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3 UHOLPLQDU\ DQG ,QFRPSOHWH
'R QRW TX RWH ZLWKRX W SHUPLV V LRQ

& RPPHQWV ZHOFRPH

$EVW U DF W � :H F KD UD F WH UL] H WKH WH UP VWUXF WXUH R I UH SR VSUH D GV LQ WH UPV R I IR U�
Z D UG SULF H V D QG IR UZ D UG UD WH V� 7 KH D QD O\ VLV EXLOGV R Q ' XrH �� � � � E�� Z KR VKR Z H G
WKD W H [ SH F WH G IXWXUH R Y H UQLJ KW UH SR VSUH D GV D UH F D SLWD OL] H G LQWR D VH F XULW\ 
V SULF H �
:H VKR Z KR Z WR F D OF XOD WH F R UUH F WO\ WKH IR UZ D UG SULF H R I D ER QG R Q VSH F LD O� Z H
GH ULY H D Q D EVH QF H �R I�D UELWUD J H UH VWULF WLR Q R Q WKH GULIW R I WKH SUR F H VV IR U IR UZ D UG
UH SR WH UP VSUH D GV LQ WKH VSLULW R I + H D WK� -D UUR Z � D QG 0 R UWR Q �� � � � �� D QG Z H
F KD UD F WH UL] H D Q H [ WH QVLR Q R I WKH XQELD VH G H [ SH F WD WLR QV K\ SR WKH VLV LQ WH UPV R I
WKD W UH VWULF WLR Q� ) LQD OO\ � Z H GH VF ULEH WKH D Y H UD J H EH KD Y LR U R I WKH WH UP VWUXF WXUH
R I UH SR VSUH D GV IR U 8 �6� 7 UH D VXU\ VH F XULWLH V R Y H U WKH D XF WLR Q F \ F OH � D QG Z H H [ �
D PLQH H PSLULF D OO\ WKH XQELD VH G H [ SH F WD WLR QV K\ SR WKH VLV R I WKH WH UP VWUXF WXUH R I
UH SR VSUH D GV�

�� ,QW U RGXF W LRQ

5HSXUFKDVH�DJUHHPHQW WUDQVDFWLRQV FDQ EH WKRXJKW RI DV FROODWHUDOL]HG ORDQV� WKH
ORDQ LV WKHQ VDLG WR pQDQFH WKH FROODWHUDO� )RU PRVW SXEOLFO\ WUDGHG 8�6� 7UHD�
VXU\ VHFXULWLHV WKH pQDQFLQJ UDWH LQ WKH UHSR PDUNHW LV WKH JHQHUDO�FROODWHUDO �UHSR�
UDWH� ZKLFK FDQ EH WKRXJKW RI DV WKH ULVN�IUHH UDWH� ,Q FRQWUDVW� IRU VRPH 7UHDVXU\
VHFXULWLHV_W\SLFDOO\ UHFHQWO\ LVVXHG VHFXULWLHV_WKH pQDQFLQJ UDWH LV ORZHU WKDQ WKH
JHQHUDO FROODWHUDO UDWH� 7KHVH VHFXULWLHV DUH VDLG WR EH RQ VSHFLDO� DQG WKHLU pQDQFLQJ
UDWHV DUH UHIHUUHG WR DV VSHFLpF�FROODWHUDO �UHSR� UDWHV� 7KH GLoHUHQFH EHWZHHQ WKH
JHQHUDO�FROODWHUDO UDWH DQG WKH VSHFLpF�FROODWHUDO UDWH LV WKH UHSR VSUHDG�
)RU VRPH SXUSRVHV LW LV PRUH XVHIXO WR WKLQN DERXW D UHSXUFKDVH�DJUHHPHQW WUDQV�

DFWLRQ DV FRPSRVHG RI WZR SDUWV� DQ RXWULJKW VDOH DW WKH VSRW SULFH DQG DQ DJUHHPHQW
WR UHSXUFKDVH DW WKH IRUZDUG SULFH� )URP WKLV SHUVSHFWLYH� WKH UHSR UDWH LV VLPSO\
DQRWKHU ZD\ WR TXRWH WKH IRUZDUG SULFH� 6LQFH WKH IRUZDUG SULFH SOD\V D FHQWUDO UROH
LQ WKH DQDO\VLV RI UHSR UDWHV� LW LV LPSRUWDQW WR FDOFXODWH LW FRUUHFWO\� 7KH VWDQGDUG
ZD\ WR FDOFXODWH WKH IRUZDUG SULFH LV QRW FRUUHFW ZKHQ DSSOLHG WR VSHFLpF FROODWHUDO
EHFDXVH LW LJQRUHV SRWHQWLDO UHSR HDUQLQJV�

'DWH� -XO\ � � � � � � �
-( / & ODV V LpFDWLRQ� *� � �
.H\ ZRUGV DQG SKUDV HV � 5H SXUF KD VH D J UH H PH QWV� VSH F LD O UH SR UD WH V� WH UP VWUXF WXUH � IR UZ D UG SULF H V�
H [ SH F WD WLR QV K\ SR WKH VLV�
7 KH Y LH Z V H [ SUH VVH G KH UH LQ D UH WKH D XWKR UV
 D QG GR QR W QH F H VVD ULO\ UH qH F W WKR VH R I WKH %R D UG R I
*R Y H UQR UV R U WKH ) H GH UD O 5H VH UY H 6\ VWH P�
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'XrH �����E� VKRZV WKDW FXUUHQW DQG IXWXUH RYHUQLJKW UHSR VSUHDGV DUH FDSLWDO�
L]HG LQWR WKH SULFH RI WKH VHFXULW\� EHFDXVH WKH UHSR VSUHDG UHSUHVHQWV D SRWHQWLDO
?GLYLGHQG� WKDW FDQ EH HDUQHG E\ ZKRHYHU SRVVHVVHV WKH FROODWHUDO� ,Q WKH UHSR
PDUNHW� 7UHDVXU\ VHFXULWLHV FDQ EH pQDQFHG RYHUQLJKW DQG IRU ORQJHU WHUPV� )RU
D JLYHQ VHFXULW\ DQG D JLYHQ WHUP� WKH WHUP UHSR VSUHDG LV WKH GLoHUHQFH EHWZHHQ
WKH JHQHUDO�FROODWHUDO UDWH IRU WKDW WHUP DQG WKH VSHFLpF�FROODWHUDO UDWH IRU WKH VDPH
WHUP� 7KXV IRU HDFK VHFXULW\ WKHUH LV D WHUP VWUXFWXUH RI UHSR VSUHDGV� 8VLQJ WKH
IUDPHZRUN RI +HDWK� -DUURZ� DQG 0RUWRQ ������� �+-0 KHUHDIWHU� ZH GHULYH WKH UH�
VWULFWLRQV LPSOLHG E\ WKH DEVHQFH RI DUELWUDJH IRU WKH WHUP VWUXFWXUH RI UHSR VSUHDGV
WKDW DUH DQDORJRXV WR WKH UHVWULFWLRQV +-0 GHULYHG IRU JHQHUDO FROODWHUDO�
7KH XQELDVHG H[SHFWDWLRQV K\SRWKHVLV �8^(+� FDQ EH DSSOLHG WR WKH WHUP VWUXF�

WXUH RI UHSR VSUHDGV� )RUZDUG UHSR VSUHDGV DUH WKH FRQGLWLRQDO H[SHFWDWLRQ RI IXWXUH
VSRW UHSR VSUHDGV� 7KH 8^(+ LPSOLHV WKDW IRUZDUG UHSR VSUHDGV DUH PDUWLQJDOHV� D
UHVWULFWLRQ RQ WKH GULIW RI IRUZDUG UHSR VSUHDGV� :H FKDUDFWHUL]H WKH 8^(+ LQ WHUPV
RI WKH DEVHQFH RI DUELWUDJH FRQGLWLRQ IRU IRUZDUG UHSR VSUHDG�
,Q WKH pQDO SDUW RI WKH SDSHU� ZH GHVFULEH WKH DYHUDJH EHKDYLRU RI WKH WHUP

VWUXFWXUH RI UHSR VSUHDGV IRU 8�6� 7UHDVXU\ VHFXULWLHV RYHU WKH DXFWLRQ F\FOH� DQG ZH
H[DPLQH HPSLULFDOO\ WKH 8^(+ IRU WKH WHUP VWUXFWXUH RI UHSR VSUHDGV�

�� 5HSR VSU HDGV

2YHUQLJKW UHSR VSUHDGV� :H EHJLQ ZLWK WKH IUDPHZRUN GHYHORSHG E\ 'XrH
�����E� IRU SULFLQJ VHFXULWLHV ZLWK SRWHQWLDO UHSR HDUQLQJV� +LV IUDPHZRUN LV DQ
DUELWUDJH�IUHH� FRPSOHWH PDUNHW ZKHUH WKH LQVWDQWDQHRXV ULVN�IUHH UDWH LV H[SOLFLWO\
LGHQWLpHG ZLWK WKH JHQHUDO�FROODWHUDO UDWH� /HW WKH RYHUQLJKW� JHQHUDO�FROODWHUDO UDWH
DW WLPH W EH U�W�� DQG OHW WKH HTXLYDOHQW PDUWLQJDOH PHDVXUH DVVRFLDWHG ZLWK GHqDWLRQ

E\ H[S
t5 W

X � U�X� GX
u
EH 4�� 8QGHU 4� WKH WRWDO H[SHFWHG UDWH RI UHWXUQ_FDSLWDO

JDLQV SOXV GLYLGHQGV_RQ DOO DVVHWV LV U�W��
&RQVLGHU D ]HUR�FRXSRQ ERQG WKDW SD\V RQH XQLW ZKHQ LW PDWXUHV DW WLPH 7 DQG

WKDW ZLOO QHYHU EH RQ VSHFLDO� :H UHIHU WR VXFK D ERQG DV JHQHUDO FROODWHUDO� 7KH
SULFH RI JHQHUDO FROODWHUDO� 3 �W� 7 �� LV JLYHQ E\

3 �W� 7 �  (4
W >��W� 7 �@ � �����

ZKHUH ��W� �� � H[S
bb 5 �

X W U�X� GX
c
� 2I FRXUVH ����� LV D VWDQGDUG H[SUHVVLRQ IRU

WKH WHUP VWUXFWXUH RI LQWHUHVW UDWHV�� 1RWH WKDW� E\ WKH ODZ RI LWHUDWHG H[SHFWDWLRQV�
ZH FDQ DOVR ZULWH 3 �W� 7 �  (4

W >��W� ��3 ��� 7 �@�
1RZ FRQVLGHU ERQGV WKDW KDYH WKH SRWHQWLDO WR EH RQ VSHFLDO� WR GLVWLQJXLVK DPRQJ

VXFK ERQGV� ZH XVH WKH LQGH[ o� )RU VLPSOLFLW\� ZH DQDO\]H KHUH WKH FDVH ZKHUH ERQGV
RQ VSHFLDO DUH DOO ]HUR�FRXSRQ ERQGV�� /HW 7o GHQRWH WKH PDWXULW\ RI ERQG o� DQG

� ? 2Y H UQLJ KW� LV PH D QW WR EH VXJ J H VWLY H UD WKH U WKD Q OLWH UD O� /LWH UD OO\ � U�W� LV D UD WH R Y H U D Q LQpQL�
WH VLPD O SH ULR G�
�6H H ' XrH �� � � � D � IR U D GLVF XVVLR Q R I WKH H T XLY D OH QW PD UWLQJ D OH PH D VXUH �
�6H H ' XrH �� � � � D �� S� � � � �
� $ SSH QGL[ $ H [ WH QGV WKH D QD O\ VLV WR F R XSR Q ER QGV�
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3o�W� GHQRWH LWV SULFH DW WLPH W� )LQDOO\� OHW WKH RYHUQLJKW VSHFLDO�FROODWHUDO UDWH DW
WLPH W RQ WKLV ERQG EH Uo�W�� DQG WKH RYHUQLJKW UHSR VSUHDG EH

�

Vo�W� � U�W�b Uo�W��

'XrH �����E� SUHVHQWV DUELWUDJH�EDVHG DUJXPHQWV WR VKRZ WKDW Vo�W� y ��
:KHQ D ERQG LV RQ VSHFLDO� LWV RZQHU FDQ HDUQ D ?GLYLGHQG� DW D UDWH HTXDO WR WKH

UHSR VSUHDG� Vo�W�� 8QGHU 4� WKH H[SHFWHG UDWH RI UHWXUQ RQ WKH ERQG �WKDW LV� WKH
VXP RI WKH GLYLGHQG UDWH DQG WKH H[SHFWHG UDWH RI SULFH DSSUHFLDWLRQ� LV� DV QRWHG
DERYH� U�W�� VLQFH WKLV LV WKH H[SHFWHG UDWH RI UHWXUQ RQ HYHU\ DVVHW� 7KH VSHFLpF�
FROODWHUDO UHSR UDWH� Uo�W�  U�W�b Vo�W�� PXVW WKHUHIRUH HTXDO WKH H[SHFWHG UDWH RI
SULFH DSSUHFLDWLRQ RQ ERQG o� 7KLV LQ WXUQ LPSOLHV WKDW 3o�W� KDV D UHSUHVHQWDWLRQ
DQDORJRXV WR ������ ZLWK WKH VSHFLpF�FROODWHUDO UDWH UHSODFLQJ WKH JHQHUDO�FROODWHUDO
UDWH� /HWWLQJ �o�W� �� � H[S

bb 5 �
X W Uo�X� GX

c
� ZH KDYH

3o�W�  (4
W >�o�W� 7o�@  (4

W >�o�W� ��3o���@ � �����

'HpQH �o WR EH WKH PLQLPXP WLPH EH\RQG ZKLFK LW LV FHUWDLQ WKHUH ZLOO EH QR IXUWKHU
UHSR HDUQLQJV� �)RU D ERQG WKDW PD\ EH RQ VSHFLDO XQWLO PDWXULW\� �o  7o�� *LYHQ
�o� ZH FDQ ZULWH 3o�W�  (4

W >�o�W� �o�3 ��o� 7o�@�
$ ERQG ZLWK SRWHQWLDO UHSR HDUQLQJV LV ZRUWK PRUH WKDQ D FRPSDUDEOH ERQG ZLWK

QR SRWHQWLDO UHSR HDUQLQJV E\ WKH SUHVHQW YDOXH RI WKH qRZ RI HDUQLQJV� /HW }o�W�
GHQRWH WKH UHODWLYH SULFH SUHPLXP RQ ERQG o� ZKLFK PDWXUHV DW 7o�

}o�W� � ORJ

v
3o�W�

3 �W� 7o�

w
� �����

&OHDUO\ }o�W� y �� VLQFH Vo�W� y ��
)RUZDUG SULFHV DQG WHUP UHSR VSUHDGV� 7HUP UHSR UDWHV DUH VLPSO\ UHSDUDP�
HWHUL]DWLRQV RI IRUZDUG SULFHV LQ WHUPV RI VSRW SULFHV�� )RU JHQHUDO FROODWHUDO� WKH
VWDQGDUG H[SUHVVLRQV REWDLQ� +RZHYHU� EHFDXVH RI SRWHQWLDO UHSR HDUQLQJV IRU VSH�
FLpF FROODWHUDO� ZH PXVW EH FDUHIXO WR GHULYH WKH IRUZDUG SULFH RI VSHFLpF FROODWHUDO
FRUUHFWO\�
/HW ) �W� �� 7 � GHQRWH WKH IRUZDUG SULFH DW WLPH W RI JHQHUDO FROODWHUDO WKDW PDWXUHV

DW WLPH 7 WR EH GHOLYHUHG DW WLPH � � ZKHUH W x � x 7 � %\ GHpQLWLRQ� WKH IRUZDUG
SULFH PDNHV WKH YDOXH RI WKH IRUZDUG FRQWUDFW ]HUR� WKXV WKH IRUZDUG SULFH LV GHpQHG
DV WKH YDOXH WKDW VROYHV

(4
W

K
��W� ��

t
3 ��� 7 �b ) �W� �� 7 �

uL
 �� �����

6ROYLQJ ����� SURGXFHV WKH VWDQGDUG H[SUHVVLRQ�

) �W� �� 7 �  
3 �W� 7 �

3 �W� ��
� �����

7KH JHQHUDO�FROODWHUDO WHUP UHSR UDWH� U�W� ��� LV LPSOLFLWO\ GHpQHG E\

3 �W� 7 � H[S�U�W� ��d �� b W��  ) �W� �� 7 �� �����

� ) R U J H QH UD O F R OOD WH UD O� Vo�W�  � IR U D OO W x 7o�
�,Q SUD F WLF H R QH R EVH UY H V VSR W SULF H V D QG WH UP UH SR UD WH V� IUR P Z KLF K IR UZ D UG SULF H V KD Y H WR EH
F R PSXWH G�
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&RPELQLQJ ����� DQG ������ ZH VHH WKDW U�W� �� LV VLPSO\ WKH \LHOG WR PDWXULW\ RQ
JHQHUDO FROODWHUDO WKDW PDWXUHV DW WLPH � �

U�W� ��  b ORJ�3 �W� ���
� b W

� �����

:H ZLOO IROORZ WKH VDPH VWHSV WR GHULYH WKH IRUZDUG SULFH RI VSHFLpF FROODWHUDO DQG
WKH VSHFLpF�FROODWHUDO WHUP UHSR UDWH� /HW )o�W� �� GHQRWH WKH IRUZDUG SULFH DW WLPH
W RI VSHFLpF FROODWHUDO o WR EH GHOLYHUHG DW WLPH � � ZKHUH W x � x 7o� $JDLQ� E\
GHpQLWLRQ� WKH IRUZDUG SULFH PDNHV WKH YDOXH RI WKH IRUZDUG FRQWUDFW ]HUR�

(4
W

K
��W� ��

t
3o���b )o�W� ��

uL
 �� �����

6ROYLQJ ����� IRU WKH IRUZDUG SULFH \LHOGV

)o�W� ��  
9o�W� ��

3 �W� ��
� �����

ZKHUH

9o�W� �� � (4
W >��W� ��3o���@ ������

LV WKH YDOXH RI DQ DVVHW WKDW SD\V 3o��� DW WLPH � �
� :H ZLOO UHIHU WR WKH DVVHW WKDW

SD\V 3o��� DW WLPH � DV GHIHUUHG VSHFLpF FROODWHUDO� 1RWH WKDW EHFDXVH GHIHUUHG
VSHFLpF FROODWHUDO GRHV QRW UHFHLYH DQ\ UHSR HDUQLQJV SULRU WR WLPH � � 9o�W� �� x
3o�W�� $OVR FRPSDUH ������ DQG ������
$JDLQ� WKH VSHFLpF�FROODWHUDO WHUP UHSR UDWH RQ ERQG o� Uo�W� ��� LV LPSOLFLWO\

GHpQHG E\

3o�W� H[S�Uo�W� ��d �� b W��  )o�W� ��� ������

6ROYLQJ ������ IRU Uo�W� �� DQG XVLQJ ����� DQG ����� JLYHV

Uo�W� ��  U�W� �� � ORJ

v
9o�W� ��

3o�W�

w�
�� b W�� ������

7KH GLoHUHQFH EHWZHHQ WKH JHQHUDO�FROODWHUDO DQG VSHFLDO�FROODWHUDO WHUP UDWHV GH�
pQHV WKH WHUP UHSR VSUHDG�

Vo�W� �� � U�W� ��b Uo�W� ���

,W LV VRPHWLPHV PRUH FRQYHQLHQW WR UHIHU WR 6o�W� �� � Vo�W� �� d �� b W�� WKH WHUP
UHSR VSUHDG SHU WHUP UDWKHU WKDQ SHU \HDU� 1RWH WKDW IURP ������ ZH VHH WKDW

6o�W� ��  ORJ

v
3o�W�

9o�W� ��

w
�

1RWH WKDW }o�W�  6o�W� 7o�� VR WKDW WKH SULFH SUHPLXP GHpQHG LQ ����� FDQ EH
WKRXJKW RI DV WKH UHSR VSUHDG WR PDWXULW\�
%HIRUH ZH OHDYH WKLV VHFWLRQ� ZH EULHq\ QRWH KRZ IRUZDUG SRVLWLRQV DUH HVWDEOLVKHG

LQ WKH UHSR PDUNHW� )RU H[SRVLWLRQDO VLPSOLFLW\� ZH DVVXPH QR KDLUFXWV IRU FUHGLW ULVN�
$ ORQJ IRUZDUG SRVLWLRQ LV HVWDEOLVKHG E\ EX\LQJ WKH VHFXULW\ RXWULJKW LQ WKH VSRW
PDUNHW DQG VLPXOWDQHRXVO\ HQWHULQJ D WHUP UHSR DJUHHPHQW� 7KH SD\PHQW UHFHLYHG

�6H H 6H F WLR Q � IR U WKH UH OD WLR QVKLS EH WZ H H Q F R UUH F WO\ F D OF XOD WH G IR UZ D UG SULF H V D QG QD LY H O\ F D OF X�
OD WH G SVH XGR IR UZ D UG SULF H V�
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RQ WKH UHSR DJUHHPHQW HTXDOV WKH SXUFKDVH SULFH� VR WKHUH LV QR QHW SD\PHQW WR
HVWDEOLVK WKH SRVLWLRQ� $W WKH HQG RI WKH WHUP� \RX UHFHLYH WKH FROODWHUDO DQG SD\
WKH SUHYLRXVO\ DJUHHG DPRXQW� 7KH PDWXULW\ RI WKH WHUP UHSR LV WKH GHOLYHU\ GDWH�
6LPLODUO\� D VKRUW IRUZDUG SRVLWLRQ LV HVWDEOLVKHG E\ UHYHUVLQJ LQ WKH FROODWHUDO IRU
D p[HG WHUP DQG VLPXOWDQHRXVO\ VHOOLQJ WKH FROODWHUDO LQ WKH VSRW PDUNHW� 7KH
SURFHHGV IURP WKH VDOH PDWFK WKH YDOXH RI WKH FROODWHUDO ERUURZHG� VR DJDLQ WKHUH LV
QR QHW SD\PHQW WR HVWDEOLVK WKH SRVLWLRQ� $W WKH HQG RI WKH WHUP \RX DUH REOLJDWHG
WR GHOLYHU WKH VHFXULW\ IRU ZKLFK \RX UHFHLYH WKH SUHYLRXVO\ DJUHHG DPRXQW� 7KLV
PHWKRG RI HVWDEOLVKLQJ IRUZDUG SRVLWLRQV LV FRQVLVWHQW ZLWK HLWKHU ����� RU �������

�� 3VHXGR I RU Z DU G SU LF HV

,Q 6HFWLRQ � ZH GHULYHG WKH IRUZDUG SULFH RI VSHFLpF FROODWHUDO IURP pUVW SULQFLSOHV�
:H VDZ WKDW WKH HoHFWV RI VSHFLDOQHVV FRPSOLFDWH WKH FDOFXODWLRQ RI IRUZDUG SULFHV�
&RQVLGHU WKH FDVH RI FDOFXODWLQJ WKH IRUZDUG SULFH IRU GHOLYHU\ WKUHH PRQWKV KHQFH
RI D WKUHH�PRQWK 7UHDVXU\ ELOO� 7KH QDLYHO\�FDOFXODWHG IRUZDUG SULFH ZRXOG EH WKH
UDWLR RI WKH SULFH RI WKH FXUUHQW VL[�PRQWK ELOO WR WKH SULFH RI WKH FXUUHQW WKUHH�
PRQWK ELOO ZLWKRXW UHJDUG IRU WKH SRWHQWLDO UHSR HDUQLQJV RI HLWKHU ELOO GXULQJ WKH
QH[W WKUHH PRQWKV�
/HW XV FRQVLGHU PRUH IRUPDOO\ WKLV SVHXGR IRUZDUG SULFH� /HW p UHIHU WR D ]HUR�

FRXSRQ ERQG ZLWK SRWHQWLDO UHSR HDUQLQJV DQG PDWXULW\ 7p  � � 7KH SVHXGR IRUZDUG

SULFH RI ERQG o� H)o�W� ��� LV GHpQHG DV

H)o�W� �� � 
3o�W�

3p�W�
� �����

5HFDOO WKDW WKH WUXH IRUZDUG SULFH LV JLYHQ E\ )o�W� ��  9o�W� �� 3 �W� ��� 7KH
SRWHQWLDO IRU UHSR HDUQLQJV LPSOLHV ERWK 3o�W� y 9o�W� �� DQG 3p�W� y 3 �W� ��� 7KXV
ZH FDQQRW VD\ LQ DGYDQFH ZKHWKHU WKH SVHXGR IRUZDUG SULFH LV KLJKHU RU ORZHU RQ
DYHUDJH WKDQ WKH WUXH IRUZDUG SULFH�
1RWLQJ WKDW 3 �W� ��  9p�W� ��� ZH FDQ ZULWHH)o�W� ��  H[S

t
6o�W� ��b 6p�W� ��

u
)o�W� ��

 H[S
t
�Uo�W� ��b Up�W� ���d �� b W�

u
)o�W� ���

�����

(TXDWLRQ ����� VKRZV WKDW H)o�W� �� LQYROYHV WKH WHUP VSHFLDO UDWH RQ VHFXULW\ p�
ZKLFK PDWXUHV DW WLPH � � DQG GLoHUV IURP WKH WUXH IRUZDUG SULFH XQOHVV WKH WHUP
VSHFLDO UDWHV WR 7p  � RQ VHFXULWLHV o DQG p DUH WKH VDPH��

7KH XVH RI SVHXGR IRUZDUG SULFHV LQ SODFH RI WUXH IRUZDUG SULFHV FDQ OHDG WR
VSXULRXV UHMHFWLRQV RI HPSLULFDO K\SRWKHVHV� &RQVLGHU WKH IROORZLQJ WZR H[DP�
SOHV� )RU WKH pUVW H[DPSOH� VXSSRVH WKH K\SRWKHVLV LV WKDW WKH IRUZDUG SULFH LV
WKH FRQGLWLRQDO H[SHFWDWLRQ RI WKH IXWXUH VSRW SULFH XQGHU WKH SK\VLFDO PHDVXUH� 3�
�,Q ID F W� LI R QH Z H UH WR GH pQH D SVH XGR WH UP VSH F LD O UD WH IR U o LQ WH UPV R I WKH SVH XGR IR UZ D UG SULF H �

aUo�W� �� � 
�

� b W
OR J

� H)o�W� ��

3o�W�

�
 Up�W� ���

LW Z R XOG EH WKH VSH F LpF �F R OOD WH UD O UD WH R Q WKH Z UR QJ VH F XULW\ �
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)o�W� ��  ( 3
W >3o���@� &RPELQLQJ WKLV H[SUHVVLRQ ZLWK ����� \LHOGV WKH UHODWLRQVKLS

EHWZHHQ SVHXGR IRUZDUG SULFH DQG WKH H[SHFWHG IXWXUH VSRW SULFH�

( 3
W >3o���@  H[S

t
6p�W� ��b 6o�W� ��

u H)o�W� ��� �����

)URP ������ ZH VHH WKDW WKHUH LV D WLPH YDU\LQJ ELDV LQ WKH UHODWLRQVKLS EHWZHHQ

( 3
W >3o���@ DQG H)o�W� ��� (TXDWLRQ ����� VXJJHVWV D UHDVRQ ZK\ UHVHDUFKHUV PLJKW
pQG WLPH�YDU\LQJ WHUP SUHPLXPV LQ 7UHDVXU\ VHFXULW\ SULFHV HYHQ LI WKH\ ZHUH QRW
WKHUH��

)RU WKH VHFRQG H[DPSOH� ZH FRPSDUH WKH SVHXGR IRUZDUG SULFH� a)o�W� ��� WR WKH
VSHFLpF�FROODWHUDO IXWXUHV SULFH� )o�W� ��� 7KH VSHFLpF�FROODWHUDO IXWXUHV SULFH LV JLYHQ
E\

)o�W� ��  (4
W >3o���@� �����

DQG WKH UHODWLRQVKLS EHWZHHQ WKH WUXH IRUZDUG SULFH DQG WKH IXWXUHV SULFH LV JLYHQ
E\

)o�W� ��  )o�W� �� �
FRY4W >��W� ��� 3o���@

3 �W� ��
� �����

ZKHUH FRY4W > c � c @ LV WKH FRQGLWLRQDO FRYDULDQFH� 0DQ\ VWXGLHV RI WKH 7UHDVXU\ ELOO
PDUNHW KDYH IRXQG WKDW WKH GLoHUHQFH EHWZHHQ IRUZDUG DQG IXWXUHV SULFHV DUH ODUJHU
WKDQ FDQ EH UHDVRQDEO\ DFFRXQWHG IRU E\ WKH FRYDULDQFH WHUP� 0RUHRYHU� WKHVH
VWXGLHV KDYH IRXQG WKDW WKH IXWXUHV SULFH LV D EHWWHU SUHGLFWRU RI WKH IXWXUH VSRW SULFH
WKDQ WKH IRUZDUG SULFH� 7KHVH VWXGLHV��� KRZHYHU� KDYH XVHG WKH SVHXGR IRUZDUG
SULFH UDWKHU WKDQ WKH WUXH IRUZDUG SULFH� 7KH UHODWLRQVKLS EHWZHHQ WKH IXWXUHV SULFH
DQG WKH SVHXGR�IRUZDUG SULFH LV JLYHQ E\

)o�W� ��  H[S
t
6p�W� ��b 6o�W� ��

u H)o�W� ��b FRY4W >��W� ��� 3o���@

3 �W� ��
� �����

(TXDWLRQ ����� VKRZV WKDW WKH GLoHUHQFH EHWZHHQ WKH SVHXGR IRUZDUG SULFH DQG WKH
IXWXUHV SULFH FRXOG EH JUHDWHU WKDQ KDV EHHQ JHQHUDOO\ DSSUHFLDWHG���

�� ) RU Z DU G U DW HV DQG W KH DEVHQF H RI DU ELW U DJH

,Q WKLV VHFWLRQ ZH QRZ H[DPLQH IRUZDUG UHSR UDWHV DQG IRUZDUG UHSR VSUHDGV LQ D
IUDPHZRUN VLPLODU WR WKDW RI +HDWK� -DUURZ� DQG 0RUWRQ ������� ,Q SDUWLFXODU� ZH
GHULYH DEVHQFH�RI�DUELWUDJH FRQGLWLRQV LQ WHUPV RI IRUZDUG UHSR UDWHV DQG VSUHDGV�

�6H H %D F N XV� *UH J R U\ � D QG =LQ �� � � � � IR U D Q H [ D PSOH R I VXF K WH VWV D QG pQGLQJ V�
�� 7 KH UH LV D OD UJ H OLWH UD WXUH H [ D PLQLQJ WKH H PSLULF D O UH OD WLR QVKLS EH WZ H H Q IR UZ D UGV D QG IXWXUH V LQ
WKH 7 UH D VXU\ ELOO PD UN H W� 6H H IR U H [ D PSOH ) ULH G �� � � � �� . D PD UD �� � � � �� D QG . UH KELH O D QG $ GN LQV
�� � � � � D QG WKH SD SH UV F LWH G WKH UH LQ� 6R PH VWXGLH V KD Y H UH F R J QL] H G WKH LPSR UWD QF H R I pQDQFLQJ
FRV WV � VH H IR U H [ D PSOH *H QGUH D X �� � � � � D QG . D Z D OOH U D QG . R F K �� � � � ��
��:H GR QR W SXUVXH WKH VH LVVXH V IXUWKH U LQ WKLV SD SH U D V WKD W Z R XOG WD N H XV D Z D \ IUR P R XU F H QWUD O
SXUSR VH R I F KD UD F WH UL] LQJ WKH WH UP VWUXF WXUH R I UH SR VSUH D GV�
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)RUZDUG UHSR UDWHV� 7KH UHODWLRQVKLS EHWZHHQ JHQHUDO�FROODWHUDO IRUZDUG UDWHV
DQG JHQHUDO�FROODWHUDO IRUZDUG SULFHV LV

I�W� �� � 
#

# �
ORJ�) �W� �� 7 ���

ZKHUH I�W� �� LV WKH LQVWDQWDQHRXV IRUZDUG UDWH DW WLPH W IRU WHUP � y W� 7KXV� JLYHQ
) �W� 7� 7 � u �� ZH FDQ ZULWH

) �W� �� 7 �  H[S

v
b
= 7

X �
I�W� X� GX

w
� �����

2I FRXUVH� 3 �W� 7 � u ) �W� W� 7 �� 7KHUH LV DQ H[SUHVVLRQ DQDORJRXV WR ����� IRU VSHFLpF
FROODWHUDO� 'HpQH WKH IRUZDUG UHSR UDWH RQ ERQG o IRU WHUP � DV�

Io�W� �� � 
#

# �
ORJ �)o�W� ��� �

ZKLFK� XVLQJ )o�W� 7o� u �� LPSOLHV WKDW

)o�W� ��  H[S

v
b
= 7o

X �
Io�W� X� GX

w
� �����

$JDLQ� 3o�W� u )o�W� W��

$EVHQFH RI DUELWUDJH� )ROORZLQJ +-0� ZH DVVXPH WKH SURFHVV IRU IRUZDUG UDWHV
LV JLYHQ E\

GI�W� ��  zI �W� �� GW� �I �W� ��
!G: �W��

ZKHUH : �W� LV D YHFWRU RI RUWKRQRUPDO %URZQLDQ PRWLRQV �DQG ! GHQRWHV VFDODU
SURGXFW�� 7KH SURFHVV IRU WKH SULFH RI JHQHUDO FROODWHUDO� 3 �W� 7 �� IROORZV IURP WKDW

IRU IRUZDUG UDWHV E\ QRWLQJ WKDW 3 �W� 7 �  H[S
t
b 5 7

W I�W� X� GX
u
� VLPSO\ DSSO\ ,WAR
V

OHPPD WR REWDLQ

G3 �W� 7 � 3 �W� 7 �  z3 �W� 7 � GW� �3 �W� 7 �
!G: �W��

ZKHUH

�3 �W� 7 �  b
= 7

W
�I �W� X� GX� ����D�

DQG

z3 �W� 7 �  U�W� �
�

�
N�3 �W� 7 �N� b

= 7

W
zI �W� X� GX� ����E�

8QGHU WKH SK\VLFDO PHDVXUH� WKH VWDQGDUG QR�DUELWUDJH UHVWULFWLRQ IRU DVVHW SULFHV LV

z3 �W� 7 �  U�W� � �3 �W� 7 �
!y�W�� �����

ZKHUH y�W� LV WKH PDUNHW SULFH RI ULVN� 7R JHW WKH +-0 UHVWULFWLRQ RQ WKH GULIW RI
IRUZDUG UDWHV �XQGHU WKH SK\VLFDO PHDVXUH 3�� GLoHUHQWLDWH ����� ZLWK UHVSHFW WR 7
DQG XVH ������

zI �W� 7 �  �I �W� 7 �
!
v
y�W� �

= 7

W
�I �W� X� GX

w
� �����
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1RZ ZH WXUQ WR WKH UHVWULFWLRQV WKDW WKH DEVHQFH RI DUELWUDJH LPSRVHV RQ VSHFLpF�
FROODWHUDO IRUZDUG UDWHV DQG IRUZDUG UHSR VSUHDGV� :H H[SORLW WKH UHODWLRQVKLS
EHWZHHQ IRUZDUG SULFHV DQG IRUZDUG UDWHV IRU VSHFLpF FROODWHUDO JLYHQ E\ ������ /HW
WKH SURFHVV IRU VSHFLDO�FROODWHUDO IRUZDUG UDWHV EH JLYHQ E\

GIo�W� ��  zIo�W� �� GW� �Io�W� 7 �
!G: �W��

$SSO\LQJ ,WAR
V OHPPD WR ����� DQG XVLQJ WKH SURFHVV IRU Io� WKH SURFHVV IRU WKH
VSHFLpF�FROODWHUDO IRUZDUG SULFH LV

G)o�W� �� )o�W� ��  z)o�W� �� GW� �)o�W� ��
!G: �W��

ZKHUH��

�)o�W� ��  b
= 7o

�
�Io�W� X� GX� ����D�

DQG

z)o�W� ��  
�

�
N�)o�W� ��N� b

= 7o

�
zIo�W� X� GX� ����E�

7KH IRUZDUG SULFH LV QRW WKH YDOXH RI DQ DVVHW� DQG WKXV LWV UHODWLYH GULIW LV QRW JLYHQ
GLUHFWO\ E\ WKH DEVHQFH RI DUELWUDJH FRQGLWLRQ� ,W LV KRZHYHU WKH UDWLR RI WZR DVVHW
SULFHV� WKHUHIRUH� DSSO\ ,WAR
V OHPPD DJDLQ� WKLV WLPH WR )o�W� ��  9o�W� �� 3 �W� ���
WR REWDLQ

�)o�W� ��  �9o�W� ��b �3 �W� ��� ����D�

DQG

z)o�W� ��  z9o�W� ��b z3 �W� ��b �)o�W� ��
!�3 �W� ��� ����E�

6LQFH 9o�W� �� LV WKH YDOXH RI DQ DVVHW WKDW SD\V QR GLYLGHQGV� LWV H[SHFWHG UDWH RI
SULFH DSSUHFLDWLRQ HTXDOV LWV H[SHFWHG UDWH RI UHWXUQ�

z9o�W� ��  U�W� � �9o�W� ��
!y�W�� �����

8VLQJ ����� DQG ����D�� ZH FDQ UHZULWH ����E� DV

z)o�W� ��  �)o�W� ��
!
t
y�W�b �3 �W� ��

u
� �����

:H FDQ WUDQVODWH ����� LQWR D UHVWULFWLRQ RQ WKH GULIW RI WKH IRUZDUG UDWH SURFHVV IRU
VSHFLpF FROODWHUDO� 'LoHUHQWLDWLQJ ����� ZLWK UHVSHFW WR � DQG XVLQJ ����� DQG �����
\LHOGV WKH IROORZLQJ UHVWULFWLRQ�

zIo�W� ��  �Io�W� ��
!
v
y�W� �

= �

W
�I �W� X� GX

w

b
t
�I �W� ��b �Io�W� ��

u! = 7o

�
�Io�W� X� GX

������

�� 1 R WLF H WKD W WKH LQGLF H V R I WKH LQWH J UD OV LQ �� �� � UXQ IUR P � WR 7o UD WKH U WKD Q IUR P W WR � D V WKH \
GR LQ �� �� ��
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7KH UHVWULFWLRQ RI WKH GULIW RI WKH SURFHVV IRU VSHFLpF�FROODWHUDO IRUZDUG UHSR UDWHV
JLYHQ E\ ������ LV VRPHZKDW FRPSOLFDWHG� 6RPH VLPSOLpFDWLRQ FDQ EH DFKLHYHG E\
IRFXVLQJ RQ WKH UHVWULFWLRQ IRU IRUZDUG UHSR VSUHDGV�

)RUZDUG UHSR VSUHDGV� :LWK JHQHUDO�FROODWHUDO DQG VSHFLpF�FROODWHUDO IRUZDUG
FXUYHV ERWK DYDLODEOH� ZH GHpQH WKH IRUZDUG UHSR VSUHDG FXUYH E\

ro�W� �� � I�W� ��b Io�W� ���

7KH SURFHVV IRU IRUZDUG UHSR VSUHDGV IROORZV IURP WKRVH IRU JHQHUDO DQG VSHFLDO
FROODWHUDO

Gro�W� ��  zro�W� �� GW� �ro�W� ��
!G: �W�

 �zI �W� ��b zIo�W� ��� GW� ��I �W� ��b �Io�W� ���
!G: �W��

6LQFH WKH IRUZDUG UHSR VSUHDG PXVW DOZD\V OLH ZLWKLQ WKH VXSSRUW RI WKH VSRW UHSR
VSUHDG� DQG VLQFH Vo�W� y �� ZH KDYH WKH IROORZLQJ UHVWULFWLRQ�

ro�W� �� y � ������

IRU DOO � y W� :H FDQ XVH ����� DQG ������ WR REWDLQ WKH GULIW IRU WKH IRUZDUG VSUHDG
SURFHVV�

zro�W� ��  �ro�W� ��
!
v
y�W� �

= 7o

W
�I �W� X� GXb

= 7o

�
�ro�W� X� GX

w
� ������

([SUHVVLRQ ������� LQ FRPELQDWLRQ ZLWK ������� LV RXU FKDUDFWHUL]DWLRQ RI WKH UHVWULF�
WLRQ RQ WKH IRUZDUG UHSR VSUHDG SURFHVV���

,W PD\ EH XVHIXO WR UHZULWH ������ DV IROORZV�

zro�W� ��  �ro�W� ��
!
v
y�W�b

= 7o

�
�ro�W� X� GX

w
b �ro�W� ��

!�3 �W� 7o�� ������

)URP ������ ZH VHH WKDW WKH UHVWULFWLRQ RQ WKH GULIW RQ WKH VSUHDG SURFHVV LV VLPLODU
LQ IRUP WR WKH UHVWULFWLRQ RQ WKH GULIW IRU JHQHUDO�FROODWHUDO IRUZDUG UDWHV JLYHQ
E\ �����_H[FHSW IRU WKH WHUP LQYROYLQJ WKH LQVWDQWDQHRXV FRYDULDQFH EHWZHHQ WKH
WLPH�� IRUZDUG VSUHDG DQG WKH UHWXUQ RQ JHQHUDO FROODWHUDO WKDW PDWXUHV DW WLPH 7o�

�� 7 KH XQELDVHG H[SHF W DW LRQV K\SRW KHVHV

,Q WKLV VHFWLRQ� ZH GHULYH VRPH LPSOLFDWLRQV RI WKH XQELDVHG H[SHFWDWLRQV K\SRWKH�
VHV �8^(+� IRU UHSR VSUHDGV� DQG ZH FKDUDFWHUL]H WKH 8^(+ LQ WHUPV RI WKH GULIW RI
WKH IRUZDUG UHSR VSUHDG SURFHVV�

�� 7 KH H [ D PSOH LQ ' XrH �� � � � E� pWV LQWR WKLV IUD PH Z R UN � ,Q KLV H [ D PSOH � WKH UH LV EXW R QH %UR Z QLD Q
VR WKD W UH SR �VSUH D G ULVN LV H LWKH U LGH QWLF D OO\ ] H UR R U SH UIH F WO\ F R UUH OD WH G Z LWK J H QH UD O�F R OOD WH UD O ULVN �
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&KDUDFWHUL]LQJ WKH 8^(+� :H GHpQH WKH IRUZDUG UHSR VSUHDG WHUP SUHPLXP DV
IROORZV�

qo�W� �� � ro�W� ��b( 3
W >Vo���@� �����

7KH 8^(+ DVVHUWV WKDW qo�W� �� u �� 1H[W� QRWH WKDW WKH RYHUQLJKW UHSR VSUHDG LV
UHODWHG WR WKH IRUZDUG UHSR VSUHDG FXUYH E\

Vo��� u ro��� ��  ro�W� �� �

= �

Y W
Gro�Y� ��� �����

7DNLQJ FRQGLWLRQDO H[SHFWDWLRQV RI ERWK VLGHV XQGHU WKH SK\VLFDO PHDVXUH SURGXFHV

( 3
W >Vo���@  ro�W� �� �( 3

W

x= �

Y W
Gro�Y� X�

y
 ro�W� �� �

= �

Y W
( 3

W >zro�Y� ��@ GY�

7KXV ZH FDQ ZULWH WKH IRUZDUG VSUHDG WHUP SUHPLXP LQ WHUPV RI WKH H[SHFWHG GULIW
RI WKH VSUHDG SURFHVV�

qo�W� ��  

= �

Y W
( 3

W >bzro�Y� ��@ GY� �����

)URP ����� ZH VHH WKDW WKH 8^(+ IRU UHSR VSUHDGV UHTXLUHV WKDW

zro�W� �� u �� �����

,Q RWKHU ZRUGV� IRUZDUG UHSR VSUHDGV PXVW EH PDUWLQJDOHV XQGHU WKH 8^(+�
)LVKHU DQG *LOOHV ������ VKRZ KRZ WR FRQVWUXFW H[DPSOHV RI WKH 8^(+ IRU JHQHUDO

FROODWHUDO� ZKHUH IRUZDUG JHQHUDO�FROODWHUDO UDWHV DUH PDUWLQJDOHV� 7KH\ GHpQH DQ
DX[LOLDU\ IXQFWLRQ

|�W� �� � y�W� �

= �

V W
�I �W� V� GV�

1RWH WKDW |��W� �� � �# # �� |�W� ��  �I �W� ��� :LWK WKLV DX[LOLDU\ IXQFWLRQ� WKH
+-0 IRUZDUG UDWH GULIW UHVWULFWLRQ ����� XQGHU WKH 8^(+ �zI �W� �� u �� FDQ EH
ZULWWHQ DV

|��W� ��!|�W� �� u ��
7KXV DV ORQJ DV N|�W� ��N LV FRQVWDQW� WKH 8^(+ ZLOO EH VDWLVpHG� 7R FRQVWUXFW DQ
H[DPSOH� VLPSO\ SLFN D IXQFWLRQ |�W� �� WKDW LV D URWDWLRQ RI |�W� W�  y�W� DQG GHpQH
�I �W� ��  |��W� ���
:H FDQ DSSO\ WKH VDPH WHFKQLTXH WR IRUZDUG UHSR VSUHDGV� ,Q SDUWLFXODU� GHpQH

|o�W� �� � y�W� �

= 7o

W
�I �W� X� GXb

= 7o

�
�ro�W� X� GX� �����

1RWH WKDW |�o�W� ��  �ro�W� ��� (TXDWLRQ ����� FDQ EH UHGXFHG WR

|�o�W� ��
!|o�W� �� u ��

7KXV� DV ORQJ DV N|o�W� ��N LV FRQVWDQW� WKH 8^(+ IRU UHSR VSUHDGV ZLOO EH VDWLVpHG�
1RWLFH WKDW WKHUH PXVW EH DW OHDVW WZR VRXUFHV RI ULVN IRU WKLV WR EH SRVVLEOH� $JDLQ�
WR FRQVWUXFW DQ H[DPSOH� SLFN D IXQFWLRQ |o�W� �� WKDW LV D URWDWLRQ RI |o�W� 7o�  
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y�W� �
5 7o

W �I �W� X� GX DQG GHpQH �ro�W� ��  |�o�W� ����� 7KHUH UHPDLQV D SUREOHP
KRZHYHU� :H KDYH QRW EHHQ DEOH WR GLVFRYHU D FDQGLGDWH |o�W� �� LQ ZKLFK WKH QRQ�
QHJDWLYLW\ RI Vo�W� FDQ EH JXDUDQWHHG�

�� 7KHUHIRUH� LW UHPDLQV DQ RSHQ TXHVWLRQ DV
WR ZKHWKHU WKH 8^(+ IRU UHSR VSUHDGV FDQ KROG DEVHQW DUELWUDJH RSSRUWXQLWLHV�

,PSOLFDWLRQV RI WKH 8^(+� 1RWZLWKVWDQGLQJ WKH IRUHJRLQJ RSHQ TXHVWLRQ� ZH
ZLOO GHULYH KHUH VRPH WHVWDEOH LPSOLFDWLRQV RI WKH 8^(+� 1RWH WKDW WKH WHUP UHSR
VSUHDG FDQ EH H[SUHVVHG LQ WHUPV RI WKH IRUZDUG UHSR VSUHDG FXUYH�

6o�W� ��  

= �

X W
ro�W� X� GX� �����

8VLQJ ����� DQG ����� ZH FDQ VKRZ WKDW= �

X W
( 3

W >Vo�X�@ GX  6o�W� �� �

= �

X W

= X

Y W
( 3

W >zr�Y� X�@ GY GX ����D�

DQG

( 3
W

d
6o�W

�� ��
e
 6o�W� ��b 6o�W� W

�� �
= �

X W�

= W�

Y W
( 3

W >zr�Y� X�@ GY GX� ����E�

IRU W x W� x � ��� 8QGHU WKH 8^(+� ZH FDQ ZULWH ����� DV= �

X W
( 3

W >Vo�X�@ GX  6o�W� �� ����D�

DQG

( 3
W

d
6o�W

�� ��
e
 6o�W� ��b 6o�W� W

��� ����E�

1RWH WKDW ZH FDQ UHZULWH ����E� DV

( 3
W

d
Vo�W

�� ��
eb Vo�W� ��  

v
W� b �

� b W�

wt
Vo�W� ��b Vo�W� W

��
u
� ����E��

�� 1 R WH WKD W WKH 8 ^ (+ F D Q KR OG IR U UH SR VSUH D GV H Y H Q LI LW GR H V QR W KR OG IR U J H QH UD O F R OOD WH UD O�
��6H H �) LVKH U D QG *LOOH V � � � � � IR U D GLVF XVVLR Q R I WKH D QD OR J R XV GLrF XOW\ R I pQGLQJ D PR GH O R I WKH
8 ^ (+ IR U J H QH UD O F R OOD WH UD O WKD W J XD UD QWH H V WKH QR Q�QH J D WLY LW\ R I U�W��
��(T XD WLR Q �� �� D � IR OOR Z V IUR P LQWH J UD WLQJ �� �� � D QG XVLQJ �� �� �� Z KLOH H T XD WLR Q �� �� E� IR OOR Z V IUR P
�� �� �

( 3
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d
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e
 

= �

X W�
( 3

W

d
ro�W

�� X�
e
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ZKLFK LV DQDORJRXV WR RQH RI WKH UHODWLRQVKLSV IRU JHQHUDO FROODWHUDO WKDW &DPSEHOO
DQG 6KLOOHU ������ H[DPLQH� /HWWLQJ � � �o� ����� EHFRPHV= �o
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,Q 6HFWLRQ � ZH VXEMHFW ����D�� ����E��� DQG ����E� WR HPSLULFDO H[DPLQDWLRQ�

�� 7 KH DXF W LRQ F \F O H

7KH GDWD� 7KLV VHFWLRQ GHVFULEHV WKH GDWD VHW RI UHSR UDWHV DQG 7UHDVXU\ SULFHV
XSRQ ZKLFK WKH HPSLULFDO WHVWV DUH EDVHG���

7KH UHSR GDWD DUH GDLO\ IURP ���������� WKURXJK ����������� 5HSR UDWHV IRU
WKH IROORZLQJ FROODWHUDO DUH LQFOXGHG� JHQHUDO FROODWHUDO� RQ�WKH�UXQ WZR�� WKUHH��
VHYHQ�� WHQ�� DQG WKLUW\�\HDU FRXSRQ VHFXULWLHV� DQG ROG VHYHQ�� WHQ�� DQG WKLUW\�\HDU
FRXSRQ VHFXULWLHV� )RU HDFK W\SH RI FROODWHUDO WKH IROORZLQJ PDWXULWLHV DUH LQFOXGHG�
RYHUQLJKW� RQH� WZR� DQG WKUHH ZHHNV� DQG RQH� WZR� DQG WKUHH PRQWKV� 7KH UHSR
UDWHV DUH DIWHUQRRQ ?UHDGLQJV�� 7KH UDWHV ZHUH HQWHUHG E\ WKH WUDGHUV DIWHU WKLQJV
VORZ GRZQ� 7KH\ GR QRW UHSUHVHQW DFWXDOO\ WUDGHV� �7UDGLQJ LQ WKH DIWHUQRRQ LV
WKLQ DQG ELG�DVN VSUHDGV DUH ZLGH�� 5DWKHU� WKH UDWHV UHSUHVHQW ZKHUH WKH WUDGHUV
EHOLHYHG WKH PDUNHW WR EH�
7KH 7UHDVXU\ TXRWHV FRPH IURP WKH )HGHUDO 5HVHUYH %DQN RI 1HZ <RUN� 7KH\ DUH

WKH ELG VLGH RI WKH ?FORVLQJ TXRWHV� WDNHQ E\ D WHOHSKRQH VXUYH\ DW DERXW ���� S�P�
7KH SULFH SUHPLXPV DUH FDOFXODWHG UHODWLYH WR WKH YDOXH LPSOLHG E\ GDLO\ HVWLPDWHG
WHUP VWUXFWXUH XVLQJ WKH WHFKQLTXHV GHVFULEHG LQ )LVKHU� 1\FKND� DQG =HUYRV �������
7KH GDWD EDVH RI 7UHDVXU\ SULFHV EHJLQV RQ �����������

7KH F\FOH� (DFK ERQG RI D JLYHQ RULJLQDO WHUP WR PDWXULW\ LV RQ D JLYHQ DXFWLRQ
F\FOH� 7KH WZR�\HDU QRWH LV RQ D RQH�PRQWK F\FOH� ZKLOH WKH WKUHH�� VHYHQ�� WHQ�� DQG
WKLUW\�\HDU VHFXULWLHV DUH RQ WKUHH�PRQWK F\FOHV� 7KHUH DUH WKUHH LPSRUWDQW SHULRGLF
GDWHV� WKH DQQRXQFHPHQW GDWH� WKH DXFWLRQ GDWH� DQG WKH VHWWOHPHQW �RU LVVXDQFH�
GDWH� 2Q WKH DQQRXQFHPHQW GDWH� WKH 7UHDVXU\ DQQRXQFHV WKH SDUWLFXODUV RI WKH
XSFRPLQJ DXFWLRQ_LQ SDUWLFXODU� WKH DPRXQW WR EH DXFWLRQHG_DQG ZKHQ�LVVXHG
WUDGLQJ EHJLQV� 2Q WKH DXFWLRQ GDWH� WKH DXFWLRQ LV KHOG� 2Q WKH VHWWOHPHQW GDWH
WKH VHFXULW\ LV LVVXHG� 7KHUH LV W\SLFDOO\ DERXW RQH ZHHN IURP WKH DQQRXQFHPHQW WR
WKH DXFWLRQ DQG RQH ZHHN IURP WKH DXFWLRQ WR WKH LVVXDQFH� :H KDYH FKRVHQ WR GDWH
WKH F\FOH UHODWLYH WR WKH DQQRXQFHPHQW GDWH IROORZLQJ WKH LVVXDQFH RI WKH VHFXULW\�
6HH )LJXUH ��
)LJXUH � VKRZV WKH DYHUDJH RYHUQLJKW UHSR VSUHDG E\ W\SH RI FROODWHUDO E\ DXFWLRQ�

F\FOH GD\� :H VHH WKDW WKH FULVLV IRU WKH DYHUDJH RI RYHUQLJKW UHSR VSUHDGV RFFXUV
DW WLPH ]HUR_ZKHQ WUDGLQJ EHJLQV LQ WKH QH[W VHFXULW\ WR EH DXFWLRQHG� )LJXUH �
VKRZV WKH ���WK� ���WK� DQG ���WK TXDQWLOHV IRU WKH RYHUQLJKW UHSR VSUHDGV E\ GD\ E\
FROODWHUDO� 7HUP UHSR VSUHDGV DUH VKRZQ LQ )LJXUH �� RQH�� WZR�� DQG WKUHH�PRQWK

�� 7 KH UH SR GD WD D UH SUR SULH WD U\ D QG PD \ QR W EH SXEOLVKH G LQ WD EXOD U IR UP R U PD GH D Y D LOD EOH � 7 KH
VR XUF H KD V UH T XH VWH G D QR Q\ PLW\ �
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DQQ� DXF� LVV� DQQ�

GD\ �

DXF� LVV�

) LJXU H � � 7KH DXFWLRQ F\FOH WLPH OLQH

WHUP VSUHDGV DUH VKRZQ DV VROLG� ORQJ�GDVKHG� DQG VKRUW�GDVKHG� )RU WKH VHYHQ��
WHQ�� DQG WKLUW\�\HDU VHFXULWLHV� RQH FDQ VHH WKH VWHHSO\ GRZQZDUG VORSLQJ DYHUDJH
VSUHDG FXUYHV DW GD\ b��� ZKLFK EHFRPH VWHHSO\ XSZDUG VORSLQJ E\ GD\ b���
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) LJXU H � � $YHUDJH RYHUQLJKW UHSR VSUHDGV LQ EDVLV SRLQWV

)LJXUH � VKRZV WKH DYHUDJH SULFH SUHPLXP E\ W\SH RI FROODWHUDO E\ DXFWLRQ�F\FOH
GD\� )LJXUH � VKRZV WKH UHODWLRQVKLS EHWZHHQ WKH DYHUDJH SUHPLXP DQG WKH VXP
RI WKH VXEVHTXHQW DYHUDJH RYHUQLJKW UHSR VSUHDGV� 7KH RYHUQLJKW UDWHV KDYH EHHQ
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) LJXU H � � 4XDUWLOHV IRU RYHUQLJKW UHSR VSUHDGV LQ EDVLV SRLQWV

UDLVHG E\ WKH PHDQ RI WKH SULFH SUHPLXPV� )LJXUH � VKRZV WKH VDPH UHODWLRQVKLS DV
VFDWWHU�SORWV� 7KH OLQHV DUH QRW pW� WKH\ KDYH VORSH RQH DQG JR WKURXJK WKH PHDQV
RI WKH WZR VHULHV�
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) LJXU H � � $YHUDJH WHUP UHSR VSUHDGV LQ EDVLV SRLQWV� ��� ��� DQG ��PRQWKV
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,Q WKLV VHFWLRQ ZH GHYHORS WHVWV RI WKH 8^(+ DQG UHSRUW UHVXOWV��� )RU FRQYHQLHQFH�
ZH UHSHDW WKH WKUHH UHODWLRQVKLSV ZH LQWHQG WR WHVW�= �
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) LJXU H � � $YHUDJH SULFH SUHPLD LQ EDVLV SRLQWV

DQG
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7KHVH WKUHH UHODWLRQVKLSV VD\ WKDW �L� WKH WHUP VSUHDG IRUHFDVWV WKH VXP RI WKH
IXWXUH RYHUQLJKW VSUHDGV� �LL� WKH VORSH RI WKH VSUHDG FXUYH IRUHFDVWV WKH FKDQJH LQ
WKH VSUHDG� DQG �LLL� WKH WHUP VSUHDG IRUHFDVWV WKH FKDQJH LQ WKH SULFH SUHPLXP�
7R JLYH WKHVH UHODWLRQVKLSV HPSLULFDO FRQWHQW� ZH ZLOO DVVXPH WKDW WKH UHDOL]DWLRQV

HTXDO WKH IRUHFDVW SOXV D UDWLRQDO�H[SHFWDWLRQV IRUHFDVW HUURU WHUP�
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) LJXU H � � $FFXPXODWHG RYHUQLJKW VSUHDGV DQG SULFH SUHPLD
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$SSHQGL[ $� & RXSRQ %RQGV

7KH DQDO\VLV LQ WKLV DSSHQGL[ H[WHQGV WKDW RI 6HFWLRQ � WR DSSO\ WR FRXSRQ ERQGV�
DOWKRXJK WKH H[WHQVLRQ LV QRW H[DFWO\ FRQVLVWHQW ZLWK WHUP UHSR FRQWUDFWV LQ 8�6�
PDUNHWV� LW SURYLGHV ERWK D VWDUWLQJ SRLQW DQG D XVHIXO DSSUR[LPDWLRQ� 7KH RQO\
GLrFXOW\ RFFXUV ZKHQ D FRXSRQ LV SDLG GXULQJ WKH OLIH RI WKH UHSR FRQWUDFW� EHFDXVH
WKHQ H[SUHVVLRQ ������ QR ORQJHU KROGV� :H VHHN D JHQHUDOL]DWLRQ WKDW KROGV IRU
FRXSRQ ERQGV�
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) LJXU H � � $FFXPXODWHG RYHUQLJKW VSUHDGV YHUVXV SULFH SUHPLD



5HIHU HQ FHV ��

/HW 3o�W� EH WKH SULFH RI D FRXSRQ ERQG DW WLPH W WKDW PDWXUHV DW WLPH 7o DQG
SD\V �OXPS\� FRXSRQ &L DW WLPHV WL� W� � W� � � � � � WQ  7o� /HW W� �W� � W�� EH WKH

WLPH DW ZKLFK WKH UHSR FRQWUDFW LV HQWHUHG LQWR� 'HpQH D QHZ SULFH SURFHVV E3o�W�
DV IROORZV E3o�W� � v�W�3o�W�� IRU DOO W y W�� �$���

ZKHUH v���  �� v�W� LV FRQVWDQW RQ DQ\ KDOI�RSHQ LQWHUYDO >WL� WL���� DQG

v�WL��� � v�WL�
3o�WL� � &L

3o�WL�
� IRU L  �� �� � � � � Q� �$���

%DVLFDOO\� �$��� DQG �$��� VD\ WKDW E3o�W� LV WKH YDOXH RI D VHOI�pQDQFLQJ SRUWIROLR DW
WLPH W IRUPHG E\ EX\LQJ RQH ERQG DW WLPH W� DQG UHLQYHVWLQJ DOO RI WKH OXPS\ FRXSRQ
SD\PHQWV LQ WKH ERQG LWVHOI� 1RZ� OHW E)o�W� �� EH WKH IRUZDUG SULFH IRU GHOLYHU\ DW
WLPH � RI WKLV SRUWIROLR� /HW WKH WHUP VSHFLDO UHSR UDWH Uo�W� �� EH LPSOLFLWO\ GHpQHG

E\ HTXDWLRQ ������ ZLWK SULFH 3o�W� UHSODFHG E\ E3o�W� DQG IRUZDUG SULFH )o�W� ��

UHSODFHG E\ E)o�W� ���
:LWK WKHVH FKDQJHV� WKH DQDO\VLV LQ WKH WH[W FDQ SURFHHG ZLWK QR IXUWKHU TXDOL�

pFDWLRQ WR FRXSRQ ERQGV� 7KH UHVXOWLQJ GHVFULSWLRQ RI WKH HTXLOLEULXP LQ WKH 8�6�
UHSR PDUNHW LV RQO\ DQ DSSUR[LPDWLRQ EHFDXVH WKH DQDO\VLV WDFLWO\ DVVXPHV WKDW WKH
RULJLQDO RZQHU RI WKH VHFXULW\ ERUURZV 3o�W�� �DQ DPRXQW RI PRQH\ ZKLFK LQFOXGHV
WKH SUHVHQW YDOXH RI DOO IXWXUH FRXSRQV� DW WKH VSHFLDO UDWH Uo�W�� ��� HDUQLQJ WKH WHUP
UHSR VSUHDG RQ WKH IXOO DPRXQW ERUURZHG IRU WKH IXOO OHQJWK RI WKH WHUP� ,Q 8�6�
UHSR PDUNHWV� WKRXJK� WKH YDOXH RI WKH ORDQ LV NQRFNHG GRZQ HDFK WLPH D FRXSRQ LV
SDLG� LQ HoHFW� WKH RZQHU FDQQRW HDUQ WKH UHSR VSUHDG RQ WKH FRXSRQV SDLG GXULQJ
WKH OLIH RI WKH WHUP FRQWUDFW� &RUUHFWO\ FDOFXODWHG� WKH WHUP UHSR UDWH Uo�W�� �� LV
WKH VROXWLRQ IRU [ LQ WKH IROORZLQJ HTXDWLRQ� ZKLFK JHQHUDOL]HV �������

3o�W�� H[S �[�� b W���b
Q;

L �

&L H[S �[�� b WL��  )o�W�� ���

7KXV� WKH DSSUR[LPDWLRQ HUURU LQYROYHV RQO\ WKH UHSR VSUHDG RQ WKH FRXSRQ SDLG
GXULQJ WKH OLIH RI WKH FRQWUDFW� DQG LV WROHUDEO\ VPDOO IRU WKH FRQWUDFWV LQ RXU GDWD�
ZKLFK GR QRW H[WHQG EH\RQG VL[ PRQWKV� GXULQJ ZKLFK DW PRVW RQH FRXSRQ LV SDLG�

5HI HU HQF HV

%DFNXV� '�� $� *UHJRU\� DQG 6� =LQ ������� 5LVN SUHPLXPV LQ WKH WHUP VWUXFWXUH�
(YLGHQFH IURP DUWLpFDO HFRQRPLHV� -RXUQDO RI 0RQHWDU\ (FRQRPLFV ��� ���^
����

'XrH� '� �����D�� '\QDPLF $VVHW 3ULFLQJ 7KHRU\ �VHFRQG HG��� 3ULQFHWRQ� 1HZ
-HUVH\� 3ULQFHWRQ 8QLYHUVLW\ 3UHVV�

'XrH� '� �����E�� 6SHFLDO UHSR UDWHV� -RXUQDO RI )LQDQFH ��� ���^����
)LVKHU� 0� DQG &� *LOOHV ������� $URXQG DQG DURXQG� 7KH H[SHFWDWLRQV K\SRWK�
HVLV� )LQDQFH DQG (FRQRPLFV 'LVFXVVLRQ 6HULHV ��^��� %RDUG RI *RYHUQRUV RI
WKH )HGHUDO 5HVHUYH 6\VWHP� :DVKLQJWRQ� '&� )RUWKFRPPLQJ� -RXUQDO RI )L�
QDQFH�



�� 5HIHU HQ FHV

)LVKHU� 0�� '� 1\FKND� DQG '� =HUYRV ������� )LWWLQJ WKH WHUP VWUXFWXUH RI LQWHUHVW
UDWHV ZLWK VPRRWKLQJ VSOLQHV� )LQDQFH DQG (FRQRPLFV 'LVFXVVLRQ 6HULHV ��^��
%RDUG RI *RYHUQRUV RI WKH )HGHUDO 5HVHUYH 6\VWHP� :DVKLQJWRQ� '&�

)ULHG� -� ������� 8�6� 7UHDVXU\ ELOO IRUZDUG DQG IXWXUHV SULFHV� -RXUQDO RI 0RQH\�
&UHGLW� DQG %DQNLQJ ��� ��^���

*HQGUHDX� %� ������� &DUU\LQJ FRVWV DQG WUHDVXU\ ELOO IXWXUHV� 7KH -RXUQDO RI
3RUWIROLR 0DQDJHPHQW )DOO� ��^���

+HDWK� '�� 5� -DUURZ� DQG $� 0RUWRQ ������� %RQG SULFLQJ DQG WKH WHUP VWUXFWXUH
RI LQWHUHVW UDWHV� $ QHZ PHWKRGRORJ\� (FRQRPHWULFD ��� ��^����

.DPDUD� $� ������� 0DUNHW WUDGLQJ VWUXFWXUHV DQG DVVHW SULFLQJ� (YLGHQFH IURP
WKH 7UHDVXU\�ELOO PDUNHWV� 5HYLHZ RI )LQDQFLDO 6WXGLHV �� ���^����

.DZDOOHU� ,� DQG 7� .RFK ������� &DVK�DQG�FDUU\ WUDGLQJ DQG WKH SULFLQJ RI 7UHD�
VXU\ ELOO IXWXUHV� 7KH -RXUQDO RI )XWXUHV 0DUNHWV �� ���^����

.UHKELHO� 7� DQG /� $GNLQV ������� ,QWHUHVW UDWH IXWXUHV� (YLGHQFH RQ IRUHFDVW
SRZHU� H[SHFWHG SUHPLXPV� DQG WKH XQELDVHG H[SHFWDWLRQV K\SRWKHVLV� 7KH
-RXUQDO RI )XWXUHV 0DUNHWV ��� ���^����

�0 D UN ) LVKH U� 5HVHDU F K DQG 6W DW LVW LF V� %RDU G RI * RYHU QRU V RI W KH ) HGHU DO 5HVHU YH
6\VW HP � : DVKLQJW RQ� '& � � � � �

( �PDLO DGGUHV V � PILVKHU#IUE�JRY

�& KULVWLD Q *LOOH V� 0 RQHW DU \ $I I DLU V� %RDU G RI * RYHU QRU V RI W KH ) HGHU DO 5HVHU YH
6\VW HP � : DVKLQJW RQ� '& � � � � �

( �PDLO DGGUHV V � FJLOOHV#IUE�JRY


