVXPSWLRQ UDWLR E\ PXOWLSO\LQJ ERWK VLGHV E\
~� DGGLQJ �� DQG GLYLGLQJ E\ p�

}�W�  (W

x= 7

V W
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7KH ZHDOWK^FRQVXPSWLRQ UDWLR LV FRPSRVHG RI WZR WHUPV� 7KH pUVW WHUP LV WKH
ZHDOWK^FRQVXPSWLRQ UDWLR IRU WKH &^&$30� ZKLOH WKH VHFRQG WHUP� ZKLFK LQYROYHV
WKH YRODWLOLW\ RI FRQVXPSWLRQ� LV SUHVHQW RQO\ ZKHQ SUHIHUHQFHV DUH QRW DGGLWLYH� )RU
~  �� WKH pUVW WHUP LV � p DQG WKH VHFRQG WHUP LV ]HUR�

6XSSRUWLQJ UHWXUQV SURFHVV� ,Q GHULYLQJ WKH UHODWLRQ EHWZHHQ WKH ZHDOWK^FRQVXPSWLRQ
UDWLR DQG WKH LQIRUPDWLRQ YDULDEOH� ZH KDYH LGHQWLpHG z�= =� (TXDWLRQV ����� DQG
����� LPSO\ =�W�  '�W� bF�W���W�co� VR WKDW z�= =  o ��F � ���� :H FDQ ZULWH
����� DV

Hz�  U � y!�� b �

�
N��N� ����D�

��  y� o ��F � ���� ����E�

1RWH WKDW WKH UHWXUQV SURFHVV LV LQGHSHQGHQW RI ZHDOWK� 7RJHWKHU ������ DQG �����
HVWDEOLVK WKH UHODWLRQV DPRQJ WKH G\QDPLFV RI FRQVXPSWLRQ� WKH VXSSRUWLQJ SULFH
V\VWHP� DQG WKH VXSSRUWLQJ UHWXUQV SURFHVV� )RU H[DPSOH� ZH FDQ XVH �����E� WR

��:H F D Q F R PSXWH WKLV GLUH F WO\ LQ WH UPV R I WKH KR PR J H QH R XV UH SUH VH QWD WLR Q R I XWLOLW\ D V
�#9 #F� IF  �~ p�
��2I F R XUVH � IR U ~ � � � Z H F R XOG UH SD UD PH WH UL] H WKH EH T XH VW�PR WLY H SD UD PH WH U� At � t~� 7 KH Q
}�7 �  At p IR U D OO ~ � � �
�� 7 KH D SSUR [ LPD WLR QV LQ & D PSEH OO �� � � � � D UH LPSOLF LWO\ ED VH G R Q WKLV D SSUR [ LPD WLR Q�
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HOLPLQDWH �F IURP ����E� DQG H[SUHVV WKH SULFH RI ULVN DV

y  q �� � ��b q�

v
��
u

w
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(YLGHQWO\ ULVN SUHPLD GHSHQG RQ WKH FRYDULDQFH ZLWK WKH UHWXUQV SURFHVV DQG ZLWK
WKH LQIRUPDWLRQ YDULDEOH� &DPSEHOO ������ GHULYHV DQ HTXLYDOHQW H[SUHVVLRQ IRU
ULVN SUHPLD �KLV (TXDWLRQ ������ ZKLFK KH UHIHUV WR DV WKH ?FURVV�VHFWLRQDO DVVHW
SULFLQJ IRUPXOD WKDW PDNHV QR UHIHUHQFH WR FRQVXPSWLRQ�� :H FDQ REWDLQ &DPSEHOO
V
SDUDPHWHUL]DWLRQ ZLWK D FKDQJH RI YDULDEOHV� 'HpQH � � �� u� 7KHQ ��  u ���
DQG ������ EHFRPHV y  q �� � ��b q����

2SWLPDO FRQVXPSWLRQ� 8S WR WKLV SRLQW� ZH KDYH WUHDWHG WKH FRQVXPSWLRQ SURFHVV
DV JLYHQ� &XUUHQW RSSRUWXQLWLHV KDYH EHHQ JLYHQ E\ FXUUHQW FRQVXPSWLRQ DQG IX�
WXUH RSSRUWXQLWLHV KDYH EHHQ GHWHUPLQHG E\ WKH G\QDPLFV RI FRQVXPSWLRQ� 1RZ ZH
FKDQJH SHUVSHFWLYH� &RQVXPSWLRQ LV QR ORQJHU JLYHQ H[RJHQRXVO\� ,QVWHDG� FXUUHQW
RSSRUWXQLWLHV DUH JLYHQ E\ FXUUHQW ZHDOWK DQG IXWXUH RSSRUWXQLWLHV DUH GHWHUPLQHG
E\ VWRFKDVWLF LQYHVWPHQW UHWXUQV_HLWKHU GLUHFWO\ YLD WKH LQYHVWPHQW WHFKQRORJ\ RU
LQGLUHFWO\ YLD WKH SULFH V\VWHP�
7KH G\QDPLFV RI ZHDOWK DV JLYHQ LQ ����� HPERG\ WKH FRQVXPSWLRQ^LQYHVWPHQW

WUDGH�Ro� :H FDQ LQWHUSUHW G� � DV WKH UHWXUQ RQ RSWLPDOO\ LQYHVWHG ZHDOWK DQG
�� DV WKH YRODWLOLW\ RI WKH RSWLPDO SRUWIROLR� :H UHIHU WR � DV WKH FDSLWDO DFFRXQW�
ZKLFK JURZV DW WKH UDWH RQ D PDUJLQDO LQYHVWPHQW� 7KH VRXUFH RI UHWXUQV FRXOG EH
D SRUWIROLR RI VHFXULWLHV� RU LW FRXOG EH D VLQJOH VWRFKDVWLF LQYHVWPHQW WHFKQRORJ\� ,Q
HLWKHU FDVH� � WUDFNV WKH RXWFRPH RI WKH IROORZLQJ LQYHVWPHQW VWUDWHJ\� LQYHVW RQH
XQLW RI WKH FRQVXPSWLRQ JRRG LQ WKH UHWXUQV SURFHVV DW WLPH ]HUR DQG WKHUHDIWHU
FRQWLQXRXVO\ UHLQYHVW WKH SURFHHGV�
,Q WKH FXUUHQW VHWWLQJ� WKH LQIRUPDWLRQ YDULDEOH ZLOO VXPPDUL]H DOO UHOHYDQW LQ�

IRUPDWLRQ DERXW IXWXUH RSSRUWXQLWLHV DV UHqHFWHG LQ WKH G\QDPLFV RI HLWKHU WKH
VWDWH^SULFH GHqDWRU RU WKH FDSLWDO DFFRXQW� ,Q RWKHU ZRUGV� WKH LQIRUPDWLRQ YDULDEOH
PXVW FRQIRUP WR WKH G\QDPLFV RI WKH IRUFLQJ YDULDEOH� 3UHYLRXVO\� LQ WKH HQGRZPHQW
VHWWLQJ� WKH IRUFLQJ YDULDEOH ZDV FRQVXPSWLRQ� :H QRZ DOORZ WKH IRUFLQJ YDULDEOH
WR EH WKH VWDWH^SULFH GHqDWRU RU WKH FDSLWDO DFFRXQW� 7KH UHVWULFWLRQ � PXVW VDWLVI\
ZKHQ WKH IRUFLQJ YDULDEOH LV WKH VWDWH^SULFH GHqDWRU LV REWDLQHG E\ HOLPLQDWLQJ HzF
DQG �F IURP ����� XVLQJ ������� 6LPLODUO\� WKH UHVWULFWLRQ � PXVW VDWLVI\ ZKHQ WKH
IRUFLQJ YDULDEOH LV WKH FDSLWDO DFFRXQW LV REWDLQHG E\ HOLPLQDWLQJ HzF DQG �F IURP
����� XVLQJ ������ DQG ������
7KXV WKHUH DUH WKUHH YHUVLRQV RI ������ WKH FHQWUDO UHVWULFWLRQ RQ WKH LQIRUPDWLRQ

YDULDEOH� HDFK GHSHQGLQJ RQ D GLoHUHQW FKRLFH IRU WKH IRUFLQJ YDULDEOH� ,W LV FRQYH�
QLHQW WR IRUPDOO\ XQLI\ DOO WKUHH UHVWULFWLRQV� 7R WKDW HQG� ZH GHQRWH WKH JHQHULF
IRUFLQJ YDULDEOH \ DQG LWV G\QDPLFV G ORJ�\�W��  Hz\�W� GW � �\�W�

!G: �W�� ZKHUH \
LV HLWKHU FRQVXPSWLRQ �F�� WKH FDSLWDO DFFRXQW ���� RU WKH LQYHUVH RI WKH VWDWH^SULFH
GHqDWRU �� P�� :H FDQ ZULWH DOO WKUHH UHVWULFWLRQV DV

D� � D� Hz\ � Hz� � D�
�

�
N�� � D� �\N� � p X�� ��  �� VXEMHFW WR ��7 �  t�

������
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7 DEO H � � &RHrFLHQWV IRU (TXDWLRQ �������

\ D� D� D�

F � � �b q

� bp u u ��b q� u

� P bp u u ��b q� �u q�

ZKHUH WKH FRHrFLHQWV DL DUH JLYHQ LQ 7DEOH �� *LYHQ WKH G\QDPLFV RI WKH IRUFLQJ
YDULDEOH DQG WKH VROXWLRQ WR ������� ZH FDQ XVH ������ DQG ����� WR FRPSXWH WKH
G\QDPLFV RI WKH UHPDLQLQJ YDULDEOHV� :H FDQ WXUQ ������ LQWR D 3'( E\ DGRSWLQJ
WKH 0DUNRYLDQ VWUXFWXUH GHVFULEHG LQ 6HFWLRQ ��

2SWLPDO SRUWIROLR� $V ZH VXJJHVWHG DERYH� WKH FDSLWDO DFFRXQW FDQ EH WKRXJKW RI
DV WKH RSWLPDO SRUWIROLR RI VHFXULWLHV� +HUH ZH VROYH IRU WKH SRUWIROLR ZHLJKWV�
7KH LQYHVWPHQW RSSRUWXQLW\ VHW FDQ EH FKDUDFWHUL]HG E\ Q ULVN\ VHFXULWLHV ZLWK

G\QDPLFV RI WKH IRUP

G�L
�L
 z�L GW� �!

�LG:� ������

ZKHUH : LV FRPSRVHG RI C RUWKRJRQDO %URZQLDQ PRWLRQV� 7KH H[SHFWHG UHWXUQ RQ
VHFXULW\ L REH\V WKH DEVHQFH�RI�DUELWUDJH FRQGLWLRQ

z�L  U � �!
�L
y� ������

�7KH G\QDPLFV RI WKH ULVN\ DVVHWV UHqHFW WKH UHLQYHVWPHQW RI DQ\ GLYLGHQGV SDLG��
'HpQH 0� � �z�� � � � � � z�Q�

!� OHW h� GHQRWH WKH C d Q PDWUL[ ZKRVH L�WK FROXPQ
LV ��L � DQG OHW U GHQRWH D YHFWRU RI OHQJWK Q ZLWK HDFK HOHPHQW HTXDO WR U� 7KHQ ZH
FDQ VWDFN WRJHWKHU WKH Q HTXDWLRQV ������ DV

0�  U �h!
� y� ������

,Q DGGLWLRQ WKHUH LV D PRQH\�PDUNHW DFFRXQW �00$�� WKH YDOXH RI ZKLFK LV E� ZKHUH
GE E  U GW�
$ SRUWIROLR FDQ EH FKDUDFWHUL]HG E\ D YHFWRU RI ZHLJKWV� Z�W� � �Z��W�� � � � � ZQ�W��

!�
IRU WKH ULVN\ VHFXULWLHV DQG D ZHLJKW Z��W� IRU WKH 00$� VXFK WKDW

3Q
L �ZL  ��

7KH YDOXH RI D SRUWIROLR HYROYHV DV IROORZV�

G�

�
 Z�

GE

E
�

Q;
L �

ZL
G�L
�L
 z� GW� �!

� G:�

ZKHUH z�  Z� U �0!
� Z DQG

��  h�Z� ������
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(OLPLQDWLQJ �� IURP ������ DQG ������ SURGXFHV
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7RJHWKHU� ������ DQG ������ FRPSULVH D OLQHDU V\VWHP RI Q � C HTXDWLRQV LQ WKH
Q� C XQNQRZQV Z DQG y� $VVXPLQJ h� KDV IXOO UDQN� WKH VROXWLRQ WR WKLV V\VWHP LV
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ZKHUH ,C GHQRWH WKH C d C LGHQWLW\ PDWUL[� :H VHH WKDW WKH SRUWIROLR ZHLJKWV DUH
FRPSRVHG RI WZR WHUPV� 7KH pUVW WHUP LV WKH VR�FDOOHG ?P\RSLF� FRPSRQHQW RI
SRUWIROLR GHPDQG� ZKLOH WKH VHFRQG WHUP FRQVWLWXWHV D KHGJH DJDLQVW FKDQJHV LQ
LQYHVWPHQW RSSRUWXQLWLHV� $V WKH KRUL]RQ DSSURDFKHV ]HUR� WKH ERXQGDU\ FRQGLWLRQ
UHTXLUHV �� WR JR WR ]HUR DV WKH QHHG WR KHGJH DJDLQVW FKDQJHV LQ IXWXUH RSSRUWXQLWLHV
DWWHQXDWHV�
,Q WKH FRPSOHWH PDUNHWV VHWWLQJ Q  C� h� LV LQYHUWLEOH� DQG ������ VSHFLDOL]HV WR

y  
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ub�
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,Q WKLV FDVH� WKH VROXWLRQ IRU y LV LQGHSHQGHQW RI ��� DQG WKHUHIRUH ZH FDQ WUHDW
� P DV WKH IRUFLQJ YDULDEOH DQG VROYH ������ IRU �� *LYHQ WKH VROXWLRQ IRU �� �����E�
GHOLYHUV WKH VROXWLRQ IRU Z� %\ FRQWUDVW� VXSSRVH WKHUH DUH Q � C VHFXULWLHV� ,Q WKLV
FDVH� y LQYROYHV ��� VR WKDW � P FDQQRW EH VSHFLpHG H[RJHQRXVO\� 1HYHUWKHOHVV� ZH
FDQ LQVHUW WKH H[SUHVVLRQ IRU y LQ �����D� LQWR ������ IRU \  � P� WKHUHE\ H[WHQGLQJ
WKH LQFRPSOHWH�PDUNHWV UHVXOWV RI +H DQG 3HDUVRQ ������ WR UHFXUVLYH SUHIHUHQFHV�

7KH JHQHUDO HTXLOLEULXP SURGXFWLRQ SUREOHP� ,Q D UHSUHVHQWDWLYH�DJHQW JHQHUDO HTXL�
OLEULXP PRGHO� ZH LQWHUSUHW N�W� DV WKH YDOXH RI WKH FDSLWDO VWRFN DQG G� � DV
WKH UHWXUQ RQ WKH DJJUHJDWH LQYHVWPHQW SRUWIROLR_L�H�� WKH UHWXUQ RQ WKH PDUNHW
SRUWIROLR� )RU WKH SXUSRVH RI VWXG\LQJ JHQHUDO HTXLOLEULXP� ZH FDQ UHLQWHUSUHW WKH
VHFXULWLHV DV OLQHDU SURGXFWLRQ WHFKQRORJLHV VXEMHFW WR UDQGRP VKRFNV DV LQ &R[�
,QJHUVROO� -U�� DQG 5RVV �����D���� ,Q D JHQHUDO HTXLOLEULXP� WKH LQWHUHVW UDWH LV
HQGRJHQRXV DQG WKHUH LV QR ERUURZLQJ RU OHQGLQJ� 7KXV ZH UHTXLUH Z�  � RU HTXLY�
DOHQWO\

3Q
L �ZL  �� 7R VROYH IRU WKH HTXLOLEULXP� DGG WKLV HTXDWLRQ WR WKH V\VWHP

������ DQG VROYH ������ DQG ������ IRU U� y� DQG Z� LQ WHUPV RI 0� DQG h�� 7KHVH
H[SUHVVLRQV IRU U DQG y FDQ EH LQVHUWHG LQWR ������� DQG WKDW HTXDWLRQ FDQ WKHQ EH
VROYHG IRU �� %\ LWVHOI� WKH FDSLWDO DFFRXQW LV D VSHFLDO FDVH ZKHUH Q  � DQG Z�  ��

��6R PH D F WLY LWLH V PD \ VOLS LQ D QG R XW R I WKH R SWLPD O SR UWIR OLR � $ W WKH H [ SH QVH R I VR PH QR WD WLR Q IR U
N H H SLQJ WUD F N R I Z KLF K D F WLY LWLH V D UH LQ WKH R SWLPD O SR UWIR OLR D W WLPH W� Z H GR QR W QH H G WR D VVXPH
WKD W WKH VH W R I D F WLY LWLH V LQ WKH SR UWIR OLR QH Y H U F KD QJ H V�
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$W WKLV OHYHO RI DQDO\VLV� ZH LJQRUH WKH SRUWIROLR DOORFDWLRQ SUREOHP� H[FHSW WR UH�
TXLUH ]HUR QHW LQYHVWPHQW LQ WKH PRQH\�PDUNHW DFFRXQW� WUHDWLQJ WKH DQ HFRQRP\
DV RQH ZLWK D VLQJOH LQYHVWPHQW RSSRUWXQLW\���

�� 7 KH GLYLGHQG�GHQRP LQDW HG W HU P �VW U XF W XU H

,Q WKLV VHFWLRQ ZH GHPRQVWUDWH WKDW WKH ZHDOWK^FRQVXPSWLRQ UDWLR LV WKH YDOXH RI
D p[HG�LQFRPH DVVHW� DQG ZH XVH WKLV SHUVSHFWLYH WR DQDO\]H YDULRXV DVSHFWV RI WKH
PRGHO DQG LWV VROXWLRQ�

$VVHW SULFHV DQG WKH ZHDOWK^FRQVXPSWLRQ UDWLR� 8VLQJ WKH 5LHV] UHSUHVHQWD�
WLRQ RI WKH XWLOLW\ JUDGLHQW DV VWDWH�SULFH GHqDWRU� ZH FDQ SULFH DVVHWV� ,W LV FRQYHQLHQW
WR UHSDUDPHWHUL]H WKH XWLOLW\ JUDGLHQW IRU WLPH 7 � 'HpQH

P�W� � '�W� zIF�F�W�� z9 �W��� IRU W x 7 �

VR WKDW * �W�  P�W� IRU W � 7 DQG� LQ YLHZ RI

G z*�7 �

GF�7 �
 |o F�7 �ob�  zIF�F�7 �� i �F�7 � |��

|~

p
�

* �7 �  P�7 � |~ p� 1RWH WKDW P�W� LV QRW UHDOO\ WKH VWDWH�SULFH GHqDWRU LQ WKLV
HFRQRP\� VLQFH WKHUH LV D ZHGJH EHWZHHQ P�7 � DQG * �7 �� %XW P�W� LV PRUH FRQ�
YHQLHQW WR XVH IRU ZKDW IROORZV� DQG LW FDQ EH WUHDWHG DV WKH VWDWH�SULFH GHqDWRU E\
DGMXVWLQJ WHUPLQDO SD\RoV E\ WKH IDFWRU t~ p� )RU H[DPSOH� WKH FRQVXPHU
V ZHDOWK
LV

N�W�  (W

x= 7

V W

v
P�V�

P�W�

w
F�V� GV�

v
P�7 �

P�W�

w
t~

p
F�7 �

y
� �����

,Q ������ ZH PD\ WKLQN RI WKH FRQVXPSWLRQ HQGRZPHQW DV WKH GLYLGHQG WKDW DFFUXHV
WR WKH DVVHW ?ZHDOWK�� 7KH pQDO ?OXPS�VXP SD\PHQW�� �t~ p� F�7 �� UHqHFWV WKH
WHUPLQDO UHZDUG� 'LYLGLQJ ERWK VLGHV RI ����� E\ F�W� SURGXFHV

}�W�  (W

x= 7

V W

PG�V�

PG�W�
GV�

PG�7 �

PG�W�

t~

p

y
 

= 7

V W
SG�W� V� GV�

t~

p
SG�W� 7 �� �����

ZKHUH PG�W�  P�W� F�W� DQG SG�W� V�  (W>PG�V� PG�W�@ LV WKH YDOXH DW WLPH W RI D
]HUR�FRXSRQ ERQG WKDW SD\V RQH XQLW RI WKH GLYLGHQG �LQ WKLV FDVH� WKH FRQVXPSWLRQ
HQGRZPHQW� DW WLPH V� (TXDWLRQ ����� VKRZV WKDW }�W� LV WKH YDOXH RI D GLYLGHQG�
GHQRPLQDWHG FRXSRQ�ERQG ZLWK IDFH YDOXH t~ p DQG FRXSRQ UDWH p t~� �,I t~  ��
WKHQ }�W� LV WKH YDOXH RI DQ DQQXLW\�� )RUPDOO\� PG�W� LV WKH VWDWH^SULFH GHqDWRU
ZKHUH WKH QXPHUDLUH KDV EHHQ FKDQJHG IURP XQLWV RI WKH FRQVXPSWLRQ JRRG WR XQLWV
RI WKH HQGRZPHQW SURFHVV �ZLWK WHUPLQDO SD\RoV DOVR DGMXVWHG E\ IDFWRU t~ p����

%\ DSSO\LQJ ,WAR
V OHPPD WRPG  PF� ZH FDQ FRPSXWH WKH GLYLGHQG�GHQRPLQDWHG
LQWHUHVW UDWH DQG SULFH RI ULVN LQ WHUPV RI WKH UHDO LQWHUHVW UDWH DQG SULFH RI ULVN DQG

�� 7 KLV LV WKH VH WWLQJ WKD W & D PSEH OO �� � � � � VWXGLH V� & D PSEH OO
V ? QH Z V D ER XW IXWXUH UH WXUQV R Q
LQY H VWH G Z H D OWK� LV WKH Y R OD WLOLW\ R I �u Z KH Q WKH IR UF LQJ Y D ULD EOH LV WKH F D SLWD O D F F R XQW�
��6H H $ SSH QGL[ $ IR U D GLVF XVVLR Q R I F KD QJ LQJ QXPH UD LUH V�
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WKH G\QDPLFV RI FRQVXPSWLRQ�

UG  U b
vHzF � �

�
N�FN�

w
� y!�F� ����D�

yG  yb �F� ����E�

8VLQJ ������ ZH FDQ HOLPLQDWH WKH UHDO LQWHUHVW UDWH DQG SULFH RI ULVN� H[SUHVVLQJ WKH
GLYLGHQG�GHQRPLQDWHG LQWHUHVW UDWH DQG SULFH RI ULVN LQ WHUPV RI WKH G\QDPLFV RI
FRQVXPSWLRQ DQG WKH YRODWLOLW\ RI WKH LQIRUPDWLRQ YDULDEOH�

UG  p b ~

~HzF � o
�

�
N�FN� � �~b o�

�

�
N��N�

�
����D�

yG  bo�F � �~b o���� ����E�

%HFDXVH } LV WKH YDOXH RI DQ DVVHW �ZKHQ PHDVXUHG LQ XQLWV RI WKH HQGRZPHQW
SURFHVV�� WKH GULIW RI } ZLOO EH GHWHUPLQHG E\ WKH PDUWLQJDOH SURSHUW\ RI GHqDWHG
JDLQV�

zz} � �  UG } � y!
G z�}� VXEMHFW WR }�7 �  t~ p� �����

ZKHUH WKH �DEVROXWH� G\QDPLFV RI } DUH JLYHQ E\ G}  zz} GW � z�
!
} G: � )RU ~ � ��

ZH FDQ XVH WKH FKDQJH RI YDULDEOHV �  �p }�� ~ WR VKRZ WKDW ����� LV VLPSO\ D
UHVWDWHPHQW RI ��������

)RU ~  �� WKH GLYLGHQG�GHQRPLQDWHG LQWHUHVW UDWH LV FRQVWDQW� UG  p� DQG
}�7 �  � p� ,Q WKLV FDVH� WKH VROXWLRQ WR ����� LV }�W�  � p IRU DOO W x 7 � (YHQ VR�
ZH FDQ XVH ����� WR VROYH IRU � DV IROORZV� 6LQFH WKH VROXWLRQ WR } LQ ����� GHSHQGV
RQ ~ LQ D FRQWLQXRXV ZD\� ZH FDQ HYDOXDWH WKH IROORZLQJ�

ORJ���M~ �  OLP~�� ORJ
t
�p }�� ~

u
 

G ORJ�}�

G~

pppp
~ �

 p
G}

G~

pppp
~ �

� �����

7KH ZHDOWK^FRQVXPSWLRQ UDWLR DQG WKH WKUHH IRUFLQJ SURFHVVHV� *LYHQ WKH VXSSRUWLQJ
SULFH V\VWHP DQG WKH VXSSRUWLQJ UHWXUQV SURFHVV� ZH FDQ H[SUHVV WKH GLYLGHQG�
GHQRPLQDWHG LQWHUHVW UDWH DQG SULFH RI ULVN LQ WHUPV RI DQ\ RI WKH WKUHH IRUFLQJ
YDULDEOHV DV

UG  G� � G�

vHz\ � G�
�

�
N�\N�

w
b �� G���

�

qqq z�}
}

qqq� ����D�

yG  bG� �\ � �� G��
z�}
}
� ����E�

�� 1 R WH WKD W H Y H Q IR U t~  � � OLPW� 7 z�}�W� }�W�  � � VLQF H

z�}�W�  

= 7

V W

SG�W� V��S
G
�W� V� GV D QG }�W�  

= 7

V W

SG�W� V� GV�

Z KH UH �S
G
�7� 7 �  � D QG SG�7� 7 �  � � %\ F R QWUD VW� OLPW� 7 zz}�W� }�W�  � � :H F D Q H [ SUH VV WKH

G\ QD PLF V R I OR J ��� LQ WH UPV R I WKH G\ QD PLF V R I }�

Hz��W�  �

~

�
zz}�W�

}�W�
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�
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oooo�
�
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ZKHUH WKH FRHrFLHQWV GL DUH JLYHQ LQ 7DEOH �� ,Q HoHFW ZH KDYH UHH[SUHVVHG ������ DV
����� IRU ~ � � E\ WKH FKDQJH RI YDULDEOH IURP � WR }� :KHQ HLWKHU �  � RU z�}  ��
UG DQG yG DUH H[RJHQRXVO\ GHWHUPLQHG E\ WKH G\QDPLFV RI WKH IRUFLQJ SURFHVV� ,Q
WKLV FDVH ZH FDQ FRPSXWH WKH ZHDOWK^FRQVXPSWLRQ UDWLR IURP ����� E\ VROYLQJ

zSG�W� 7 �  UG�W� � yG�W�
!�SG�W� 7 �� VXEMHFW WR SG�7� 7 �  ��

IRU SG�W� 7 ��

7 DEO H � � 7KH FRHrFLHQWV RI (TXDWLRQ ����� LQ WHUPV RI WKH SUHIHU�
HQFH SDUDPHWHUV �FROXPQV �^��� DQG WKH IHDVLELOLW\ RI OLPLWLQJ SDUD�
PHWHU YDOXHV �FROXPQV �^���

\ G� G� G� �  G� � G� u  � u  � q  � q  �
F p � u b � �b q � u b q QR \HV \HV QR

� u p �b u �b q �b u b q \HV QR \HV QR

� P u p �b u � q b � � q b u \HV QR QR \HV

&RQVLGHU WKH FDVH ZKHUH WKH GLYLGHQG�GHQRPLQDWHG LQWHUHVW UDWH LV GHWHUPLQLVWLF�
:KHQ UG LV GHWHUPLQLVWLF� WKH ZHDOWK^FRQVXPSWLRQ UDWLR LV JLYHQ E\ ����� ZKHUH
SG�W� V�  H[S

bb 5 V
X W UG�X� GX

c
� +HQFH } LV GHWHUPLQLVWLF� ZKLFK LPSOLHV z�}  � DQG

WKXV UG  G� � G�
bHz\ � G�

�
� N�\N�

c
� ,Q WKLV FDVH HLWKHU �L� G�  � �L�H�� ~  �� RU

�LL� Hz\ � G�
�
� N�\N� LV GHWHUPLQLVWLF� )RU FRQVWDQW UG� WKH VROXWLRQ VSHFLDOL]HV WR

}�W�  
�b HbUG �7bW�

UG
�

t~ HbUG �7bW�

p
� �����

8WLOLW\ JUDGLHQW LQ WHUPV RI REVHUYDEOHV� ,Q WKLV VHFWLRQ� ZH VKRZ ZKHUH WKH
FRQGLWLRQ �  � FRPHV IURP�
+DYLQJ HVWDEOLVKHG WKH UHODWLRQ EHWZHHQ WKH FDSLWDO DFFRXQW� WKH FRQVXPSWLRQ

SURFHVV� DQG WKH ZHDOWK^FRQVXPSWLRQ UDWLR� ZH FDQ HOLPLQDWH WKH XQREVHUYDEOH �
IURP WKH XWLOLW\ JUDGLHQW� IROORZLQJ (SVWHLQ DQG =LQ ������� DV ORQJ DV ~ � �� )RU
~ � �� ZH FDQ ZULWH WKH XWLOLW\ JUDGLHQW DV

* �W�  p Hbp �o ~� W

~
H[S

v= W

V �
�p ~���V�b~ GV

w
��W�

�ob~

F�W�ob�� �����

8VLQJ N  F �~ p� ZH FDQ UHH[SUHVV ����� DV

G ORJ���  G ORJ�F� � ~ G ORJ��� � p �b~ GW� ������

,QWHJUDWLQJ ERWK VLGHV RI ������ DQG UHDUUDQJLQJ SURGXFHV

&�
F�W�

��W�
 

~
H[S

v= W

V �
�p ~���V�b~ GV

w
��W�

�b~

�
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ZKHUH &�  ��������b~ F���� :H FDQ XVH WKLV UHODWLRQ WR HOLPLQDWH WKH H[SUHVVLRQ
LQ EUDFHV IURP ������

* �W�  Hbp �o ~� W F�W�b�o ~� ��b~� ��W��o ~�b�� ������

ZKHUH ZH KDYH VXSSUHVVHG WKH FRQVWDQW RI SURSRUWLRQDOLW\� ,GHQWLI\LQJ WKH XWLOLW\
JUDGLHQW ZLWK WKH VWDWH^SULFH GHqDWRU DQG DSSO\LQJ ,WAR
V OHPPD \LHOGV D FRQYHQLHQW
UHSUHVHQWDWLRQ IRU WKH VKRUW UDWH U DQG WKH SULFH RI ULVN y LQ WHUPV RI WKH REVHUY�
DEOH G\QDPLFV RI WKH JURZWK UDWH RI FRQVXPSWLRQ DQG WKH UHWXUQ RQ WKH PDUNHW
SRUWIROLR ��

U�W�  p �o ~� � �o ~� ��b ~� HzF�W� � ��b o ~� Hz��W�b �

�
Ny�W�N� �����D�

y�W�  �o ~� ��b ~��F�W� � ��b o ~����W�� �����E�

1RWH WKDW o ~  � �L�H�� u q  �� GHOLYHUV VWDQGDUG SUHIHUHQFHV DQG WKH &^&$30�
%\ FRQWUDVW o ~  � �L�H�� q  �� GHOLYHUV DQ LQWHUWHPSRUDO &$30� ZKHUH ULVN
SUHPLD DUH GHWHUPLQHG E\ WKH FRYDULDQFH ZLWK WKH PDUNHW SRUWIROLR� 7KHVH ORFL
DUH SORWWHG LQ )LJXUH � �ZKHUH q LV SORWWHG RQ WKH YHUWLFDO D[LV DJDLQVW u RQ WKH
KRUL]RQWDO D[LV�� DORQJ ZLWK u  � DQG D IRXUWK ORFXV WKDW ZH GLVFXVV SUHVHQWO\�
5HFDOO WKDW WKH GLYLGHQG�GHQRPLQDWHG VWDWH^SULFH GHqDWRU LV JLYHQ E\ * G�W�  

* �W� F�W�� ,Q WHUPV RI REVHUYDEOHV �XVLQJ ������� ZH KDYH
* G�W�  Hbp �o ~� W F�W�E� ��W�E� �

ZKHUH E�  �o ~�b � DQG E�  �b �o ~� ��b ~�� 7KH FRQGLWLRQV E�  � DQG E�  �
DUH HTXLYDOHQW WR �  � LQ 7DEOH �� +HUH LV WKH FRQQHFWLRQ� :KHQ WKH GLYLGHQG�
GHQRPLQDWHG VWDWH^SULFH GHqDWRU GHSHQGV RQO\ RQ WKH IRUFLQJ YDULDEOH� WKHQ VR GR
WKH GLYLGHQG�GHQRPLQDWHG LQWHUHVW UDWH DQG SULFH RI ULVN� :H FRQVLGHU HDFK FDVH LQ
WXUQ� )LUVW� WKH ORFXV E�  � �L�H�� o ~  � RU q u  �� LV SORWWHG LQ )LJXUH � DV
WKH UHFWDQJXODU K\SHUEROD RI VWDQGDUG SUHIHUHQFHV� ,Q WKLV FDVH� �  � LQ ����� IRU
\  F DQG \  P� )RU \  F� WKH HQGRZPHQW GHqDWRU GHSHQGV RQO\ RQ FRQVXPSWLRQ�
* G�W�  Hbp W F�W�~� )RU \  P� VLQFH *  P� ZH FDQ ZULWH HQGRZPHQW GHqDWRU
VROHO\ LQ WHUPV RI WKH VWDWH^SULFH GHqDWRU� * G�W�  Hbp ��b~� WP�W�~ �~b��� 6HFRQG�
WKH ORFXV E�  � �L�H�� q � u  �� LV SORWWHG LQ )LJXUH � DV WKH GLDJRQDO OLQH� ,Q
WKLV FDVH� �  � LQ ����� IRU \  �� WKH HQGRZPHQW GHqDWRU GHSHQGV RQO\ RQ WKH
FDSLWDO DFFRXQW� * G�W�  ��W�~ ��b~�� ,Q HDFK FDVH�WKHQ� WKH VLPSOLpFDWLRQ WKDW �  �
DFKLHYHV FDQ EH DVFULEHG WR WKH IDFW WKDW * G�W� FDQ EH H[SUHVVHG DV D IXQFWLRQ RI WKH
IRUFLQJ YDULDEOH�

6ROYLQJ IRU � ZKHQ ~  �� )RU \  F� ������ SURYLGHV D VHPL�H[SOLFLW VROXWLRQ WR
������ ZKHQ ~  �� 0RUH JHQHUDOO\ IRU \�

ORJ���W��  

= 7

V W
p Hbp �VbW� G�W� V� GV� Hbp �7bW�G�W� 7 � � Hbp �7bW� ORJ �t�

�

= 7

V W
Hbp �VbW�(W >&�V�@ GV� ������
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ZKHUH

G�W� V�  

= V

X W
(W >Hz\�X�@ GX  (W

x
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$SSO\LQJ ,WAR
V OHPPD WR ������ SURGXFHVHz��W�  p ORJ���W��b D� Hz\�W�b &�W�� ������

WKHUHE\ FRQpUPLQJ WKDW ������ LV WKH VROXWLRQ WR ������� DQG

���W�  

= 7

V W
p Hbp �VbW� Ah�W� X� GV� Hbp �7bW� Ah�W� 7 � �

= 7

V W
Hbp �VbW� A�&�W� V��

������

ZKHUH

Ah�W� V� � 

= V

X W
E�Hz\�W� X� GX

DQG ZKHUH E�Hz\�W� X� LV WKH YRODWLOLW\ RI (W>Hz\�X�@ DQG A�&�W� V� LV WKH YRODWLOLW\ RI
(W>&�V�@�

�� ,I Hz\ DQG �\ DUH FRQVWDQW� WKHQ ��  � DQG ������ VSHFLDOL]HV WR

ORJ���W��  
�

p

t
�b Hbp �7bW�

uv
D� � D� Hz\ � D�

�

�
N�\N�

w
� Hbp �7bW� ORJ�t��

������

,I ������ LV LQGHSHQGHQW RI �� WKHQ ������ DQG ������ SURYLGH D IXOO\ H[SOLFLW
VROXWLRQ IRU �� 7KLV LV WKH FDVH� IRU H[DPSOH� ZKHQ &�W� LV GHWHUPLQLVWLF� LQ ZKLFK
FDVH WKH ODVW WHUP RQ WKH ULJKW�KDQG VLGH RI ������ LV ]HUR� (LWKHU RI WKH IROORZLQJ
WZR FRQGLWLRQV HQVXUHV WKDW &�W� LV GHWHUPLQLVWLF�

&RQGLWLRQ �� q  ��

&RQGLWLRQ �� Hz\�W� LV *DXVVLDQ DQG �\�W� LV FRQVWDQW�

8QGHU &RQGLWLRQ � �ZKLFK SURGXFHV ORJ XWLOLW\�� &�W�  D�� 8QGHU &RQGLWLRQ ��E�Hz\�W� X� LV D GHWHUPLQLVWLF IXQFWLRQ RI X b W� ZKLFK ODWWHU HQVXUHV WKDW ���W� LV
GHWHUPLQLVWLF IRU WKH pQLWH�KRUL]RQ SUREOHP DQG FRQVWDQW IRU WKH LQpQLWH�KRUL]RQ
SUREOHP���

1RZ ZH HVWDEOLVK D UHODWHG UHVXOW IRU ~ � � DQG XQGHU &RQGLWLRQ �� :H DVVXPH
�  � VR WKDW WKH VROXWLRQ IRU }�W� LV JLYHQ E\ ������ *LYHQ WKHVH DVVXPSWLRQV� UG
LV *DXVVLDQ DQG yG LV FRQVWDQW� ZKLFK WRJHWKHU LPSO\ WKH ZHDN IRUP RI WKH H[SHF�
WDWLRQV K\SRWKHVLV KROGV IRU WKH GLYLGHQG�GHQRPLQDWHG WHUP VWUXFWXUH� $SSO\LQJ
,WAR
V OHPPD WR } JLYHQ LQ ����� DQG XVLQJ WKH LPSOLFDWLRQ RI WKH ZHDN IRUP JLYHQ E\
�%���� ZH KDYH

���W�  D�
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V W
ZG�W� V� Ah�W� X� GV� t~

v
ZG�W� 7 �

p

w
Ah�W� 7 �

�
� ������

�� & D PSEH OO �� � � � � GH ULY H V D VLPLOD U UH VXOW Z KH Q \  � IR U WKH LQpQLWH �KR UL] R Q SUR EOH P LQ D GLVF UH WH �
WLPH Y H UVLR Q R I WKLV PR GH O�
�� & R QGLWLR Q � LV QR W WKH PR VW J H QH UD O F R QGLWLR Q WKD W J H QH UD WH V D GH WH UPLQLVWLF &�W��
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ZKHUH ZG�W� V� � SG�W� V� }�W� DQG D� LV JLYHQ LQ 7DEOH �� DQG ZKHUH ZH KDYH XVHG
WKH IDFWV WKDW A�UG�W� X�  G� A�Hz\�W� X� DQG ��  �� ~� z�} }�

5HFDOO WKDW ZKHQ \  � P� Hz\�W�  U�W� � �
� Ny�W�N� DQG �\�W�  y�W�� ZKHUH U

LV WKH UHDO LQWHUHVW UDWH� 2XU DVVXPSWLRQ WKDW �\ LV FRQVWDQW LPSOLHV WKDW GHz\�W�  
GU�W�� VR WKDW E�Hz\�W� X�  E�U�W� X�� 2Q WKH RWKHU KDQG� WKH YRODWLOLW\ RI D UHDO
FRXSRQ ERQG LV JLYHQ E\ �%��E� ZKHUH �S LV JLYHQ E\ �%���� $VVXPLQJ DQ LQpQLWH
KRUL]RQ VROXWLRQ H[LVWV� ZH KDYH HVWDEOLVKHG u �� } b��� 7KH\ GLoHU RQO\ E\ WKH
ZHLJKWV� ZG�W� V� YHUVXV Z�W� V� � S�W� V� ��W�� +RZHYHU� HYHQ ZKHQ u  �� WKH
ZHLJKWV GR QRW FRQYHUJH� :KHQ u  �� WKH HQGRZPHQW SHUSHWXLW\ ZHLJKWV DUH
ZG�W� V�  p Hb�VbW� p� ZKLOH WKH UHDO SHUSHWXLW\ ZHLJKWV DUH GHWHUPLQHG E\ U DQG
y DQG QHHG QRW EHDU DQ\ SDUWLFXODU UHODWLRQ WR ZG�W� V�� 1HYHUWKHOHVV� ZKHQHYHU
FRQVXPSWLRQ UHPDLQV FRQVWDQW ZH KDYH PG SURSRUWLRQDO WR P� VR WKDW WKH UHDO DQG
HQGRZPHQW WHUP VWUXFWXUHV DUH LGHQWLFDO� 7KLV VLWXDWLRQ RFFXUV ZLWK u  � DQG
q  � DQG GRHV QRW UHTXLUH KRPRVNHGDVWLFLW\� �6HH WKH GLVFXVVLRQ RQ OLPLW FDVHV
EHORZ����

7KH H[LVWHQFH RI DQ LQpQLWH�KRUL]RQ VROXWLRQ� 7KH LQWHUSUHWDWLRQ RI } DV WKH
YDOXH RI D p[HG LQFRPH DVVHW SURYLGHV D IUDPHZRUN IRU DQDO\]LQJ WKH H[LVWHQFH RI
D XWLOLW\ IXQFWLRQ LQ OLPLW DV WKH KRUL]RQ JRHV WR LQpQLW\� 'HpQH WKH GLYLGHQG�
GHQRPLQDWHG IRUZDUG UDWH DV IG�W� V� � b# ORJ�SG�W� V�� #V� DQG GHpQH WKH DV\PS�
WRWLF IRUZDUG UDWH DV 
G � OLPV�� IG�W� V� ZKHQ D pQLWH OLPLW H[LVWV� 7KHQ �L� LI

G ! �� DQ LQpQLWH�KRUL]RQ VROXWLRQ H[LVWV� �LL� LI 
G � �� DQ LQpQLWH�KRUL]RQ VROXWLRQ
GRHV QRW H[LVW� �LLL� LI 
G  � DQG OLPV�� SG�W� V� � �� DQ LQpQLWH�KRUL]RQ VROXWLRQ
GRHV QRW H[LVW� �LY� LI 
G  � DQG OLPV�� SG�W� V�  �� PRUH LQIRUPDWLRQ LV QHHGHG
WR GHWHUPLQH ZKHWKHU DQ LQpQLWH�KRUL]RQ VROXWLRQ H[LVWV���

:KHQ WKH GLYLGHQG�GHQRPLQDWHG LQWHUHVW UDWH LV GHWHUPLQLVWLF� WKH DV\PSWRWLF
GLYLGHQG�GHQRPLQDWHG IRUZDUG UDWH LV VLPSO\ 
G  OLPW�� UG�W�� DQG 
G  UG IRU
FRQVWDQW UG� )RU ~  �� UG  p ! �� DQG ZH DUH JXDUDQWHHG RI KDYLQJ DQ LQpQLWH�
KRUL]RQ VROXWLRQ IRU DOO SDUDPHWHU YDOXHV� )RU ~ � �� OHW XV H[DPLQH VWDQGDUG
SUHIHUHQFHV DW LWV H[WUHPHV DV DQ H[DPSOH� 7DEOH � LQGLFDWHV WKDW �L� \  F LV
IHDVLEOH IRU �u� q�  ��� �� DQG �LL� \  � P LV IHDVLEOH IRU �u� q�  ������ ,Q WKH
pUVW FDVH� UG  p b HzF b �

� N�FN�� DQG ZH PXVW KDYH HzF � �
�N�FN� � p� ,Q WKH VHFRQG

FDVH� UG  U� DQG WKH UHDO LQWHUHVW UDWH PXVW EH SRVLWLYH�
:KHQ WKH GLYLGHQG�GHQRPLQDWHG LQWHUHVW UDWH LV VWRFKDVWLF� DV ORQJ DV �  ��

ZH FDQ FRPSXWH WKH DV\PSWRWLF GLYLGHQG�GHQRPLQDWHG IRUZDUG UDWH IURP GLYLGHQG�
GHQRPLQDWHG ERQG SULFHV JLYHQ WKH H[RJHQRXVO\ VSHFLpHG GLYLGHQG�GHQRPLQDWHG LQ�
WHUHVW UDWH DQG SULFH RI ULVN� ,Q WKH PRUH JHQHUDO FDVH ZKHQ � � �� QHLWKHU UG QRU yG
ZRXOG EH H[RJHQRXV DQG ZH FRXOG QRW GLUHFWO\ VROYH IRU ERQG SULFHV� 1HYHUWKHOHVV�
DV VKRZQ LQ $SSHQGL[ %� LI WKH DV\PSWRWLF GLYLGHQG�GHQRPLQDWHG IRUZDUG UDWH ZHUH
QHJDWLYH� WKHQ OLP7�� �}�W� 7 �  OLP7�� �SG�W� 7 �  �SG�W��� LI WKH OLPLW H[LVWV�

�� & D PSEH OO �� � � � � GLVF XVVH V WKH UH OD WLR Q EH WZ H H Q WKH UH D O D QG H QGR Z PH QW SH USH WXLWLH V� :H F D Q

UH F R Y H U KLV H [ SUH VVLR Q Z LWK WKH F KD QJ H R I Y D ULD EOH V � � �� u� VR WKD W �� } b�� LQVWH D G R I
�� } bu ���
��6H H $ SSH QGL[ %�



& 21 6 8 03 7 ,21 $ 1 ' $ 6 6 ( 7 3 5,& ( 6 ��

7KHUHIRUH� LQ WKH UHJLRQ RI QRQFRQYHUJHQFH ZH FDQ VROYH WKH IROORZLQJ SUREOHP

zSG�W� 7 �  UG�W� � yG�W�
!�SG�W� 7 �� ������

ZKHUH

UG�W�  G� � G� Hz\�W� � G� G�
�

�
N�\�W�N� b �� G���

�
N�SG�W���N� �����D�

yG�W�  bG� �\�W� � �� G���SG�W���� �����E�

7KH FRUUHFW VSHFLpFDWLRQ RI �SG�W��� LQ ������ SURGXFHV DQ LQWHUQDOO\ FRQVLVWHQW
VROXWLRQ� :H SURYLGH DQ LOOXVWUDWLRQ LQ 6HFWLRQ ��

/LPLW FDVHV� ,Q WKLV VHFWLRQ ZH H[DPLQH WKH PRGHO DW WKH OLPLW YDOXHV RI WKH SD�
UDPHWHU VSDFH IRU LQWHUWHPSRUDO VXEVWLWXWLRQ DQG ULVN DYHUVLRQ� :H FRQVLGHU WKH
FDVHV ZKHUH u DQG q DUH ]HUR RU LQpQLW\� :H FDQ LGHQWLI\ FHUWDLQ IHDWXUHV RI WKH
VROXWLRQ ZLWKRXW VROYLQJ WKH PRGHO HQWLUHO\� +RZHYHU� FDUH PXVW EH WDNHQ� )RU D
JLYHQ OLPLW� WKHUH PD\ EH QR HTXLOLEULXP IRU DUELWUDULO\ FKRVHQ G\QDPLFV RI D JLYHQ
IRUFLQJ YDULDEOH� %\ H[DPLQLQJ WKH OLPLWLQJ YDOXHV RI G� DQG G� LQ 7DEOH �� ZH FDQ
VHH WKDW FHUWDLQ FRPELQDWLRQV RI IRUFLQJ SURFHVVHV DQG OLPLWLQJ SDUDPHWHU YDOXHV
DUH LQIHDVLEOH �LI HLWKHU G� RU G� JRHV WR LQpQLW\�� 6HH FROXPQV �^� RI 7DEOH � IRU D
VXPPDU\�

&DVH �� u  � �\  � RU � P��
7KLV FRUUHVSRQGV WR H[WUHPH XQZLOOLQJQHVV WR VXEVWLWXWH LQWHUWHPSRUDOO\�

:H QRWH WKDW OLPu�� X�[�  � DQG OLPu�� �  OLPu�� �p }�u �ub��  ��
,Q ������ WKHVH UHVWULFWLRQV LPSRVH D UHVWULFWLRQ RQ WKH FRQVXPSWLRQ SURFHVV�HzF  �q b �� �� N�FN�� ,I q  �� WKH &$30 FDVH� WKHQ ORJ FRQVXPSWLRQ LV D
PDUWLQJDOH�

&DVH �� u  � �\  F��
7KLV FRUUHVSRQGV WR D SHUIHFW ZLOOLQJQHVV WR VXEVWLWXWH LQWHUWHPSRUDOO\� 7KLV

YDOXH RI u IRUFHV D UHVWULFWLRQ RQ WKH SURFHVV IRU WKH VWDWH^SULFH GHqDWRU WKDW
FDQ EH H[SUHVVHG DV U � �

� NyN�  p DQG y  q ��� �6ROYH ������ DQG �������
&DVH �� q  � �\  F RU ���

7KLV LV WKH FDVH RI ULVN QHXWUDOLW\ ZLWK UHVSHFW WR VWDWLF ZHDOWK JDPEOHV�
+RZHYHU� DV ZH KDYH VKRZQ DERYH� DJHQWV DUH QRW ULVN QHXWUDO ZLWK UHVSHFW
WR G\QDPLF FRQVXPSWLRQ SURFHVVHV� $OWKRXJK ZH KDYH UXOHG RXW \  � P LQ
WKLV FDVH� WKHUH LV LQ IDFW D VROXWLRQ� EXW LQ JHQHUDO LW LQYROYHV VHWWLQJ F�W�  �
RIWHQ� D FRUQHU VROXWLRQ WKDW GRHV QRW VDWLVI\ RXU V\VWHP RI HTXDWLRQV �VLQFH
ZH KDYH DVVXPHG WKH VWULFW SRVLWLYLW\ RI FRQVXPSWLRQ��

&DVH �� q  � �\  � P��
,Q WKLV FDVH WKH DJHQW LV H[WUHPHO\ ULVN�DYHUVH ZLWK UHVSHFW WR VWDWLF ZHDOWK

JDPEOHV� 6HH &DVH ��
&DVH �� u  � DQG q  � �\  ���

,Q WKLV FDVH WKH DJHQW LV XQZLOOLQJ WR VXEVWLWXWH FRQVXPSWLRQ DFURVV SHULRGV
EXW SHUIHFWO\ ZLOOLQJ WR VXEVWLWXWH DFURVV VWDWHV RI QDWXUH� 7KH VWDWH�SULFH GH�
qDWRU LV P�W�  F�W� ��W�� DQG IURP ������ ZH LQIHU WKDW F�W� LV D PDUWLQJDOH�
D IDFW WKDW KDV IDU�UHDFKLQJ LPSOLFDWLRQV LQ WKH LQpQLWH�KRUL]RQ FDVH� %HFDXVH
F�W� LV D SRVLWLYH PDUWLQJDOH� LW FRQYHUJHV� ,I WHFKQRORJ\ LV VXFK WKDW D FRQVWDQW
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DQG VWULFWO\ SRVLWLYH DV\PSWRWLF FRQVXPSWLRQ qRZ LV IHDVLEOH� WKHQ FRQVXPS�
WLRQ PLJKW FRQYHUJH WR VXFK D YDOXH� 2WKHUZLVH� WKH FRQVXPHU DV\PSWRWLFDOO\
H[KDXVWV KLV ZHDOWK DQG FRQVXPSWLRQ FRQYHUJHV WR ]HUR� IRU DQ\ YDOXH RI WKH
UDWH RI WLPH SUHIHUHQFH p� )RU H[DPSOH� VXSSRVH WKDW z� LV FRQVWDQW �HYHQ LIHz� DQG �� DUH QRW�� 7KHQ WKH VROXWLRQ LV � }�W�  ��W�  U�W�  z�� y�W�  ��
DQG �F�W�  �N�W�  ���W�� ,I ���W� GRHV QRW JR WR ]HUR� WKHQ F�W� DQG N�W�
ERWK GR DOPRVW VXUHO\ �WKRXJK� RI FRXUVH� QRW LQ WKH /� QRUP��

&DVH �� u  � DQG q  � �\  � P��
*LYHQ WKH UHVXOWV LQ &DVH �� ����� FDQ RQO\ EH VDWLVpHG LI HzF  H�F  ��

ZKLFK PHDQV WKDW F�W� LV D FRQVWDQW GHWHUPLQHG E\ WKH LQLWLDO ZHDOWK� 1RW
VXUSULVLQJO\ ������ VKRZV WKDW WKH RSWLPDO SRUWIROLR LV GHWHUPLQHG HQWLUHO\ E\
WKH KHGJLQJ FRPSRQHQW� ���W�  b���W�� 6LQFH FRQVXPSWLRQ LV FRQVWDQW�
UG  U DQG yG  y� VR }�W� LV WKH YDOXH RI D UHDO FRXSRQ ERQG DV ZHOO DV WKDW RI
D GLYLGHQG�GHQRPLQDWHG FRXSRQ ERQG� )LQDOO\� JLYHQ }�W�  � �p ��W�� ZKHQ
u  �� ZH KDYH b���W�  �}�W�� 7KHUHIRUH WKH RSWLPDO SRUWIROLR LV D UHDO
DQQXLW\ LQ WKLV FDVH �D UHDO SHUSHWXLW\ LQ WKH LQpQLWH�KRUL]RQ FDVH����

&DVH �� u  � DQG q  � �\  F��
7KLV LV WKH FDVH RI ULVN�QHXWUDOLW\� 7KH SULFH RI ULVN YDQLVKHV DQG� IURP

�����D�� WKH LQWHUHVW UDWH LV GHWHUPLQHG E\ WKH UDWH RI WLPH SUHIHUHQFH� U�W�  p�
$V D UHVXOW� WKH H[SHFWHG UDWH RI UHWXUQ RQ DQ\ DVVHW LV HTXDO WR p� DQG WKH
\LHOG FXUYH LV qDW DW WKDW OHYHO�

&DVH �� u  � DQG q  ��
7KLV FRPELQDWLRQ LV QRW IHDVLEOH ZLWK DQ\ RI WKH WKUHH IRUFLQJ SURFHVVHV�

�� ,O O XVW U DW LRQV DQG 0 DU N RYLDQ VW U XF W XU H

,Q WKLV VHFWLRQ ZH SURYLGH VRPH LOOXVWUDWLRQV ZLWK FORVHG�IRUP VROXWLRQV� )LUVW�
ZH LQWURGXFH D 0DUNRYLDQ VWUXFWXUH WKDW ZH ZLOO XVH IRU WKH H[DPSOHV DQG IRU WKH
QXPHULFDO VROXWLRQV LQ 6HFWLRQ ��

0DUNRYLDQ VWUXFWXUH� :H VXSSRVH WKHUH DUH G0DUNRYLDQ VWDWH YDULDEOHV; GULYLQJ
WKH IRUFLQJ SURFHVV \� ZKHUH \  F� RU � P� RU �� 7KH MRLQW G\QDPLFV RI ; DQG \
DUH JLYHQ E\�# G;�W�

G ORJ�\�W��

�$  

�#z;�;�W��Hz< �;�W��
�$ GW�

�#�;�;�W��
!

�< �;�W��
!

�$ G: �W��

ZKHUH:!  
b
:!

[ �:\

c
LV D O�GLPHQVLRQDO YHFWRU RI RUWKRQRUPDO %URZQLDQ PRWLRQV�

ZLWK :[ �O b ���GLPHQVLRQDO DQG :\ VFDODU� 7KH GLPHQVLRQV RI �;�[� DQG �< �[�
DUH UHVSHFWLYHO\ O d G DQG O d �� :H DVVXPH WKDW WKH ODVW FROXPQ RI �;�[�! LV
D YHFWRU RI ]HURV� VR WKDW WKH VWDWH YDULDEOHV DUH QRW DoHFWHG E\ :\� �;�[�

!  b
h;�[�

! �
c
� ZKHUH h;�[� LV �Ob ��d G��� 1RWH WKDW HYHQ LI WKH VWDWH YDULDEOHV DUH

GHWHUPLQLVWLF ��;�[� u ��� \ FDQ EH VWRFKDVWLF� D FRPSOHWHO\ GHWHUPLQLVWLF HFRQRP\
�� 7 KLV SR LQW LV PD GH E\ & D PSEH OO D QG 9 LF H LUD �� � � � ��
�� 7 KLV D VVXPSWLR Q LV Z LWKR XW OR VV R I J H QH UD OLW\ � ,W VLPSO\ D OOR Z V IR U WKH SR VVLELOLW\ WKD W WKH UH H [ LVWV
D VKR F N � :\� WKD W D oH F WV \ EXW QR W ;�
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ZRXOG UHTXLUH �< �[� u � DV ZHOO� 7KH IROORZLQJ IXQFWLRQV RI WKH VWDWH YDULDEOHV DUH
FDOOHG FROOHFWLYHO\ WKH GDWD�

z;�[�� Hz< �[�� �;�[�
!�;�[�� �;�[��< �[�� DQG �< �[�

!�< �[�� �����

)RU WKH PRVW SDUW� ZH ZLOO WDNH t ! � VR WKDW WKH LQIRUPDWLRQ YDULDEOH LV VWULFWO\
SRVLWLYH DQG pQLWH� ,Q DGGLWLRQ� VLQFH ZH KDYH DVVXPHG WKH GDWD GR QRW GHSHQG RQ
WLPH� WKH VROXWLRQ ZLOO EH WLPH�KRPRJHQHRXV� $V D FRQVHTXHQFH� LW LV FRQYHQLHQW WR
PRGHO ORJ���W��  n�;�W�� 7 b W�� *LYHQ WKH IXQFWLRQ n�[� ��� ZH FDQ FRPSXWH WKH
IXQFWLRQV IRU WKH GULIW DQG GLoXVLRQ Hz��W�  zn�;�W�� W� DQG ���W�  �n�;�W�� W��
LQ WHUPV RI WKH SDUWLDO GHULYDWLYHV RI n�

zn�[� ��  n[�[� W�
!z;�[� �

�

�
WU
K
�;�[�

!�;�[�n[[�[� ��
L
bn� �[� �� ����D�

�n�[� ��  n[�[� ���;�[�� ����E�

7KH GDWD WXUQ ������ LQWR D TXDVL�OLQHDU SDUWLDO GLoHUHQWLDO HTXDWLRQ �3'(� LQ WHUPV
RI WKH XQNQRZQ IXQFWLRQ n�

D� � D� Hz< �[� � zn�[� �� � D�
�

�
ND� �< �[� � �n�[� ��N� � p X

t
Hbn�[���

u
 ��

�����

VXEMHFW WR WKH ERXQGDU\ FRQGLWLRQ n�[� ��  ORJ�t���� ,I WKH GDWD DUH UHDO DQDO\WLF�
WKH &DXFK\^.RZDOHVND\D WKHRUHP JXDUDQWHHV D XQLTXH UHDO DQDO\WLF IXQFWLRQn�[� ��
H[LVWV LQ WKH QHLJKERUKRRG RI �  ���� 7KH WKHRUHP GRHV QRW JXDUDQWHH WKH H[LVWHQFH
RI D VROXWLRQ IRU DQ DUELWUDU\ pQLWH KRUL]RQ� %HORZ� ZH SURYLGH DQ H[DPSOH WKDW IDLOV
WR KDYH VXFK D VROXWLRQ� +RZHYHU� LI VROXWLRQV H[LVW IRU DOO pQLWH KRUL]RQV� WKHQ WKH\
FRQYHUJH WR DQ LQpQLWH�KRUL]RQ VROXWLRQ LI DQG RQO\ LI OLP��� n� �[� ��  �� ,Q
6HFWLRQ � ZH H[DPLQHG WKH FRQGLWLRQV IRU DQ LQpQLWH�KRUL]RQ VROXWLRQ WR H[LVW� DQG
ZH SURYLGH LOOXVWUDWLRQV LQ WKLV VHFWLRQ�

$ VLQJOH VWDWH YDULDEOH� )RU WKH LOOXVWUDWLRQV� ZH HQWHUWDLQ WKUHH PRGHOV� HDFK
ZLWK D VLQJOH DrQH VWDWH YDULDEOH�

0RGHO � �WKLV PRGHO LV *DXVVLDQ�DrQH��

G[  x �z[b [� GW� V; G:� ����D�

G ORJ�\�  �D\ � E\ [� GW� V� G:� � V� G:�� ����E�

0RGHO � �WKLV PRGHO LV ?VTXDUH�URRW��DrQH��

G[  x �z[b [� GW� V;
S
[G:� ����D�

G ORJ�\�  �D\ � E\ [� GW� V�
S
[G:� � V�

S
[G:�� ����E�

0RGHO � �WKLV PRGHO LV *DXVVLDQ�TXDGUDWLF��

G[  x �z[b [� GW� V; G:� ����D�

G ORJ�\�  
b
D\ � E\ [� F\ [

�
c
GW� �V� � V�; [� G:� � �V� � V�; [� G:�� ����E�

�� ' XrH D QG /LR QV �� � � � � D GGUH VV WKH H [ LVWH QF H D QG XQLT XH QH VV R I 3' ( VR OXWLR QV LQ D UH OD WH G
VH WWLQJ �
��6H H 5D XF K �� � � � � & KD SWH U � �� IR U H [ D PSOH �
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7KH SDUDPHWHUV x� z[� V; � D\� E\� F\� V�� V�; � V�� DQG V�; DUH VFDODU FRQVWDQWV�

([DPSOH �� &RQVWDQW GLYLGHQG�GHQRPLQDWHG LQWHUHVW UDWH� +HUH ZH DGRSW
������ ,I E\  �� ����D� JLYHV UG  G� � G�

b
D\ � G�

�
� �V

�
� � V��� z[

c
� )RU H[DPSOH� LI

\  � P� WKHQ

UG  u p � ��b u�

v
U �

NyN�
� q

w
� �����

ZKHUH NyN�  �V�� � V��� z[� ,Q DGGLWLRQ� IRU ~  � ������ JLYHV

ORJ���W��  
�

p

t
�b Hb�7bW�p

uv
U b p �

NyN�
� q

w
� Hbp �7bW� ORJ�t�� �����

)RU DOO SDUDPHWHU YDOXHV ZH KDYH �}  ��  �� $V D FRQVHTXHQFH� WKH RSWLPDO
SRUWIROLR LV PHDQ^YDULDQFH HrFLHQW DQG WKH G\QDPLFV RI RSWLPDO FRQVXPSWLRQ DQG
WKH RSWLPDO SRUWIROLR ZHLJKWV DUH LQGHSHQGHQW RI WKH KRUL]RQ� 2SWLPDO FRQVXPSWLRQ
G\QDPLFV �ZKLFK DUH JLYHQ E\ WKH VROXWLRQ WR ������� DUH

HzF  u �U b p� �

v
�

q
b �b q u

q�

w
�

�
NyN� DQG �F  

y

q
� �����

$QRWKHU FRQVHTXHQFH LV N�FN�  N��N� �VHH ����E��� ZKLFK LV WKH PDLQ GLrFXOW\ WKLV
PRGHO KDV ZLWK WKH HTXLW\ SUHPLXP SX]]OH GDWD� ,Q RUGHU WR JHW N�FN� � N��N��
VXrFLHQW VWDWH YDULDWLRQ PXVW EH LQWURGXFHG�

([DPSOH �� 6ROYLQJ IRU � JLYHQ ~  �� SDUW �� :H FRQWLQXH WR DGRSW ������
EXW ZH DOORZ E\ � � DQG WUHDW WKH LQpQLWH�KRUL]RQ FDVH� ,Q WKLV H[DPSOH� ZH XVH
������ DQG ������ WR VROYH IRU ORJ��� JLYHQ ~  �� 7KH FRQGLWLRQDO H[SHFWDWLRQ RI [
DQG LWV YRODWLOLW\ DUH JLYHQ E\

(W>[�X�@  z[� Hbx �XbW� �[�W�b z[�E�[�W� X�  V; Hbx �XbW��

�ZH FRQVLVWHQWO\ GURS WKH VHFRQG FRPSRQHQW RI WKH YRODWLOLWLHV� EHFDXVH WKH\ DOO
YDQLVK�� 7KH FRQGLWLRQDO H[SHFWDWLRQ RI Hz\ DQG LWV YRODWLOLW\ DUH JLYHQ E\ (W>Hz\�X�@  
D\ � E\ (W>[�X�@ DQG E�Hz\�W� X�  E\ E�[�W� X�� 7KXV

G�W� V�  �Vb W� �D\ � E\ z[� �

�
�b Hbx �VbW�

x

�
E\ �[�W�b z[� �����D�

Ah�W� V�  E\ V;

�
�b Hbx �VbW�

x
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D\ � E\ z[

p
�
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ZKLFK FDQ EH LQWHUSUHWHG DV WKH VXP RI SHUPDQHQW DQG WUDQVLWRU\ FRPSRQHQWV�
8VLQJ ������ DQG �����E��

��  

= �

V W
p Hbp �VbW� Ah�W� V� GV  

E\ V;
p � x
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*LYHQ ������ ZH FDQ ZULWH
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�

�

�v
V� �

E\ V;
p � x

w�
� V��

�
�

1RWH WKDW & LV VWDWH�LQGHSHQGHQW� VR WKDW WKH FDOFXODWLRQ RI �� LQ ������ LV FRUUHFWO\
EDVHG RQ ������� ZKLFK WKHUHIRUH KDV WKH VROXWLRQ�

ORJ���  
E\ �[b z[�
p � x

�
D\ � E\ z[� &

p
� ������

7KH pUVW�RUGHU DSSUR[LPDWLRQ IRU WKH ZHDOWK^FRQVXPSWLRQ UDWLR DURXQG ~  � LV
}  � p � �~ p� ORJ��� � 2�~��� ,I ZH WDNH \  � DQG VHW D\  � DQG E\  ��
ZH KDYH WKH VHWWLQJ DGRSWHG E\ &DPSEHOO ������ DQG &DPSEHOO DQG .RR �������
,Q 6HFWLRQ � ZH DSSO\ RXU QXPHULFDO VROXWLRQ PHWKRG WR VROYH WKLV PRGHO RYHU WKH
HQWLUH SDUDPHWHU VSDFH�

([DPSOH �� 6ROYLQJ IRU � JLYHQ ~  �� SDUW �� ,Q WKH SUHYLRXV H[DPSOH� WKH
VWDWH�LQGHSHQGHQFH RI �� DOORZHG XV WR FRPSXWH LW GLUHFWO\ IURP ������� ,Q WKLV
H[DPSOH� ZH WDNH WKH 3'( DSSURDFK WR REWDLQ WKH VDPH VROXWLRQ� 7KHQ ZH DSSO\
WKH 3'( DSSURDFK WR PRGHOV ����� DQG ������ ZKHUH WKH VWDWH�GHSHQGHQFH PDNHV
WKH GLUHFW DSSURDFK PRUH GLrFXOW�
)LUVW ZH DWWDFN ������ ,Q WKLV FDVH� WKH VROXWLRQ FDQ EH ZULWWHQ DV n�[� ��  

r���� � r���� �[b z[�� 3'( ����� GHFRPSRVHV LQWR D SDLU RI 2'(V�
r�����  �� � �� r���� � �� r����

� b p r����

r�����  v� � v� r�����

VXEMHFW WR r����  ORJ�t� DQG r����  �� ZKHUH
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�
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v�  E\
v�  b�p � x��

7KH VROXWLRQV DUH
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v
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w
�
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Hbp ��bV�
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�
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b
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)RU WKH LQpQLWH�KRUL]RQ� ������ VSHFLDOL]HV WR �������
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1RZ ZH DWWDFN ������ $JDLQ� n�[� ��  r���� � r���� �[ b z[� DQG 3'( �����
GHFRPSRVHV LQWR

r�����  �� � �� r���� � �� r����
� b p r����

r�����  v� � v� r���� � v� r����
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VXEMHFW WR r����  ORJ�t� DQG r����  �� ZKHUH
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�
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��  D� V� V;
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�

�
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7KH VROXWLRQV DUH

r����  Hbp � ORJ�t� � ��

v
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Hbp ��bV�
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� ZKHUH c  

T
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� b � v� v�� �����E�

1RZ ZH DGRSW ������ ,Q WKLV FDVH n�[� ��  r���� � r���� �[b z[� � r���� �[b z[��
DQG 3'( ����� QRZ GHFRPSRVHV LQWR WKUHH 2'(V�

r�����  �� � �� r���� � �� r����
� � �� r����b p r����

r�����  v� � v� r���� � v� r���� � v� r���� r����

r�����  s� � s� r���� � s� r����
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VXEMHFW WR r����  ORJ�t� DQG r����  r����  �� ZKHUH ��� ��� DQG �� DUH DV JLYHQ
DERYH� ��  � V

�
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7HUP VWUXFWXUH H[DPSOH� $V D VSHFLpF H[DPSOH� ZH WDNH WKH FRQVXPSWLRQ SURFHVV
DV JLYHQ DQG ZH VROYH IRU WKH WHUP VWUXFWXUH RI LQWHUHVW UDWHV� SDUDOOHOLQJ 'XrH DQG
(SVWHLQ �����D� DQG 'XrH� 6FKURGHU� DQG 6NLDGDV ������� 7KRVH SDSHUV WUHDW WKH
LQKRPRJHQHRXV FDVH� ZKLOH ZH WUHDW WKH KRPRJHQHRXV FDVH���

8VLQJ ������� WKH LQWHUHVW UDWH DQG SULFH RI ULVN DUH JLYHQ E\

U  p � HzF �v
ob �

�

w
N�FN� � o�!

F �� �����D�

y  ��b o��F b o�� �����E�

IRU ~  �� ,Q RUGHU WR FRPSXWH WKH WHUP VWUXFWXUH� ZH QHHG

��  

�#�; n[�[� ��

�

�$ �

ZKHUH

�; n[�[� ��  

�!�!�
V; r���� IRU 0RGHO �

V; r����[ IRU 0RGHO �

V;
b
r���� � r����[

c
IRU 0RGHO ��

ZKHUH WKH IDFWRU ORDGLQJV DUH VSHFLpF WR HDFK PRGHO� :H VHH WKDW U DQG y GHSHQG
RQ WKH KRUL]RQ � LQ WKH pQLWH�KRUL]RQ VHWWLQJ XQOHVV o  � �ORJ XWLOLW\��
'XrH DQG (SVWHLQ �����D� DGRSW 0RGHO � DQG VHW D\  bp� $OWKRXJK WKH\

XVH D LQKRPRJHQHRXV WHUPLQDO UHZDUG� ������ DJUHHV ZLWK WKHLU WHUP VWUXFWXUH LQ
WKH WLPH�LQGHSHQGHQW FDVH �HLWKHU 7  � RU o  ��� WKH WHUP VWUXFWXUH RI &R[�
,QJHUVROO� -U�� DQG 5RVV �����E�� 'XrH� 6FKURGHU� DQG 6NLDGDV ������ VROYH IRU D
*DXVVLDQ WHUP VWUXFWXUH �ZLWK LQKRPRJHQHRXV XWLOLW\� LQ D VHWWLQJ ZKHUH WKH\ FDQ
YDU\ WKH ZD\ LQ ZKLFK XQFHUWDLQW\ LV UHVROYHG� 0RGHO � LV LQ WKH VSLULW RI WKHLU
SDSHU� /HW XV H[DPLQH WKH LQpQLWH�KRUL]RQ SUREOHP ZLWK WKDW VHWXS� U  U� � U� [
DQG y  �y�� y��

!� ZKHUH

U�  p � D\ �

v
ob �

�
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V�� � V��

c
�

o V� V; E\
p � x

U�  E\

y�  ��b o� V� b oV; E\
p � x

y�  ��b o� V��

5HDO ERQG SULFHV DUH RI WKH IRUP 3 �[� ��  H[S�$��� �%���[�� ZKHUH

%���  
E\ �H

bx � b ��
x

�

/HW QRWH WKDW OLP��� %���  E\ x� 7KH DV\PSWRWLF IRUZDUG UDWH LV
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7KHUHIRUH�
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#o
 V�� � V�� �

�E\ V;�
�

x �p � x�
� E\ V;

v
V�

p � x
�

V�
x

w
�

WKH VLJQ RI ZKLFK GHSHQGV RQ WKH FRYDULDQFH LQ WKH ODVW WHUP RQ WKH ULJKW�KDQG VLGH�
$ VLPLODU FRPSXWDWLRQ FDQ HDVLO\ EH PDGH IRU 0RGHO ��

([DPSOH �� 5HJLRQV RI FRQYHUJHQFH� +HUH ZH FRPSXWH WKH ERXQGDU\ IRU WKH
UHJLRQV RI FRQYHUJHQFH� &RQVLGHU PRGHO ������ ,I GLYLGHQG�GHQRPLQDWHG ERQG SULFHV
DUH H[SRQHQWLDO�DrQH� ZKHUH 3G�[� ��  H[S�$��� � %���[�� WKHQ �SG�W���  
�V; %���� ��� DQG ����� LPSOLHV UG  U� � U� [ DQG yG  �y�� y��

! ZKHUH

U�  G� � G� D\ �
�

�

b
G� G� �V

�
� � V���b �� G�� V�; %����c

U�  G� E\

y�  bG� V� � �� G�� V; %��� DQG y�  bG� V��

*LYHQ WKH ULVN�UHWXUQ FRQGLWLRQ ������� WKH IDFWRU ORDGLQJV FRPSULVH D V\VWHP RI
2'(V�

$����  bU� � �x z[b y� V;�%��� �
�

�
V�; %����

%����  bU� b x%����

,I DQ DV\PSWRWLF IRUZDUG UDWH H[LVWV� WKH 2'(V LPSO\ DQ DOJHEUDLF V\VWHP�

b
G  bU� � �x z[b y� V;�%��� � �
�
V�; %����

�  bU� b x%����
WKH VROXWLRQ WR ZKLFK LV %���  U� x DQG


G  G� � G�ID\ � E\ z[J� G� G�
�

�

�
E�\ V

�
; � �x E\ V; V� � x� �V�� � V���

x�

�
� ������

5HFDOO WKDW QRQFRQYHUJHQFH UHTXLUHV 
G x �� 7KHUHIRUH WKH ERXQGDU\ EHWZHHQ
UHJLRQV RI FRQYHUJHQFH DQG QRQFRQYHUJHQFH LV JLYHQ E\ 
G  �� 1RWZLWKVWDQGLQJ
WKH LOO EHKDYLRU RI WKH VFDOH RI WKH HFRQRP\ LQ WHUPV RI WKH ZHDOWK^FRQVXPSWLRQ
UDWLR� WKH G\QDPLFV RI FRQVXPSWLRQ JURZWK DQG RI WKH VWDWH^SULFH GHqDWRU �L�H�� WKH
LQWHUHVW UDWH DQG WKH SULFH RI ULVN� DUH ZHOO�EHKDYHG DV WKH KRUL]RQ JRHV WR LQpQLW\
LQ WKH QRQFRQYHUJHQW FDVH� 7KH\ GHSHQG RQO\ RQ �� ZKLFK GRHV FRQYHUJH�
)RU PRGHOV ����� DQG ������ ZH FDQ IROORZ WKH VDPH VWHSV� DOWKRXJK WKH DOJHEUDLF

V\VWHP ZLOO EH TXDGUDWLF IRU WKHVH PRGHOV� 7KH FRUUHFW VROXWLRQ LV WKH OLPLW RI WKH
VROXWLRQ WR WKH V\VWHP RI 2'(V�

([LVWHQFH� $Q H[DPSOH� $OWKRXJK WKH &DXFK\^.RZDOHVND\D WKHRUHP JXDUDQWHHV D
XQLTXH VROXWLRQ H[LVWV LQ WKH QHLJKERUKRRG RI �  �� LW GRHV QRW JXDUDQWHH WKH
H[LVWHQFH RI D VROXWLRQ IRU DOO pQLWH � � 7KH DEVHQFH RI pQLWH�KRUL]RQ VROXWLRQV ZLOO
EH LQGLFDWHG E\ WKH DEVHQFH RI DQ DV\PSWRWLF GLYLGHQG�GHQRPLQDWHG IRUZDUG UDWH�
+HUH ZH SURYLGH DQ H[DPSOH WR LOOXVWUDWH WKLV LVVXH�
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/HW WKH IRUFLQJ YDULDEOH EH � P DQG FRQVLGHU 0RGHO �� /HW
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VR WKDW Hz\  [ � �
� [ �V

�
� � V���� 6ROYLQJ IRU WKH DV\PSWRWLF GLYLGHQG�GHQRPLQDWHG

IRUZDUG UDWH SURGXFHV WZR VROXWLRQV� ERWK RI ZKLFK LQYROYH
S
.� ZKHUH
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� q x V� �

b
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�
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,I . � �� WKHQ QR DV\PSWRWLF �GLYLGHQG�'HQRPLQDWHG� IRUZDUG UDWH H[LVWV� )RU
q  �� .  x�� ZKLOH IRU q  �� .  bV�� V

�
; �

([DPSOH �� 2SWLPDO SRUWIROLR� ,Q WKLV VHFWLRQ� ZH SURYLGH WZR UHODWHG LOOXVWUD�
WLRQV� )RU WKH pUVW LOOXVWUDWLRQ� ZH WDNH \  � P DQG DGRSW 0RGHO �� VR WKDW

U  U� � U� [� U� [
� DQG y  

�#y�

y�

�$  

�#V� � V�; [

V� � V�; [
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ZKHUH

U�  D\ b V�� � V��
�

� U�  E\ b �V� V�; � V� V�;� � DQG U�  F\ b V��; � V��;
�

�

7KLV VHWXS SURGXFHV DQ H[SRQHQWLDO�TXDGUDWLF WHUP VWUXFWXUH �DVVXPLQJ U� � ��
VLPLODU WR &RQVWDQWLQLGHV �������

S�W� W� ��  3 �[� ��  H[S
j
%���� �%����[�%����[

�
k
�

ZKHUH � LV WKH PDWXULW\ RI WKH ERQG DQG %L��� DUH IDFWRU ORDGLQJV WKDW FDQ EH
FRPSXWHG LQ FORVHG IRUP� 8VLQJ �����E�� WKH YRODWLOLW\ RI RSWLPDO FRQVXPSWLRQ LV
JLYHQ E\ �F  qb� y �

b
�b �u q�b�c��� ZKHUH ��  V; n[�[� z�� DQG z� � 7 b W

LV WKH SODQQLQJ KRUL]RQ� �,Q WKLV SDUWLDO HTXLOLEULXP SUREOHP� 7 LV D YDULDEOH WKDW
LV SULYDWH WR WKH FRQVXPHU� LQ WKH HFRQRP\ WKH SULFH V\VWHP FDQ SULFH FDVK qRZV
EH\RQG 7 ��
7XUQLQJ WR WKH RSWLPDO SRUWIROLR� VXSSRVH WKDW WKH FRQVXPHU PXVW LQYHVW KLV

ZHDOWK LQ WKH PRQH\ PDUNHW DFFRXQW� D ]HUR�FRXSRQ ERQG RI p[HG PDWXULW\ V �FKRRV�
LQJ V ! 7 REYLDWHV WKH QHHG WR FKDQJH LQYHVWPHQW YHKLFOH� DQG D QRQ�GLYLGHQG SD\LQJ
VWRFN 6� $UELWUDJH IUHH DVVHW UHWXUQV DUH JLYHQ E\

GE

E
 U GW

G6

6
 z6 GW� �6� G:� � �6� G:�

GS�W� V�

S�W� V�
 zS��� GW� �S��� G:��

ZKHUH �6L DUH SDUDPHWHUV� �S���  V; �%���� � �%����[�� � � Vb W� DQG

z6  U � �V� � V�; [��6� � �V� � V�; [��6�

zS���  U � �V� � V�; [��S���
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7KH EXLOGLQJ EORFNV IRU WKH SRUWIROLR ZHLJKWV DUH

h�  

�#�6� �S���

�6� �

�$ DQG ��  

�#V; n�[� z��
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$V ORQJ DV WKH PDWUL[ �� KDV IXOO UDQN� PDUNHWV DUH FRPSOHWH� 7KH SRUWIROLR ZHLJKWV
WKHPVHOYHV DUH�#Z�
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,Q WKLV H[DPSOH� DOO RI WKH KHGJLQJ LV GRQH ZLWK WKH ERQG� 0RUHRYHU� LI y�  �� WKHQ
WKH VWRFN LV QRW KHOG DW DOO �DQG RSWLPDO FRQVXPSWLRQ GRHV QRW GHSHQG RQ :��� ,I
WKH SULFH RI ULVN LV ]HUR DQG SUHIHUHQFHV DUH DGGLWLYH� WKHQ RQO\ WKH ERQG LV KHOG WR
KHGJH WKH RSSRUWXQLW\ VHW DQG pQDQFH RSWLPDO FRQVXPSWLRQ ZKLFK LQ WKLV FDVH LV
GHWHUPLQLVWLF�
)RU WKH VHFRQG LOOXVWUDWLRQ� ZH WUHDW WKH LQFRPSOHWH�PDUNHW FDVH VWXGLHG E\ &DPS�

EHOO DQG 9LFHLUD ������� 7KH LQWHUHVW UDWH EH FRQVWDQW� U  U�� ,Q DGGLWLRQ WR WKH
PRQH\ PDUNHW DFFRXQW� WKHUH LV D VLQJOH ULVN\ VWRFN� WKH G\QDPLFV RI ZKLFK DUH� DV
EHIRUH� G6 6  z6 GW� �6� G:�� �6� G:�� ,Q WKLV FDVH z6  U�� O�� O� [ LV JLYHQ�
DQG WKH G\QDPLFV RI [ DUH *DXVVLDQ DV LQ ����D�� 5HIHUULQJ WR ������� WKH SULFH RI
ULVN DQG WKH SRUWIROLR ZHLJKWV DUH JLYHQ E\
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,QVHUWLQJ Hz<  U� �
�
� NyN� DQG �<  y �ZKHUH y LV JLYHQ LQ ������� LQWR �����

SURYLGHV WKH HTXDWLRQ WR VROYH� 7KH SULFH V\VWHP LV HQGRJHQRXV XQOHVV q  �� )RU
ORJ XWLOLW\ �u  q  ��� WKHUH LV D FORVHG�IRUP VROXWLRQ�

�� 1XP HU LF DO VRO XW LRQ P HW KRG

,Q WKLV VHFWLRQ� ZH SUHVHQW D PHWKRG IRU QXPHULFDOO\ VROYLQJ ������ 2XU QXPHULFDO
VROXWLRQ WHFKQLTXH FDQ EH WKRXJKW RI DV WKH PHWKRG RI XQGHWHUPLQHG FRHrFLHQW
IXQFWLRQV� ,W LV EDVHG RQ WKH H[DFW VROXWLRQV GHVFULEHG LQ WKH SUHYLRXV VHFWLRQ IRU
~  �� 7R LOOXVWUDWH RXU PHWKRG DQG WR UHGXFH WKH QRWDWLRQDO EXUGHQ� ZH VXSSRVH
WKHUH LV D VLQJOH VWDWH YDULDEOH� *LYHQ UHDO DQDO\WLF GDWD� n�[� �� KDV WKH SRZHU�
VHULHV UHSUHVHQWDWLRQ H[SDQGLQJ DURXQG [  [� DQG WUHDWLQJ � DV D SDUDPHWHU�

�� $ Q H T XLY D OH QW H [ SUH VVLR Q D SSH D UV LQ & D PSEH OO D QG 9 LF H LUD �� � � � �� 7 KH LU H [ SUH VVLR Q F D Q EH
R EWD LQH G E\ �L� VH WWLQJ O�  

�
�

b
��6� � ��6�

c
D QG O�  � VR WKD W Hz6  U� � [ D QG �LL� UH SOD F LQJ

��  V; n�[� z�� Z LWK �} ~�
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Q � rQ��� �[ b [��
Q� 7KH FRQGLWLRQ IRU FRQYHUJHQFH WR DQ LQpQLWH�
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7DEOH � SUHVHQWV WKH UHVXOWV IRU u  � DQG q  �� 7KH UHVXOWV LQ WKH WDEOH FRQpUP
RXU DQDO\VLV LQ WKLV FDVH� 7KH YDOXH RI WKH WLPH GHULYDWLYH LQ FROXPQ � LQGLFDWHV
WKDW DQ LQpQLWH�KRUL]RQ VROXWLRQ GRHV LQGHHG H[LVW� 7KH pUVW�RUGHU VROXWLRQ DSSHDUV
WR EH H[DFW� VLQFH KLJKHU�RUGHU WHUPV FRQWULEXWH QRWKLQJ� (YHQ DEVHQW DQDO\WLFDO
SURRI� ZH FDQ DOZD\V LQVHUW WKH VROXWLRQ LQWR WKH 3'(V� DQG HYDOXDWH WKH DEVROXWH
YDOXH RI WKH UHVLGXDO DV D IXQFWLRQ RI WKH VWDWH YDULDEOH DW WKH KRUL]RQ LQ TXHVWLRQ�
)RU u  �� WKH UHVLGXDO LV LQGLVWLQJXLVKDEOH IURP ]HUR IRU DOO YDOXHV RI q DQG DW DOO
KRUL]RQV�
,Q 7DEOH � ZH PRYH DZD\ IURP WKH DQDO\WLFDOO\ DYDLODEOH VROXWLRQV WR u  � DQG

q  �� ,Q WKLV FDVH WKH VROXWLRQ KDV LQpQLWH RUGHU� +HUH ZH VHH WKDW WKH FRHrFLHQWV
FRQYHUJH TXLWH UDSLGO\ RI D IXQFWLRQ RI 1 � r11b� KDV FRQYHUJHG WR pYH VLJQLpFDQW
GLJLWV� $OVR QRWH WKDW WKH FRHrFLHQWV GLH Ro UDSLGO\ DV D IXQFWLRQ RI RUGHU� 7KH VDPH
REVHUYDWLRQV KROG IRU WKH FRHrFLHQWV LQ 7DEOHV � DQG �� 1RWH WKDW LQ 7DEOHV �^��
r1� UHPDLQV FORVH WR � �p � x��
5HVXOWV IRU 0RGHOV � DQG � IRU WKH VDPH SUHIHUHQFH SDUDPHWHUV DUH VKRZQ 7DEOHV

�^�� DQG 7DEOHV ��^��� UHVSHFWLYHO\� 7KH PRGHOV DUH FDOLEUDWHG VR WKDW WKH XQFRQ�
GLWLRQDO GULIW DQG LQVWDQWDQHRXV YDULDQFH RI ORJ��� DUH WKH VDPH DV IRU 0RGHO �� ,Q
WHUPV RI FRQYHUJHQFH� WKH DUH TXDOLWDWLYHO\ VLPLODU WR 0RGHO �� DOWKRXJK 0RGHO �
VXoHUV IURP VRPH URXQGLQJ HUURU DW u  � WKDW LV QRW SUHVHQW LQ HLWKHU RI WKH RWKHU
WZR PRGHOV� 4XDQWLWDWLYHO\� ZH VHH DOO WKUHH PRGHOV DUH HVVHQWLDOO\ WKH VDPH IRU
q  ��

7 DEO H � � � 0D[LPXP DEVROXWH HUURUV IRU [ � �b����� ����� IRU u  ��
q  �� DQG �  ����

1 0RGHO � 0RGHO � 0RGHO �

� �������b�� �������b�� �������b��
� �������b�� �������b�� �������b��
� �������b�� �������b�� �������b��
� �������b��� �������b��� �������b��
� �������b��� �������b��� �������b��
� �������b��� �������b��� �������b��
� �������b��� � �������b���
� � � �������b���
� VLJQLpHV OHVV WKDQ ��b�� LQ DEVROXWH YDOXH�

Q�G� � Qd ��G�

7KHUH UHPDLQV WKH TXHVWLRQ DV WR KRZ ZHOO n1 �[��� pWV WKH GHpQLQJ UHVWULFWLRQ�
6LQFH WKH VROXWLRQ PHWKRG LV ORFDO LQ QDWXUH� WKH pW ZLOO EH SHUIHFW DW [� DQG GHFD\
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DV ZH PRYH DZD\� DOWKRXJK WKH GHFD\ QHHG QRW EH PRQRWRQLF LQ M[b [�M� 7KHUH DUH
WZR UHODWHG LVVXHV KHUH� )LUVW� ZKDW LV WKH UDQJH RYHU ZKLFK ZH GHVLUH D JRRG pW�
DQG� VHFRQG� KRZ JRRG D pW VKRXOG WKH pW EH" 7R KHOS GHWHUPLQH WKH DSSURSULDWH
UDQJH� ZH FDQ FRPSXWH WKH XQFRQGLWLRQDO GLVWULEXWLRQ RI WKH VWDWH YDULDEOH� ,Q RXU
H[DPSOH IRU 0RGHO �� [ | 1 b

z[� V; 
S
�x

c
 1 ������� ���������� $ UDQJH FHQWHUHG

RQ z[ WKDW LQFOXGHV PRUH WKDQ ���� SHUFHQW RI WKH 3') LV �b����� ������ 7DEOH ��
VKRZV WKH PD[LPXP DEVROXWH HUURU RYHU WKLV UHJLRQ IRU �u� q�  ��� ��� $OVR VKRZQ
DUH WKH PD[LPXP DEVROXWH HUURUV RYHU WKH VDPH UHJLRQ IRU 0RGHOV � DQG �� (YHQ WKH
pUVW�RUGHU DSSUR[LPDWLRQ IRU 0RGHOV � DQG � DQG WKH VHFRQG�RUGHU DSSUR[LPDWLRQ
IRU 0RGHO � DUH UHDVRQDEO\ DFFXUDWH RYHU WKH UHJLRQ�

5HJLRQV RI QRQFRQYHUJHQFH� )RU 0RGHO �� ZH FDQ HDVLO\ FRPSXWH WKH ERXQGDU\ RI
WKH UHJLRQV RI QRQFRQYHUJHQFH XVLQJ �������


G  u p � ��b u� ������ � ��b q� ������� � ������

:LWK p  ����� u  �� DQG q  �� ZH KDYH 
G  b������� 7DEOH � VKRZV UHVXOWV IRU
u  � DQG q  �� 7KH WLPH GHULYDWLYH LV FOHDUO\ QRW ]HUR� HYHQ DW D KRUL]RQ RI ���

\HDUV� 0RUHRYHU� DOO RI WKH FRHrFLHQWV KLJKHU WKDQ pUVW�RUGHU DUH HoHFWLYHO\ ]HUR
DW WKLV KRUL]RQ� 7KH UHVLGXDO IURP WKH 3'( LV LQGLVWLQJXLVKDEOH IURP ]HUR DW WKLV
KRUL]RQ� $OVR QRWH WKDW r1�  � x  ������� DV H[SHFWHG�
8VLQJ ������� ZH FDQ PDS RXW WKH UHJLRQV RI QRQFRQYHUJHQFH� 3DQHO �D� RI )LJXUH �

VKDGHV WKH UHJLRQV ZKHUH 
G x � XVLQJ p  ����� 6WDQGDUG SUHIHUHQFHV DUH SORWWHG DV
WKH UHFWDQJXODU K\SHUEROD u q  �� 1RWH WKDW WKHUH LV QR LQpQLWH�KRUL]RQ VROXWLRQ IRU
VWDQGDUG SUHIHUHQFHV XQOHVV ���� � q � ����� 7KLV UXOHV RXW WKH OHYHO RI ULVN�DYHUVLRQ
WKDW KDV SUHYLRXVO\ EHHQ IRXQG FRQVLVWHQW ZLWK WKH PRPHQWV RI DVVHW UHWXUQV DQG
FRQVXPSWLRQ JURZWK� 3DQHO �E� RI )LJXUH � LOOXVWUDWHV WKH HoHFW RI ORZHULQJ WKH UDWH
RI WLPH SUHIHUHQFH WR p  ���� RQ WKH UHJLRQV RI QRQFRQYHUJHQFH� :H VHH WKDW D
VL]DEOH IUDFWLRQ RI WKH UHJLRQ &DPSEHOO VWXGLHG LV QRQFRQYHUJHQW LQ WKLV FDVH� ,Q WKH
OLPLW DV p � �� WKH UHJLRQV RI QRQFRQYHUJHQFH IRUP D FKHFNHUERDUG� DSSURDFKLQJ
WKH SRLQW �u� q�  ��� �������� )LJXUHV � DQG � VKRZ VLPLODU UHVXOWV IRU 0RGHOV � DQG
�� UHVSHFWLYHO\�

7ZR VWDWH YDULDEOHV� 1RZ FRQVLGHU D PRGHO ZLWK WZR VWDWH YDULDEOHV� $XJPHQW WKH
SUHYLRXV PRGHO ZLWK VWRFKDVWLF YRODWLOLW\� ,Q SDUWLFXODU� OHW

G ORJ���  [GW� V� G:� �
S
\ G:�

G[  x �z[b [� GW� V; G:�

G\  x< �z\ b \� GW� V<
S
\ G:��

:H NHHS WKH YDOXHV IRU V�� z[� x� DQG V; IURP WKH SUHYLRXV H[DPSOH� DQG OHW z\  ����
�

VR WKDW
S
z\  ��� � V� IURP WKH SUHYLRXV H[DPSOH�� )LQDOO\ OHW x<  � DQG V<  

������ 7DEOH �� VKRZV VRPH UHVXOWV IRU u  � DQG q  �� 7KHUH DUH �1��� �1��� �
FRHrFLHQWV rLM��� IRU ZKLFK L� M x 1 � 7KH XSSHU�OHIW QXPEHU LQ HDFK EORFN LV WKH
FRQVWDQW WHUP r������ 7KH UHPDLQLQJ QXPEHUV LQ WKH pUVW URZ RI HDFK EORFN DUH WKH
FRHrFLHQWV RQ SRZHUV RI [ b z[� ZKLOH WKH UHPDLQLQJ QXPEHUV LQ WKH pUVW FROXPQ

�� 7 KH VH Y D OXH V KD Y H EH H Q F KR VH Q D UELWUD ULO\ �
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) LJXU H � � $UHDV RI QRQFRQYHUJHQFH IRU 0RGHO � DUH VKDGHG� 3DQHO
�D� XVHV p  ����� ZKLOH SDQHO �E� XVHV p  �����
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RI HDFK EORFN DUH WKH FRHrFLHQWV RQ SRZHUV RI \ b z\� 7KH WLPH GHULYDWLYHV DUH
HVVHQWLDOO\ ]HUR� LQGLFDWLQJ WKH H[LVWHQFH RI DQ LQpQLWH�KRUL]RQ VROXWLRQ IRU WKHVH
SDUDPHWHU YDOXHV� $V LQ WKH RQH�IDFWRU H[DPSOH� WKH FRHrFLHQWV FRQYHUJH UDSLGO\ DV
D IXQFWLRQ RI 1 � 1RWH WKDW WKH FRHrFLHQWV IRU [ DUH OLWWOH FKDQJHG IURP WKH SUHYLRXV
H[DPSOH� ZKLOH DW WKH VDPH WLPH \ HQWHUV WKH VROXWLRQ ZLWK DQ LPSDFW RI WKH VDPH
PDJQLWXGH DV [� ,Q 7DEOH ��� WKH FRHrFLHQW RI UHODWLYH ULVN DYHUVLRQ LV VHW WR RQH�
ZKLFK LV WKH &$30� ,Q WKLV FDVH� WKH PRGHO UHYHUWV WR D RQH�IDFWRU PRGHO� 7KH
YRODWLOLW\ RI WKH UHWXUQ RQ WKH PDUNHW SOD\V QR UROH� ,Q 7DEOH ��� WKH SDUDPHWHUV
DUH u  � DQG q  �� ,Q WKLV FDVH� WKH FRHrFLHQWV IRU \ GR QRW GHFD\ DV UDSLGO\ DV
SUHYLRXVO\ ZLWK UHVSHFW WR WKH RUGHU�

$SSHQGL[ $� 7 KH DEVHQF H RI DU ELW U DJH

:H DVVXPH WKH H[LVWHQFH RI D VWDWH�SULFH GHqDWRU� ZKLFK IROORZV D VWULFWO\ SRVLWLYH
,WAR SURFHVV P�W� WKDW ZH ZULWH DV�

GP�W�

P�W�
 bU�W� GWb y�W�!G: �W� � �$���

ZKHUH ?!� GHQRWHV WKH WUDQVSRVH� U�W� LV WKH LQVWDQWDQHRXV UDWH RI LQWHUHVW DQG y�W�
LV WKH SULFH RI ULVN� 2EVHUYH WKDW ZH DUH IUHH WR PRGHO U�W� DQG y�W� LQGHSHQGHQWO\�
DV ORQJ DV D VROXWLRQ WR �$��� H[LVWV DQG

H[S

v= W

V �
b�
�
Ny�V�N� GV� y�V�!G: �V�

w
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1 n1
� \ � � � � �
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� � � b� �� � � � �b� � � �� � � � �b� � � �� � � � �b� � b� �� � � � �b� �
� b� �� � � � �b� � b� �� � � � �b� � � �� � � � �b� �
� � �� � � � �b� � b� �� � � � �b� �
� � �� � � � �b� �

� � � b� �� � � � �b� � � �� � � � �b� � � �� � � � �b� � b� �� � � � �b� � � �� � � � �b� �
� b� �� � � � �b� � b� �� � � � �b� � � �� � � � �b� � b� �� � � � �b� �
� � �� � � � �b� � b� �� � � � �b� � � �� � � � �b� �
� � �� � � � �b� � b� �� � � � �b� �
� � �� � � � �b� �

� VLJ QLpH V OH VV WKD Q � � b�� LQ D EVR OXWH Y D OXH � Q�G� � Qd � � G�

LV D PDUWLQJDOH���

$ VWDWH�SULFH GHqDWRU P�W� JXDUDQWHHV WKDW DVVHW SULFHV DUH IUHH RI DUELWUDJH SRV�
VLELOLWLHV� 7KH SULFH RI DQ\ DVVHW �H[SUHVVHG LQ D JLYHQ XQLW RI DFFRXQW� LV GHWHUPLQHG
E\ WKH IRUPXOD WKDW LWV GHqDWHG JDLQ LV D PDUWLQJDOH� 7R VHH ZKDW WKLV PHDQV� FRQ�
VLGHU DQ DVVHW ZLWK FXPXODWLYH GLYLGHQG '�W� DQG YDOXH 6�W�� ERWK ,WAR SURFHVVHV�
)RU VLPSOLFLW\ RI H[SRVLWLRQ� DVVXPH WKDW '�W� LV ORFDOO\ ULVNOHVV� /HW WKH G\QDPLFV
RI 6 DQG ' EH JLYHQ E\

G6�W�  zz6�W� GW� z�6�W�
!G: �W�� DQG G'�W�  =�W� GW�

ZKHUH =�W� LV WKH qRZ RI GLYLGHQGV� 7KH JDLQ LV WKH VXP RI WKH DVVHW
V YDOXH DQG
LWV FXPXODWLYH GLYLGHQG� *�W� � 6�W� �'�W�� ZKLOH WKH GHqDWHG JDLQ LV *�W�P�W��
7R VD\ WKDW *�W�P�W� LV D PDUWLQJDOH LV HTXLYDOHQW WR VD\LQJ WKDW WKH SULFH SURFHVV
6�W� REH\V

6�W�  (W

x= 7

V W

v
P�V�

P�W�

w
=�V� GV�

v
P�7 �

P�W�

w
6�7 �

y
� �$���

�� 7 KLV F R QGLWLR Q LV UH IH UUH G WR D V D Q LQWH J UD ELOLW\ F R QGLWLR Q� 7 KH H [ D PSOH J LY H Q LQ & R [ � ,QJ H UVR OO�
-U�� D QG 5R VV �� � � � E� ID LOV WKLV F R QGLWLR Q�
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[

1 n1
� \ � � � � �

� � � � �� � � � �b� � � �� � � � �b� �
� �

� � � � �� � � � �b� � � �� � � � �b� � � �� � � � �b� �
� � �

� �

� � � � �� � � � �b� � � �� � � � �b� � � �� � � � �b� � b� �� � � � �b� �
� � � �

� � �

� �

� � � � �� � � � �b� � � �� � � � �b� � � �� � � � �b� � b� �� � � � �b� � � �� � � � �b� �
� � � � �

� � � �

� � �

� �

� VLJ QLpH V OH VV WKD Q � � b�� LQ D EVR OXWH Y D OXH � Q�G� � Qd � � G�

IRU DQ\ 7 ! W� ZKHUH (W VWDQGV IRU WKH H[SHFWDWLRQ FRQGLWLRQDO RQ WLPH�W LQIRUPDWLRQ�
$ GLUHFW LPSOLFDWLRQ RI WKH SULFLQJ HTXDWLRQ �$��� LV WKH QR�DUELWUDJH FRQGLWLRQ�

zz6�W� � =�W�  U�W�6�W� � y�W�!z�6�W�� �$���

)L[HG LQFRPH DVVHWV SOD\ D FHQWUDO UROH LQ WKH ERG\ RI WKH SDSHU� /HW S�W� 7 �
GHQRWH WKH SULFH DW WLPH W RI D ]HUR�FRXSRQ ERQG SD\LQJ RQH XQLW RI DFFRXQW DW
WLPH 7 � $FFRUGLQJ WR WKH SULFLQJ IRUPXOD �$���� WKH WHUPLQDO FRQGLWLRQ S�7� 7 �  �
LPSOLHV

S�W� 7 �  (W

x
P�7 �

P�W�

y
�

VR WKDW WKH WHUP VWUXFWXUH WKHRU\ UHGXFHV WR WKH SUREOHP RI SURGXFLQJ FRQGLWLRQDO
IRUHFDVWV RI WKH VWDWH�SULFH GHqDWRU� 7KH YDOXH RI D FRXSRQ ERQG ZLWK D IDFH YDOXH
RI v WKDW SD\V RQH XQLW FRQWLQXRXVO\ XQWLO LW PDWXUHV DW WLPH 7 LV JLYHQ E\

��W�  (W

x= 7

V W

P�V�

P�W�
GV� v

P�7 �

P�W�

y
 

= 7

V W
S�W� V� GV� v S�W� 7 ��
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[

1 n1
� \ � � � � �

� � � b� �� � � � �b� � � �� � � � �b� �
� b� �� � � � � � �

� � � b� �� � � � �b� � � �� � � � �b� � � �� � � � �b� �
� b� �� � � � � � � b� �� � � � �b� �
� � �� � � � �b� �

� � � b� �� � � � �b� � � �� � � � �b� � � �� � � � �b� � b� �� � � � �b� �
� b� �� � � � � � � b� �� � � � �b� � � �� � � � �b� �
� � �� � � � �b� � b� �� � � � �b� �
� � �� � � � �b� �

� � � b� �� � � � �b� � � �� � � � �b� � � �� � � � �b� � b� �� � � � �b� � � �� � � � �b� �
� b� �� � � � � � � b� �� � � � �b� � � �� � � � �b� � b� �� � � � �b� �
� � �� � � � �b� � b� �� � � � �b� � � �� � � � �b� �
� � �� � � � �b� � b� �� � � � �b� �
� b� �� � � � �b� �

� VLJ QLpH V OH VV WKD Q � � b�� LQ D EVR OXWH Y D OXH � Q�G� � Qd � � G�

1RZ FRQVLGHU WKH DVVHW ZKRVH YDOXH LV JLYHQ LQ �$���� $VVXPH WKH GLYLGHQG LV VWULFWO\
SRVLWLYH DQG 6�7 �  v =�7 �� 7KHQ ZH FDQ GLYLGH ERWK VLGHV RI �$��� E\ =�W��

6�W�

=�W�
 (W

x= 7

V W

v
P�V�=�V�

P�W�=�W�

w
GV�

v
P�7 �=�7 �

P�W�=�W�

w
6�7 �

=�7 �

y
 (W

x= 7

V W

PG�V�

PG�W�
GV� v

PG�7 �

PG�W�

y
 

= 7

V W
SG�W� V� GV� v SG�W� 7 ��

ZKHUH PG�W� � P�W�=�W� DQG SG�W� 7 � � (W>PG�7 � PG�W�@� :H UHIHU WR PG DV WKH
GLYLGHQG�GHQRPLQDWHG VWDWH^SULFH GHqDWRU DQG SG�W� 7 � DV WKH GLYLGHQG�GHQRPLQDWHG
]HUR�FRXSRQ ERQG� )ROORZLQJ �$���� ZH FDQ DSSO\ ,WAR
V OHPPD WR PG�W�� SURGXFLQJ
GPG�W� PG�W�  bUG�W� GWb yG�W�

!G: �W�� ZKHUH

UG�W�  U�W�b z=�W� � y�W�!�=�W� DQG yG�W�  y�W�b �=�W��

ZKHUH G=�W� =�W�  z=�W� GW� �=�W�
!G: �W��
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$SSHQGL[ %� $V\P SW RW LF V DQG U HJLRQV RI F RQYHU JHQF H

,Q WKLV VHFWLRQ ZH H[DPLQH WKH UHODWLRQ EHWZHHQ WKH YDOXH RI DQ DQQXLW\ DQG WKH
YDOXH RI D ]HUR�FRXSRQ ERQG ZLWK WKH VDPH PDWXULW\ DV WKH PDWXULW\ JRHV WR LQpQLW\�
3DUWLFXODU DWWHQWLRQ LV SDLG WR WKH FDVH ZKHUH QR LQpQLWH�KRUL]RQ VROXWLRQ H[LVWV GXH
WR QRQSRVLWLYH DV\PSWRWLF IRUZDUG UDWHV� $V LW WXUQV RXW� WKH YDOXH RI D FRXSRQ
ERQG LV SURSRUWLRQDO WR WKH YDOXH RI D GLVFRXQW ERQG RI WKH VDPH PDWXULW\ LQ WKH
OLPLW DV WKH KRUL]RQ JRHV WR LQpQLW\� $V GLVFXVVHG DERYH� LI WKH DV\PSWRWLF IRUZDUG
UDWH H[LVWV DQG LV SRVLWLYH� WKHQ WKH YDOXH RI D FRXSRQ ERQG FRQYHUJHV WR WKH YDOXH
RI D SHUSHWXLW\ DV WKH KRUL]RQ JRHV WR LQpQLW\� :KHQ WKH DV\PSWRWLF IRUZDUG UDWH
LV QHJDWLYH� WKH YDOXH RI D FRXSRQ ERQG JURZV ZLWKRXW ERXQG� 1HYHUWKHOHVV� WKH
UHODWLYH G\QDPLFV RI WKH FRXSRQ ERQG GRHV FRQYHUJH�
/HW S�W� 7 � EH WKH SULFH DW WLPH W RI D ]HUR�FRXSRQ ERQG WKDW SD\V RQH XQLW DW

WLPH 7 � 7KH UHODWLYH G\QDPLFV RI ERQG SULFHV LV JLYHQ E\

GS�W� 7 �

S�W� 7 �
 zS�W� 7 � GW� �S�W� 7 �

!G: �W��

)RU WKLV VHFWLRQ� ZH DVVXPH WKH H[LVWHQFH RI WKH IROORZLQJ WZR OLPLWV�

OLP
7��

zS�W� 7 �  zS�W��� DQG OLP
7��

�S�W� 7 �  �S�W���� �%���

'HpQH WKH IRUZDUG UDWH DV I�W� 7 �  b# ORJ�S�W� 7 �� #7 � 7KH G\QDPLFV RI IRUZDUG
UDWHV FDQ EH GHULYHG IURP WKH G\QDPLFV RI ERQG SULFHV�

GI�W� 7 �  b #

#7
G ORJ�S�W� 7 ��  zI �W� 7 � GW� �I �W� 7 �

!G: �W��

ZKHUH

zI �W� 7 �  b#zS�W� 7 �

#7
� �S�W� 7 �

!#�S�W� 7 �

#7
�%��D�

�I �W� 7 �  b#�S�W� 7 �

#7
� �%��E�

'HpQH WKH DV\PSWRWLF IRUZDUG UDWH DV

OLP
7��

I�W� 7 �  
 �%���

ZKHQ WKH OLPLW H[LVWV� ZKHUH 
 LV D pQLWH FRQVWDQW� :KHQ WKH DV\PSWRWLF IRUZDUG
UDWH H[LVWV� OLP7�� zI �W� 7 �  � DQG OLP7�� �I �W� 7 �  �� 7KH OLPLWV �%��� DUH
VXrFLHQW WR JXDUDQWHH WKH H[LVWHQFH RI WKH DV\PSWRWLF IRUZDUG UDWH�
7KH YDOXH RI D FRXSRQ ERQG ZLWK D IDFH YDOXH RI v y � WKDW SD\V D FRQWLQXRXV

XQLW FRXSRQ LV JLYHQ E\ ��W� 7 �  
5 7
W S�W� V� GV� v S�W� 7 �� 7KH UHODWLYH G\QDPLFV RI

WKH YDOXH RI WKLV FRXSRQ ERQG FDQ EH ZULWWHQ DV

G��W� 7 �

��W� 7 �
 z��W� 7 � GW� ���W� 7 �

!G: �W��
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ZKHUH��

z��W� 7 �  

5 7
W S�W� V�zS�W� V� GVb � � v S�W� 7 �zS�W� 7 �

��W� 7 �
�%��D�

���W� 7 �  

5 7
W S�W� V��S�W� V� GV� v S�W� 7 ��S�W� 7 �

��W� 7 �
� �%��E�

&RQVLGHU WKH OLPLWLQJ YDOXHV IRU z� DQG ��� 1RWH WKDW LI ERWK QXPHUDWRUV DQG ERWK
GHQRPLQDWRUV LQ �%��� GLYHUJH� WKHQ /
+RSLWDO
V UXOH GHOLYHUV

OLP
7��

z��W� 7 �  OLP
7��

zS�W� 7 � DQG OLP
7��

���W� 7 �  OLP
7��

�S�W� 7 �� �%���

)LUVW QRWH WKDW XQOHVV OLP7�� S�W� 7 �  �� WKH FRQGLWLRQ �WKDW ERWK QXPHUDWRUV DQG
ERWK GHQRPLQDWRUV GLYHUJH� KROGV� 7KXV WKH FRQGLWLRQ LV GHpQLWHO\ WUXH LI 
 � ��
VLQFH ERQG SULFHV GLYHUJH��� 2Q WKH RWKHU KDQG� WKH FRQGLWLRQ LV GHpQLWHO\ IDOVH LI

 ! �� VLQFH OLP7�� S�W� 7 �  � DQG WKH UDWLR WHVW VKRZV WKDW OLP7�� ��W� 7 �
FRQYHUJHV DV ZHOO� ,I 
  �� WKH FRQGLWLRQ ZLOO EH WUXH DV ORQJ DV ERQG SULFHV GR QRW
FRQYHUJH WR ]HUR� +RZHYHU� LI WKH\ GR� DGGLWLRQDO DQDO\VLV LV QHHGHG WR GHWHUPLQH
ZKHWKHU WKH FRQGLWLRQ KROGV RU QRW�

$Q LOOXVWUDWLRQ� $V DQ LOOXVWUDWLRQ� FRQVLGHU D 0DUNRYLDQ VHWXS ZKHUH ERQG SULFHV
DUH RI WKH H[SRQHQWLDO�DrQH FODVV� VR WKDW S�W� 7 �  3 �;�W�� 7 b W�� ZKHUH 3 �[� ��  
H[S�$��� �%���![� DQG ZKHUH WKH G\QDPLFV RI WKH 0DUNRYLDQ VWDWH YDULDEOHV DUH
JLYHQ E\

G;�W�  z;�;�W�� GW� �;�;�W��
!G: �W��

$SSO\LQJ ,WR
V OHPPD WR WKH ERQG SULFH IXQFWLRQ ZH JHW

zS�W� W� ��  z!
;%��� �

�

�
WU
K
�; �!

;%���%���!
L
b$����b%����!;�W�

�S�W� W� ��  �!
;%����

7KH IRUZDUG UDWH LV JLYHQ E\ b$����b%����!;�W�� ,I WKH DV\PSWRWLF IRUZDUG UDWH
H[LVWV� WKHQ

OLP
��� $����  b
 DQG OLP

��� %���  %�
ZKHUH % LV D YHFWRU RI pQLWH FRQVWDQWV� 7KHUHIRUH� IRU 
 � �� WKH DV\PSWRWLF
G\QDPLFV RI DQ DQQXLW\ DUH JLYHQ E\

OLP
��� z��W� W� ��  z!

;% � �
�
WU
K
�; �!

;%%!
L
� 


OLP
��� ���W� W� ��  �!

;%�
�� 7 KH UH OD WLY H G\ QD PLF V D UH Z H OO�EH KD Y H G H Y H U\ Z KH UH H [ F H SW D W WLPH 7 LI v  � �
�� $ QR WKH U Z D \ WR VH H WKLV LV WR F R QVLGH U WKH EH KD Y LR U R I S�W� 7 � ��W� 7 � IR U OD UJ H 7 � :KH Q 
 � � �
ER WK S�W� 7 � D QG ��W� 7 � GLY H UJ H � D QG Z H F D Q D SSH D O WR /
+ R SLWD O
V UXOH �

OLP
7 � �

S�W� 7 �

��W� 7 �
 OLP

7 � �
#S�W� 7 � #7

#��W� 7 � #7
 OLP

7 � �
#S�W� 7 � #7

S�W� 7 �
 b
� �%�� �

Z KLF K VKR Z V WKD W Z KH Q WKH D V\ PSWR WLF IR UZ D UG UD WH LV QH J D WLY H � WKH Y D OXH R I D Q D QQXLW\ LV D V\ PS�
WR WLF D OO\ SUR SR UWLR QD O WR WKH Y D OXH R I D Y H U\ OR QJ GLVF R XQW ER QG�
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7KH ULVN^UHWXUQ FRQGLWLRQ IRU DQ DV\PSWRWLF DQQXLW\ LV

Az!
;% � �

�
WU
K
�; �!

;%%!
L
� 
  U�

ZKHUH Az;  z; b y!�; LV WKH ULVN DGMXVWHG GULIW RI ;� *LYHQ WKH IXQFWLRQV Az; �
�; � DQG U� WKLV FRQGLWLRQ FDQ EH VROYHG IRU % DQG 
� )RU H[DPSOH� OHW WKHUH EH D
VLQJOH VWDWH YDULDEOH ZLWK 2^8 G\QDPLFV� VR WKDW Az;  x � z; b [�� �;  V; � DQG
U  [� 7KHQ ZH KDYH

x � z; b [�% � �
�
V�; %� � 
  [�

RU� E\ XQGHWHUPLQHG FRHrFLHQWV�

%  b�
x

DQG 
  z; b �

�

tV;
x

u�
� �%���

7R HVWDEOLVK WKH FRUUHFWQHVV RI �%��� IRU 
  �� HOLPLQDWH z; XVLQJ 
  � DV JLYHQ
LQ �%���� VROYH IRU ERQG SULFHV� DQG WDNH WKH OLPLW� ,Q WKLV FDVH� ERQG SULFHV FRQYHUJH
WR D SRVLWLYH YDOXH� H[S

bbV�; ��x��b [ x
c
� WKHUHE\ HVWDEOLVKLQJ WKH FRQGLWLRQ WKDW

GHOLYHUV WKH UHVXOW IRU 
  � DV ZHOO�

7KH ZHDN IRUP RI WKH H[SHFWDWLRQV K\SRWKHVLV� /HW WKH IRUZDUG UDWH EH GH�
pQHG DV I�W� V� � b# ORJ�S�W� V�� #V� 7KH ZHDN IRUP RI WKH H[SHFWDWLRQV K\SRWK�
HVLV VWDWHV WKDW I�W� V�  (W>U�V�@ � C�V b W�� ZKHUH C��� LV D GHWHUPLQLVWLF IXQF�
WLRQ RI � DQG C���  ���� ,I WKH LQWHUHVW UDWH LV *DXVVLDQ DQG WKH SULFH RI ULVN
LV FRQVWDQW� WKHQ WKH ZHDN IRUP ZLOO KROG� /HW WKH G\QDPLFV RI (W>U�X�@ EH JLYHQ
G(W>U�X�@  A�U�W� V�

!G: �W�� 7KHQ GI�W� V�  bC��VbW� GW�A�U�W� V�
!G: �W�� $SSO\LQJ

,WAR
V OHPPD WR S�W� V�  H[S
bb 5 V

X W I�W� X� GX
c
� SURGXFHV

G ORJ�S�W� V��  �U�W� � C�Vb W�� GWb �S�W� X�
!G: �W��

ZKHUH

�S�W� V�  b
= V

X W
A�U�W� X� GX� �%���

$SSHQGL[ &� ,QKRP RJHQHRXV W HU P LQDO U HZ DU G

:KHQ WKH WHUPLQDO UHZDUG LV LQKRPRJHQHRXV� XWLOLW\ 8�IFJ�  9 ��� UHPDLQV
KRPRWKHWLF DQG FDQ EH WUDQVIRUPHG LQWR D KRPRJHQHRXV IRUP� +RZHYHU WKH SURFHVV
IRU FRQWLQXDWLRQ XWLOLW\ I9 J FDQQRW EH OLQHDUO\ KRPRJHQHRXV LQ FRQVXPSWLRQ� DQG
WKHUHIRUH FDQQRW EH UHSUHVHQWHG DV 9 �W�  F�W���W� IRU DOO W x 7 � H[FHSW LQ WKH OLPLW
DV 7 � � �LQ ZKLFK FDVH WKH WHUPLQDO UHZDUG LV LUUHOHYDQW�� 7KH SUREOHP LV WKDW
WKH WUDQVIRUPDWLRQ WKDW PDNHV 8�IFJ� KRPRJHQHRXV GHSHQGV RQ WKH KRUL]RQ� $V
WLPH DGYDQFHV� WKH WUDQVIRUPDWLRQ FKDQJHV� :H LOOXVWUDWH WKHVH LGHDV ZLWK D VLPSOH
H[DPSOH�

�� 7 KH VWUR QJ IR UP R I WKH H [ SH F WD WLR QV K\ SR WKH VLV VWD WH V WKD W C��� u � �
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6LPSOH H[DPSOH� ,Q WKLV H[DPSOH� WKH UDWH RI FRQVXPSWLRQ LV FRQVWDQW� F�W�  F�
IRU DOO W x 7 � ,Q WKLV FDVH WKH FHQWUDO UHVWULFWLRQ FDQ EH ZULWWHQ DV WKH 2'(

9 ��W� � 9 �W�p X�F� 9 �W��  �� VXEMHFW WR 9 �7 �  t F� � |�

ZKHUH 9 ��W� GHQRWHV WKH GHULYDWLYH ZLWK UHVSHFW WR WLPH� :H KDYH DGGHG DQ LQKR�
PRJHQHRXV WHUP WR WKH ERXQGDU\ FRQGLWLRQ� | y �� 7KH VROXWLRQ LV

9 �W�  

���
t
T�7 b W� F~� �

b
�b T�7 b W�

c
�t F� � |�~

u� ~
IRU ~ � �

F
T�7bW�
� �t F� � |��bT�7bW� IRU ~  ��

�&���

ZKHUH T���  � b Hbp � � :H FDQ FRPSXWH WKH ZHDOWK^FRQVXPSWLRQ UDWLR DV ZH GLG
LQ WKH ERG\ RI WKH SDSHU �VHH )RRWQRWH ���� 9F IF  }� 7KHUHIRUH

}�W�  
T�7 b W� � ��b T�7 b W�� t F�b~

� �t F� � |�~b�

p
�

IRU DOO YDOXHV RI ~�
)RU |  �� WKH ERXQGDU\ LV KRPRJHQHRXV� WKH ZHDOWK^FRQVXPSWLRQ UDWLR LV LQGH�

SHQGHQW RI FRQVXPSWLRQ�

}�W�  
T�7 b W� � ��b T�7 b W�� t~

p
�

DQG FRQWLQXDWLRQ XWLOLW\ LV OLQHDUO\ KRPRJHQHRXV LQ FRQVXPSWLRQ� 9 �W�  F� ��W��
ZKHUH

��W�  

�b
T�7 b W� �

b
�b T�7 b W�

c
t~
c� ~

IRU ~ � �
t�bT�7bW� IRU ~  ��

)RU ~  t  �� WKH XQLTXH VROXWLRQ LV 9 �W�  ��W�  ��
)RU t  �� FRQWLQXDWLRQ XWLOLW\ 9 LV QRW KRPRJHQHRXV LQ FRQVXPSWLRQ�

9 �W�  
t
T�7 b W� F~� �

b
�b T�7 b W�

c
|~
u� ~

�

1HYHUWKHOHVV� }�W�  T�7 b W� p LV LQGHSHQGHQW RI FRQVXPSWLRQ� LQGLFDWLQJ WKDW XWLO�
LW\ LV KRPRWKHWLF� 7KHUH LV RI FRXUVH D WUDQVIRUPDWLRQ RI 9 ��� WKDW LV KRPRJHQHRXV�

'HpQH A9 �W�  i 7 �9 �W��� ZKHUH

i � �[�  
[~ b ��b T���� |~

T���
�

VR WKDW A9 ���  F�� +RZHYHU� VLQFH WKH WUDQVIRUPDWLRQ LV KRUL]RQ�GHSHQGHQW�

A9 �W�  
T�7 b W� F~� � T�W� |~

T�7 �

LV QRW KRPRJHQHRXV IRU DOO W x 7 � )RU ~  ��

9 �W�  F
T�7bW�
� |�bT�7bW��

ZKHUH WKH ZHDOWK^FRQVXPSWLRQ UDWLR LV }�W�  T�7 b W� p� ,W LV WKH LQKRPRJHQHRXV
SUREOHP WKDW 'XrH DQG (SVWHLQ �����D� VROYH�
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)RU WKH FDVH ZKHUH t ! � DQG | ! �� }�W� GHSHQGV RQ FRQVXPSWLRQ �XQOHVV ~  ���
ZKLFK LPSOLHV XWLOLW\ LV QRW KRPRWKHWLF� ,QGHHG� WKHUH LV QR WUDQVIRUPDWLRQ RI 9 ���
WKDW LV KRPRJHQHRXV LQ WKLV FDVH XQOHVV ~  ��

7KH ZHDOWK^FRQVXPSWLRQ UDWLR PRUH JHQHUDOO\� :KHQ FRQWLQXDWLRQ XWLOLW\ LV
QRW OLQHDUO\ KRPRJHQHRXV LQ FRQVXPSWLRQ� ZH QHHG WR VWDUW IURP VFUDWFK� ,I XWLOLW\
LV KRPRWKHWLF� WKHQ WKHUH LV D ?VROXWLRQ� IRU FRQWLQXDWLRQ XWLOLW\ LQ WHUPV RI F�W�
DQG DQ DUELWUDU\ VHFRQG VWDWH YDULDEOH �� 9  J�F� ��� +RPRWKHWLFLW\ �FRPELQHG
ZLWK OLQHDU LQYHVWPHQW WHFKQRORJ\� JXDUDQWHHV WKDW WKH ZHDOWK^FRQVXPSWLRQ UDWLR
LV LQGHSHQGHQW RI FRQVXPSWLRQ�
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ZKHUH & ��� DQG & ���� DUH DUELWUDU\ IXQFWLRQV RI ��
)RU KRPRJHQHRXV XWLOLW\� LW LV FRQYHQLHQW WR FKRRVH & ���  � DQG & ����  �� �)RU

~  �� p }  �� VR FRQWLQXDWLRQ XWLOLW\ LV LQGHHG KRPRJHQHRXV LQ WKLV FDVH�� )RU
LQKRPRJHQHRXV XWLOLW\� ZH FRQVLGHU WZR FDVHV� )LUVW� IRU ~ � �� ZH FDQ DFFRPPRGDWH
WKH H[DPSOH IURP DERYH ZKHUH t  � DQG | ! � DV IROORZV� /HW & ���  ��b p }��
DQG & ����  ��bp }� ZKHUH p }�W�  T�7 b W��
6HFRQG� IRU WKH LQKRPRJHQHRXV FDVH ZKHQ ~  �� ZH FDQ FKRRVH & ����  �� 7KH

WHUPLQDO UHZDUG LPSRVHV WKH FRQGLWLRQ J�F� ��  |� ZKLFK LPSOLHV }�7 �  � DQG
��7 �  |� 7KH IROORZLQJ VSHFLpFDWLRQ LV FRQVLVWHQW ZLWK WKH UHVWULFWLRQV�

J�F� ��  FT�7bW� � DQG }  
T�7 b W�

p
� �&���

7KH FHQWUDO UHVWULFWLRQ LV JLYHQ E\

T HzF � Hz� � o
�

�
NT �F � ��N� b p ORJ���  �� VXEMHFW WR ��7 �  |� �&���

7KHUH DUH WKUHH YHUVLRQV RI �&���� WKH XQLpFDWLRQ RI ZKLFK LV SDUDOOHO WR WKDW IRU WKH
WKUHH YHUVLRQV RI ������ 7KH VXSSRUWLQJ SULFH V\VWHP FDQ EH FRPSXWHG IURP
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7KH VXSSRUWLQJ UHWXUQV SURFHVV LV JLYHQ E\ ����D� DQG ��  y�o �T�7 b W��F�����
7KH RSWLPDO SRUWIROLR ZHLJKWV FDQ EH REWDLQHG E\ HOLPLQDWLQJ �F IURP WKLV H[SUHVVLRQ
DQG WKH SULFH RI ULVN� ��  ��bo T�7bW��b� �y�o���� 7KH VROXWLRQ WR WKH UHVXOWLQJ
OLQHDU V\VWHP LV FRQVLVWHQW ZLWK 7KHRUHP � LQ 6FKURGHU DQG 6NLDGDV �������
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&DPSEHOO� -� <� ������� ,QWHUWHPSRUDO DVVHW SULFLQJ ZLWKRXW FRQVXPSWLRQ GDWD�
7KH $PHULFDQ (FRQRPLF 5HYLHZ ��� ���^����

&DPSEHOO� -� <� DQG +� .� .RR ������� $ FRPSDULVRQ RI QXPHULFDO DQG DQD�
O\WLF DSSUR[LPDWH VROXWLRQV WR DQ LQWHUWHPSRUDO FRQVXPSWLRQ FKRLFH SUREOHP�
-RXUQDO RI (FRQRPLF '\QDPLFV DQG &RQWURO ��� ���^����

&DPSEHOO� -� <� DQG /� 0� 9LFHLUD ������� &RQVXPSWLRQ DQG SRUWIROLR GHFLVLRQV
ZKHQ H[SHFWHG UHWXUQV DUH WLPH YDU\LQJ� :RUNLQJ 3DSHU ����� 1%(5�

&RQVWDQWLQLGHV� *� 0� ������� $ WKHRU\ RI WKH QRPLQDO WHUP VWUXFWXUH RI LQWHUHVW
UDWHV� 5HYLHZ RI )LQDQFLDO 6WXGLHV � ���� ���^����

&R[� -� &�� -� (� ,QJHUVROO� -U�� DQG 6� $� 5RVV ������� $ UHH[DPLQDWLRQ RI WUD�
GLWLRQDO K\SRWKHVHV DERXW WKH WHUP VWUXFWXUH RI LQWHUHVW UDWHV� -RXUQDO RI )L�
QDQFH ��� ���^����

&R[� -� &�� -� (� ,QJHUVROO� -U�� DQG 6� $� 5RVV �����D�� $Q LQWHUWHPSRUDO JHQHUDO
HTXLOLEULXP PRGHO RI DVVHW SULFHV� (FRQRPHWULFD �� ���� ���^����

&R[� -� &�� -� (� ,QJHUVROO� -U�� DQG 6� $� 5RVV �����E�� $ WKHRU\ RI WKH WHUP
VWUXFWXUH RI LQWHUHVW UDWHV� (FRQRPHWULFD �� ���� ���^����

'XrH� '� ������� '\QDPLF $VVHW 3ULFLQJ 7KHRU\ �VHFRQG HG��� 3ULQFHWRQ� 1HZ
-HUVH\� 3ULQFHWRQ 8QLYHUVLW\ 3UHVV�

'XrH� '� DQG /� *� (SVWHLQ �����D�� $VVHW SULFLQJ ZLWK VWRFKDVWLF GLoHUHQWLDO
XWLOLW\� 5HYLHZ RI )LQDQFLDO 6WXGLHV � ���� ���^����

'XrH� '� DQG /� *� (SVWHLQ �����E�� 6WRFKDVWLF GLoHUHQWLDO XWLOLW\� (FRQRPHW�
ULFD �� ���� ���^���� $SSHQGL[ & ZLWK &RVWLV 6NLDGDV�

'XrH� '� DQG 3��/� /LRQV ������� 3'( VROXWLRQV RI VWRFKDVWLF GLoHUHQWLDO XWLOLW\�
-RXUQDO RI 0DWKHPDWLFDO (FRQRPLFV ��� ���^����

'XrH� '�� 0� 6FKURGHU� DQG &� 6NLDGDV ������� $ WHUP VWUXFWXUH PRGHO ZLWK
SUHIHUHQFHV IRU WKH WLPLQJ RI XQFHUWDLQW\� (FRQRPLF 7KHRU\ �� �^���

'XrH� '� DQG &� 6NLDGDV ������� &RQWLQXRXV�WLPH VHFXULW\ SULFLQJ� $ XWLOLW\
JUDGLHQW DSSURDFK� -RXUQDO RI 0DWKHPDWLFDO (FRQRPLFV ��� ���^����

(SVWHLQ� /� *� ������� %HKDYLRU XQGHU ULVN� 5HFHQW GHYHORSPHQWV LQ WKHRU\ DQG
DSSOLFDWLRQV� ,Q -��-� /DoRQW �(G��� $GYDQFHV LQ (FRQRPLF 7KHRU\� SS� �^���
&DPEULGJH 8QLYHUVLW\ 3UHVV�

(SVWHLQ� /� *� DQG 6� (� =LQ ������� 6XEVWLWXWLRQ� ULVN DYHUVLRQ� DQG WKH WHPSRUDO
EHKDYLRU EHKDYLRU RI FRQVXPSWLRQ DQG DVVHW UHWXUQV� $ WKHRUHWLFDO IUDPHZRUN�
(FRQRPHWULFD ��� ���^����

(SVWHLQ� /� *� DQG 6� (� =LQ ������� 6XEVWLWXWLRQ� ULVN DYHUVLRQ� DQG WKH WHPSRUDO
EHKDYLRU RI FRQVXPSWLRQ DQG DVVHW UHWXUQV� $Q HPSLULFDO DQDO\VLV� -RXUQDO RI
3ROLWLFDO (FRQRP\ �� ���� ���^����

+H� +� DQG 1� '� 3HDUVRQ ������� &RQVXPSWLRQ DQG SRUWIROLR SROLFLHV ZLWK LQ�
FRPSOHWH PDUNHWV DQG VKRUW�VDOH FRQVWUDLQWV� 7KH LQpQLWH GLPHQVLRQDO FDVH�
-RXUQDO RI (FRQRPLF 7KHRU\ ��� ���^����

/XFDV� -U�� 5� (� ������� $VVHW SULFHV LQ DQ H[FKDQJH HFRQRP\� (FRQRPHWULFD ���
����^�����
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0HKUD� 5� DQG (� &� 3UHVFRWW ������� 7KH HTXLW\ SUHPLXP� $ SX]]OH� -RXUQDO RI
0RQHWDU\ (FRQRPLFV �� ���� ���^����

5DXFK� -� ������� 3DUWLDO GLoHUHQWLDO HTXDWLRQV� 1HZ <RUN� 6SULQJHU�9HUODJ�
6FKURGHU� 0� DQG &� 6NLDGDV ������� 2SWLPDO FRQVXPSWLRQ DQG SRUWIROLR VHOHF�
WLRQ ZLWK VWRFKDVWLF GLoHUHQWLDO XWLOLW\� :RUNLQJ 3DSHU ���� .HOORJJ *UDGXDWH
6FKRRO RI 0DQDJHPHQW� 1RUWKZHVWHUQ 8QLYHUVLW\� )RUWKFRPPLQJ -RXUQDO RI
(FRQRPLF 7KHRU\�

:HLO� 3� ������� 7KH HTXLW\ SUHPLXP SX]]OH DQG WKH ULVN�IUHH UDWH SX]]OH� -RXUQDO
RI 0RQHWDU\ (FRQRPLFV ��� ���^����

�0 D UN ) LVKH U� 5HVHDU F K 'HSDU W P HQW � ) HGHU DO 5HVHU YH %DQN RI $W O DQW D� � � � 0 DU L�
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